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Foreword
 

Pure mathematics is, in its way, the poetry of logical ideas. 
Albert Einstein (1879–1955) 

In 1997, with the adoption of the Mathematics Content Standards for Califor­
nia Public Schools, California provided a foundation for a high-quality 
mathematics program that prepares all students for postsecondary education 

and a wide range of careers. This updated edition of the Mathematics Framework 
for California Public Schools, Kindergarten through Grade Twelve is based on the 
standards and provides a context for continuing a coordinated effort to enable all 
California students to achieve rigorous, high levels of mathematics proficiency. 

This framework focuses squarely on the content standards and calls for instruc­
tional programs and strategies, instructional materials, professional development, 
and assessments that are aligned with the standards. This edition also includes 
the evaluation criteria that will guide the primary adoption of mathematics 
instructional materials (for kindergarten through grade eight) to be conducted 
in 2007. The evaluation criteria for grade-level mathematics programs requires 
alignment with the appropriate grade-level content standards for kindergarten 
through grade seven and the Algebra I standards for grade eight. 

Over the last several years, mathematics student achievement in California has 
improved. More students are performing at proficient or above levels in most 
grades and many courses, and there has been a significant increase in the number 
of students taking the more college preparatory mathematics courses such as 
algebra and geometry. 

The framework highlights the importance of all students receiving a solid 
education in mathematics and successfully completing the state’s high school 
graduation requirements for mathematics. Students must complete at least two 
courses in mathematics in grades nine through twelve (one or a combination 
of these courses must meet or exceed the rigor of the content standards for 
Algebra I). 

Beginning with the class of 2006, state law also requires that all public school 
students pass the California High School Exit Examination (CAHSEE) in order to 
receive a high school diploma. For those students who are in danger of not 
mastering the mathematics skills measured by the CAHSEE and are struggling in 
their preparation for algebra, the framework outlines the design of instructional 
materials for algebra readiness (for students in grade eight or higher who are not 
prepared for algebra) and mathematics intervention (for students in grades four 
through seven). These materials may be included on the list of mathematics 
instructional materials for kindergarten through grade eight adopted by the 
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State Board of Education beginning in the fall of 2007 and will provide districts 
with additional choices in selecting instructional materials to help all students 
successfully complete Algebra I. 

In addition, the framework provides instructional guidance for teachers to 
enable them to help students achieve mastery of the mathematics standards. 
Sample problems illustrate the standards and discuss common misconceptions 
and pitfalls regarding standards-based education, providing ways to ensure that 
students are ready to move from grade to grade and discipline to discipline. The 
framework stresses careful and thoughtful sequencing of instruction based on the 
standards so that students will master basic skills and techniques for sophisticated 
problem solving and understand sound mathematical reasoning. 

Mathematics—using abstract symbols to describe, order, explain, and 
predict—has become essential to human existence. It is a universal language 
of numbers that is spoken throughout the world and is as important as oral and 
written language is in the communication of ideas. Young people who have taken 
gateway courses such as algebra and geometry go on to college at much higher 
rates than those who do not. The study of mathematics has contributed to the 
fields of medicine, management, economics, government, computer science, 
physics, psychology, engineering, and social science. Mathematics also enables 
us to conduct the simple yet vital transactions of daily life, such as telling time, 
gauging distances, and making change. 

To ensure that tomorrow’s leaders are equipped to compete in our global 
economy and are able to make connections between mathematics and everyday 
life, California needs to educate all students in mathematics at levels consistent 
with their counterparts throughout the world. This framework maps the route 
toward that very achievable goal as set forth in the Mathematics Content Standards 
for California Public Schools. It is a journey that we have no choice but to travel 
and no alternative but to complete successfully. 

JACK O’CONNELL RUTH GREEN 

State Superintendent of Public Instruction President, State Board of Education 
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Introduction
 

All students need a high-quality mathematics program designed to prepare 
them to choose from among a full range of career paths. California’s 
Mathematics Task Force (1995) called for a rigorous and challenging 

mathematics program for every student—a complete program that reflects a 
balance of computational and procedural basic skills, conceptual understanding, 
and problem solving. Although California students have made gains in recent 
years, the mathematics achievement of many students remains unacceptably low 
(NCES 2003). Educators are challenged to expect more from students in math­
ematics, to raise the bar for student achievement through more rigorous curricu­
lum and instruction, and to provide the support necessary for all students to meet 
or exceed California’s mathematics standards. 

To compete successfully in the worldwide economy and to participate fully as 
informed citizens, today’s students must have a high degree of comprehension of 
mathematics. The goal of the California State Board of Education is that all 
students will attain California’s mathematics standards for kindergarten through 
grade twelve (hereinafter referred to as “the standards”) and that many will be 
inspired to pursue advanced studies in mathematics. 

This framework is predicated on the belief that proficiency in mathematics is a 
consequence of sustained student effort and effective instruction. All students are 
capable of understanding mathematics, given the opportunities and encourage­
ment to do so. 

What’s New in the 2005 Framework? 
The most important feature of this framework is its continued focus on the 

content of the mathematics standards adopted by the California State Board 
of Education in 1997. The goal of accelerating students’ progress through a 
standards-based program has a significant impact on the entire curriculum. As 
specified by the standards, much of the content of the mathematics curriculum 
has shifted into earlier grades, and mathematics instruction in kindergarten 
through grade seven has been substantially strengthened. These standards necessi­
tate a more continued substantive, rigorous, and demanding curriculum and 
systematic instruction to better serve California students. 

A goal of this framework is to prepare all students to study algebra by the 
eighth grade. In 2000 legislation was enacted requiring students to complete 
Algebra I as a condition of receiving a high school diploma (Education Code 
Section 51224.5(b)). To support this legislative goal for all students, the 
framework includes guidance on the design of two new types of specialized 
instructional mathematics materials for students having difficulty achieving at 
grade level: a mathematics intervention program for students in grades four 
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through seven whose mastery of prior grade-level standards is incomplete and 
algebra readiness materials for students in grade eight or above who are not 
prepared to take a course in algebra. If, when, and how these materials may be 
used, to meet the needs of students, should be a collective decision involving 
teachers, counselors, administrators, parents, and students. Intervention materials 
are intended to accelerate students’ achievement so that students can succeed in 
the basic grade-level program and complete Algebra I. As previously stated, the 
study of Algebra I in the eighth grade is the goal. The ability of districts to 
purchase and use algebra readiness materials should not restrict students who are 
ready for Algebra I in the eighth grade from enrolling in an Algebra I course. 

An important theme stressed throughout this framework is the need for a 
balance in emphasis on computational and procedural skills, conceptual under­
standing, and problem solving. This balance is defined by the standards and is 
illustrated by problems that focus on these components individually and in 
combination. All three components are essential. 

A General Overview: Purpose, Organization, 
and Audience 

The purpose of this framework is to guide the curriculum development and 
instruction that teachers provide in their efforts to ensure that all students meet 
or exceed the mathematics standards. The framework provides a context for 
implementing the standards in the form of guidelines for the design of curricula, 
instructional materials, instructional practices, and staff development. Building 
on the standards, the framework addresses the manner in which all students in 
California public schools can best meet the standards. All students includes those 
performing at, below, and above grade level; English learners; special education 
students; and others with special learning needs. 

More specifically, the framework: 

•	 Describes guiding principles and key components of an effective mathematics 
program (Chapter 1) 

•	 Presents the essential skills and knowledge expected of students in mathematics 
as described in the Mathematics Content Standards for California Public Schools 
and illustrated by sample problems (Chapter 2) 

•	 Describes special considerations and emphases for each grade level to ensure 
student success consistent with the mathematics standards and statewide testing 
program (Chapter 3) 

•	 Provides guidance, based on current research, regarding instructional strategies 
and sample lessons that can be effective in ensuring that every child will meet 
or exceed grade-level standards in mathematics (Chapter 4) 

•	 Guides the development of appropriate assessment methods (Chapter 5) 
•	 Suggests specific strategies to ensure access to appropriately challenging 

curriculum for special needs students (Chapter 6) 
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•	 Describes the responsibilities that all stakeholders must uphold for effective 
implementation of a rigorous and coherent kindergarten through grade twelve 
mathematics curriculum (Chapter 7) 

•	 Suggests guidelines for both preservice teacher preparation and in-service 
professional development (Chapter 8) 

•	 Provides guidance on the use of technology in mathematics instruction 
(Chapter 9) 

•	 Specifies requirements for instructional resources, including print and electronic 
learning resources (Chapter 10) 

In short, the framework should be viewed as a critical tool for designing and 
implementing an effective mathematics program in kindergarten through grade 
twelve and for evaluating instructional resources. 

The framework addresses two primary audiences: (1) educators; and 
(2) developers of instructional resources. Educators include those involved in 
the day-to-day implementation of school mathematics programs—classroom 
teachers, school administrators, district personnel, school board members, and 
others responsible for curriculum and instruction. It also addresses other impor­
tant audiences, such as parents and community members, including business 
and civic leaders, who have a vital stake in the success of California students in 
mathematics. 

The following themes permeate the Mathematics Framework:
 

The framework:
 
•	 Builds on the mathematics standards and aligns them with curriculum, 

instruction, resources for instruction, and assessment, resulting in a coherent 
and pragmatic plan for achieving high levels of mathematics proficiency for 
all students. It also provides guidance for understanding the standards by 
identifying priorities within the standards and offering concrete examples of 
mathematical problems that demonstrate the concepts within the standards. 

The framework: 
•	 Emphasizes the importance of a balanced mathematics curriculum. In 

particular, the framework stresses the critical interrelationships among compu­
tational and procedural proficiency, problem-solving ability, and conceptual 
understanding of all aspects of mathematics, from the simplest calculations to 
the most sophisticated problem solving. 

The framework: 
•	 Addresses the needs of all learners, with no learner left out and no learner 

taught at the expense of another; emphasizes prevention over remediation, 
while recognizing the appropriateness of remediation when it is required; and 
provides suggestions for instructional strategies that may be used with students 
who are English learners, advanced learners, special education pupils, or at risk 
of failing mathematics. 
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The framework: 
•	 Highlights the importance of mathematical reasoning. The mathematical 

reasoning standards are different from the others in that they do not represent 
a specific content area. Mathematical reasoning cuts across all strands. It 
characterizes the thinking skills that students can carry from mathematics into 
other disciplines. Constructing valid arguments and criticizing invalid ones are 
inherent in doing mathematics. 

The framework: 
•	 Stresses the importance of frequently assessing student progress toward 

achieving the standards. Students cannot afford to wait for a year-end test; 
rather, they should be assessed frequently throughout the year to determine 
their progress toward achieving the standards. Teachers, students, and parents 
and guardians need some daily or weekly indication of the extent to which the 
standards are likely to be met. 

The framework: 
•	 Avoids oversimplified guidance on either content or pedagogy in favor of 

guidelines on effective instruction derived from reliable research. 
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Chapter 1 
Guiding Principles 
and Key 
Components 
of an Effective 
Mathematics 
Program 

A long-standing content issue in mathematics concerns the balance between theoretical 
and applied approaches. Mathematics is both. In the theoretical (pure) sense, math­
ematics is a subject in its own right with distinct methods and content to be studied. 
But mathematics is also extremely applicable both in the practical sense and in 
connection to other realms of study, including the arts, humanities, social sciences, and 
the sciences. Any comprehensive representation of the content of mathematics must 
balance these aspects of beauty and power. 

—A. Holz, Walking the Tightrope 

The major goals of mathematics education can be divided into two categories: 
goals for teachers and goals for students. 

Goals for Teachers 
Goals for teachers to achieve are as follows: 

1. Increase teachers’ knowledge of mathematics content through professional 
development focusing on standards-based mathematics. 

2. Provide an instructional program that preserves the balance of computational 
and procedural skills, conceptual understanding, and problem solving. 

3. Assess student progress frequently toward the achievement of the mathematics 
standards and adjust instruction accordingly. 

4. Provide the learning in each instructional year that lays the necessary ground­
work for success in subsequent grades or subsequent mathematics courses. 

5. Create and maintain a classroom environment that fosters a genuine under­
standing and confidence in all students that through hard work and sustained 
effort, they can achieve or exceed the mathematics standards. 

6. Offer all students a challenging learning experience that will help to maximize 
their individual achievement and provide opportunities for students to exceed 
the standards. 

7. Offer alternative instructional suggestions and strategies that address the 
specific needs of California’s diverse student population. 

8. Identify the most successful and efficient approaches within a particular 
classroom so that learning is maximized. 

Goals for Students 
Goals for students to achieve are as follows: 

1. Develop fluency in basic computational and procedural skills, an understand­
ing of mathematical concepts, and the ability to use mathematical reasoning 
to solve mathematical problems, including recognizing and solving routine 
problems readily and finding ways to reach a solution or goal when no routine 
path is apparent. 
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2. Communicate precisely about quantities, logical relationships, and unknown 
values through the use of signs, symbols, models, graphs, and mathematical 
terms. 

3. Develop logical thinking in order to analyze evidence and build arguments 
to support or refute hypotheses. 

4. Make connections among mathematical ideas and between mathematics and 
other disciplines. 

5. Apply mathematics to everyday life and develop an interest in pursuing 
advanced studies in mathematics and in a wide array of mathematically 
related career choices. 

6. Develop an appreciation for the beauty and power of mathematics. 

California students have made gains recently; however, they continue to lag 
behind students in other states and nations in their mastery of mathematics 
(NCES 2003; Reese et al. 1997; Beaton et al. 1996). Comparing the 1990s with 
the 1970s, a study found that the number of students earning bachelor’s and 
master’s degrees in mathematics decreased during those 20 years (NCES 1997). 
At the same time the number of students entering California State University and 
needing remediation in mathematics has been increasing (California State Uni­
versity 1998). The result of students achieving the goals of this framework and 
mastering the California mathematics standards will be not only an increase in 
student mastery of mathematics but also a greater number of students who have 
the potential and interest to pursue advanced academic learning in mathematics. 
Because many jobs directly and indirectly require facility with different aspects of 
applied mathematics (Rivera-Batiz 1992), achieving the goals of this framework 
will also enable California students to pursue the broadest possible range of career 
choices. 

By meeting the goals of standards-based mathematics, students will achieve 
greater proficiency in the practical uses of mathematics in everyday life, such as 
balancing a checkbook, purchasing a car, and understanding the daily news. This 
process will help the citizens of California understand their world and be produc­
tive members of society. 

When students delve deeply into mathematics, they gain not only conceptual 
understanding of mathematical principles but also knowledge of and experience 
with pure reasoning. One of the most important goals of mathematics is to teach 
students logical reasoning. Mathematical reasoning and conceptual understand­
ing are not separate from content; they are intrinsic to the mathematical disci­
pline that students master at the more advanced levels. 

Students who understand the aesthetics and power of mathematics will have a 
deep understanding of how mathematics enriches their lives. When students 
experience the satisfaction of mastering a challenging area of human thought, 
they feel better about themselves (Nicholls 1984). Students who can see the 
interdependence of mathematics and music, art, architecture, science, philosophy, 
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and other disciplines will become lifelong students of mathematics regardless of 
the career they pursue. 

When students master or exceed the goals of standards-based mathematics 
instruction, the benefits to both the individual and to society are enormous. Yet 
achieving these goals is no simple task. Hard work lies ahead. This framework was 
designed to help educators, families, and communities in California to meet the 
challenge. 

Achieving Balance Within Mathematics— 
Three Important Components 
At the heart of mathematics is reasoning. One cannot do mathematics without 
reasoning. . . . Teachers need to provide their students with many opportunities to 
reason through their solutions, conjectures, and thinking processes. Opportunities in 
which very young students . . . make distinctions between irrelevant and relevant 
information or attributes, and justify relationships between sets can contribute to their 
ability to reason logically. 

—S. Chapin, The Partners in Change Handbook 

Mathematics education must provide students with a balanced instructional 
program. In such a program students become proficient in basic computational 
and procedural skills, develop conceptual understanding, and become adept at 
problem solving. 

All three components are important; none is to be neglected or under­
emphasized. Balance, however, does not imply allocating set amounts of time 
for each of the three components. At some times students might be concentrating 
on lessons or tasks that focus on one component; at other times the focus may 
be on two or all three. As described in Chapter 4, “Instructional Strategies,” 
different types of instruction seem to foster different components of mathemati­
cal competence. Nonetheless, recent studies suggest that all three components 
are interrelated (Geary 1994; Siegler and Stern 1998; Sophian 1997). For 
example, conceptual understanding provides important constraints on the types 
of procedures children use to solve mathematics problems; at the same time 
practicing procedures provides an opportunity to make inductions about the 
underlying concepts (Siegler and Stern 1998). 

Balance Defined 

Computational and procedural skills are those that all students should learn to 
use routinely and automatically. Students should practice basic computational 
and procedural skills sufficiently and use them frequently enough to commit 
them to memory. Frequent use is also required to ensure that these skills are 
retained and maintained over the years. 

Mathematics makes sense to students who have a conceptual understanding of 
the domain. They know not only how to apply skills but also when to apply them 
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and why they are being applied. They see the structure and logic of mathematics 
and use it flexibly, effectively, and appropriately. In seeing the larger picture and in 
understanding the underlying concepts, they are in a stronger position to apply 
their knowledge to new situations and problems and to recognize when they have 
made procedural errors. 

Students who do not have a deep understanding of mathematics suspect that it 
is just a jumble of unrelated procedures and incomprehensible formulas. For 
example, children who do not understand the basic counting concepts view 
counting as a rote, a mechanical activity. They believe that the only correct way to 
count is by starting from left to right and by assigning each item a number (with a 
number name, such as “one”) in succession (Briars and Siegler 1984). In contrast, 
children with a good conceptual understanding of counting understand that items 
can be counted in any order—starting from right to left, skipping around, and so 
forth—as long as each item is counted only once (Gelman and Meck 1983). A 
strong conceptual understanding of counting, in turn, provides the foundation for 
using increasingly sophisticated counting strategies to solve arithmetic problems 
(Geary, Bow-Thomas, and Yao 1992). 

Problem solving in mathematics is a goal-related activity that involves applying 
skills, understandings, and experiences to resolve new, challenging, or perplexing 
mathematical situations. Problem solving involves a sequence of activities directed 
toward a specific mathematical goal, such as solving a word problem, a task that 
often involves the use of a series of mathematical procedures and a conceptual 
representation of the problem to be solved (Geary 1994; Siegler and Crowley 
1994; Mayer 1985). 

When students apply basic computational and procedural skills and under­
standings to solve new or perplexing problems, their basic skills are strengthened, 
the challenging problems they encounter can become routine, and their concep­
tual understanding deepens. They come to see mathematics as a way of finding 
solutions to problems that occur outside the classroom. Thus, students grow in 
their ability and persistence in problem solving through experience in solving 
problems at a variety of levels of difficulty and at every level in their mathematical 
development. 

Basic Computational and Procedural Skills 

For each level of mathematics, a specific set of basic computational and proce­
dural skills must be learned. For example, students need to memorize the number 
facts of addition and multiplication of one-digit numbers and their corresponding 
subtraction and division facts. The ability to retrieve these facts automatically 
from long-term memory, in turn, makes the solving of more complex problems, 
such as multistep problems that involve basic arithmetic, quicker and less likely 
to result in errors (Geary and Widaman 1992). As students progress through 
elementary school, middle school, and high school, they should become proficient 
in the following skills: 

•	 Finding correct answers to addition, subtraction, multiplication, and division 
problems 
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•	 Finding equivalencies for fractions, decimals, and percents 
•	 Performing operations with fractions, decimals, and percents 
•	 Measuring 
•	 Finding perimeters and areas of simple figures 
•	 Interpreting graphs encountered in daily life 
•	 Finding the mean and median of a set of data from the real world 
•	 Using scientific notation to represent very large or very small numbers 
•	 Using basic geometry, including the Pythagorean theorem 
•	 Finding the equation of a line, given two points through which it passes 
•	 Solving linear equations and systems of linear equations 

This list, which is by no means exhaustive, is provided for illustrative purposes 
only. Several factors should be considered in the development and maintenance of 
basic computational and procedural skills: 

•	 Students must practice skills in order to become proficient. Practice should be 
varied and should be included both in homework assignments and in classroom 
activities. Teachers, students, and parents should realize that students must 
spend substantial time and exert significant effort to learn a skill and to main­
tain it for the long term (Ericsson, Krampe, and Tesch-Römer 1993). 

•	 Basic computational and procedural skills develop over time, and they increase 
in depth and complexity through the years. For example, the ability to interpret 
information presented graphically begins at the primary level and extends to 
more sophisticated procedures as students progress through the grades. 

•	 The development of basic computational and procedural skills requires that 
students be able to distinguish among different basic procedures by understand­
ing what the procedures do. Only then will students have the basis for deter­
mining when to use the procedures they learn. For example, students must 
know the procedures involved in adding and multiplying fractions, and they 
must understand how and why these procedures produce different results. 

•	 To maintain skills, students must use them frequently. Once students have 
learned to use the Pythagorean theorem, for example, they need to use it again 
and again in algebraic and geometric problems. 

•	 Students may sometimes learn a skill more readily when they know how it will 
be used or when they are intrigued by a problem that requires the skill. 

Conceptual Understanding 

Conceptual understanding is important at all levels of study. For example, 
during the elementary grades students should understand that: 

•	 One way of thinking about multiplication is as repeated addition. 
•	 One interpretation of fractions is as parts of a whole. 
•	 Measurement of distances is fundamentally different from measurement of area. 
•	 A larger sample generally provides more reliable information about the prob­

ability of an event than does a smaller sample. 

As students progress through middle school and high school, they should, for 
example, understand that: 
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•	 The concepts of proportional relationships underlie similarity. 
•	 The level sets of functions of two variables are curves in the coordinate plane. 
•	 Factoring a polynomial function into irreducible factors helps locate the 

x-intercepts of its graph. 
•	 Proofs are required to establish the truth of mathematical theorems. 

Problem Solving 

Problems occur in many forms. Some are simple and routine, providing 
practice for skill development. Others are more complex and take a longer time 
to complete. Whatever their nature, it is important that the kinds of problems 
students are asked to solve balance situations in the real world with more abstract 
situations. The process of solving problems generally has the following stages 
(Geary 1994; Mayer 1985): 

•	 Formulation, analysis, and translation 
•	 Integration and representation 
•	 Solutions and justifications 

Formulation, analysis, and translation. Problems may be stated in an imprecise 
form or in descriptions of puzzling or complex situations. The ability to recognize 
potential mathematical relationships is an important problem-solving technique, 
as is the identification of basic assumptions made directly or indirectly in the 
description of the situation, including the identification of extraneous or missing 
information. Important considerations in the formulation and analysis of any 
problem situation include determining mathematical hypotheses, making conjec­
tures, recognizing existing patterns, searching for connections to known math­
ematical structures, and translating the gist of the problem into mathematical 
representations (e.g., equations). 

Integration and representation. Important skills involved in the translation of a 
mathematical problem into a solvable equation are problems of integration and 
representation. Integration involves putting together different pieces of informa­
tion that are presented in complex problems, such as multistep problems. How­
ever such problems are represented, a wide variety of basic and technical skills are 
needed in solving problems; and, given this need, a mathematics program should 
include a substantial number of ready-to-solve exercises that are designed specifi­
cally to develop and reinforce such skills. 

Solutions and justifications. Students should have a range of strategies to use in 
solving problems and should be encouraged to think about all possible procedures 
that might be used to aid in the solving of any particular problem, including but 
not limited to the following: 

•	 Referring to and developing graphs, tables, diagrams, and sketches 
•	 Computing 
•	 Finding a simpler related problem 
•	 Looking for patterns 
•	 Estimating, conjecturing, and verifying 
•	 Working backwards 
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Once the information in a complex problem has been integrated and trans­
lated into a mathematical representation, the student must be skilled at solving 
the associated equations and verifying the correctness of the solutions. Students 
might also identify relevant mathematical generalizations and seek connections to 
similar problems. From the earliest years students should be able to communicate 
and justify their solutions, starting with informal mathematical reasoning and 
advancing over the years to more formal mathematical proofs. 

Connecting Skills, Conceptual Understanding, 
and Problem Solving 

Basic computational and procedural skills, conceptual understanding, and 
problem solving form a web of mutually reinforcing elements in the curriculum. 
Computational and procedural skills are necessary for the actual solution of both 
simple and complex problems, and the practice of these skills provides a context 
for learning about the associated concepts and for discovering more sophisticated 
ways of solving problems (Siegler and Stern 1998). The development of concep­
tual understanding provides necessary constraints on the types of procedures 
students use to solve mathematics problems, enables students to detect when they 
have committed a procedural error, and facilitates the representation and transla­
tion phases of problem solving. Similarly, the process of applying skills in varying 
and increasingly complex problem-solving situations is one of the ways in which 
students not only refine their skills but also reinforce and strengthen their con­
ceptual understanding and procedural competencies. 

Key Components of an Effective 
Mathematics Program 

Assumption: Proficiency is determined by student performance on 
valid and reliable measures aligned with the mathematics standards. 

In an effective and well-designed mathematics program, students move steadily 
from what they already know to a mastery of skills, knowledge, and understand­
ing. Their thinking progresses from an ability to explain what they are doing, to 
an ability to justify how and why they are doing it, to a stage at which they can 
derive formal proofs. The quality of instruction is a key factor in developing 
student proficiency in mathematics. In addition, several other factors or program 
components play an important role. They are discussed in the following section: 

I. Assessment 

Assessment should be the basis for instruction, and different types of assess­
ment interact with the other components of an effective mathematics program. 
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In an effective mathematics program: 

•	 Assessment is aligned with and guides instruction. Students are assessed 
frequently to determine whether they are progressing steadily toward achieving 
the standards, and the results of this assessment are useful in determining 
instructional priorities and modifying curriculum and instruction. The 
assessment looks at the same balance (computational and procedural skills, 
conceptual understanding, and problem solving) emphasized in instruction. 

•	 Assessments serve different purposes and are designed accordingly. Assessment 
for determining a student’s placement in a mathematics program should cover 
a broad range of standards. These broad assessments measure whether or not 
students have prerequisite knowledge and allow them to demonstrate their full 
understanding of mathematics. Monitoring student progress daily or weekly 
requires a quick and focused measurement tool. Summative evaluation, which 
takes place at the end of a series of lessons or a course, provides specific and 
detailed information about which standards have or have not been achieved. 

•	 Assessments are valid and reliable. A valid assessment measures the specific 
content it was designed to measure. An assessment instrument is reliable if it is 
relatively error-free and provides a stable result each time it is administered. 

•	 Assessment can improve instruction when teachers use the results to analyze 
what students have learned and to identify difficult concepts that need 
reteaching. 

•	 Assessments for specially designed instructional materials for students having 
difficulty achieving at grade level (mathematics intervention and algebra 
readiness program materials) must be extensive and should determine a 
student’s need and placement in the program, existing strengths and weak­
nesses, and progress and mastery of the materials. 

II. Instruction 

The quality of instruction is the single most important component of an 
effective mathematics program. International comparisons show a high correla­
tion between the quality of mathematics instruction and student achievement 
(Beaton et al. 1996). 

In an effective mathematics program: 

•	 Teachers possess an in-depth understanding of the content standards and the 
mathematics they are expected to teach and continually strive to increase their 
knowledge of content. 

•	 Teachers are able to select research-based instructional strategies that are 
appropriate to the instructional goals and to students’ needs. 

•	 Teachers effectively organize instruction around goals that are tied to the 
standards and direct students’ mathematical learning. 

•	 Teachers use the results of assessment to guide instruction. 

III. Instructional Time 

Study after study has demonstrated the relationship between the time on task 
and student achievement (Stigler, Lee, and Stevenson 1987, 1283). Priority 
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must be given to the teaching of mathematics, and instructional time must be 
protected from interruptions. 

In an effective mathematics program: 

•	 Adequate time is allocated to mathematics. Every day all students receive at 
least 50 to 60 minutes of mathematics instruction, not including homework. 
Additional instructional time is allocated for students who are, for whatever 
reason, performing substantially below grade level in mathematics. All 
students are encouraged to take mathematics courses throughout high school. 

•	 Learning time is extended through homework that increases in complexity and 
duration as students mature. Homework should be valued and reviewed. The 
purpose of homework is to practice skills previously taught or to have students 
apply their previously learned knowledge and skills to new problems. It should 
be assigned in amounts that are grade-level appropriate and, at least in the 
early grades, it should focus on independent practice and the application of 
skills already taught. For more advanced students, homework may be used as a 
means for exploring new concepts. 

•	 During the great majority of allocated time, students are active participants in 
the instruction. Active can be described as the time during which students are 
engaged in thinking about mathematics or doing mathematics. 

•	 Instructional time for mathematics is maximized and protected from such 
interruptions as calls to the office, public address announcements, and extra­
curricular activities. 

IV. Instructional Resources 

All teachers need high-quality instructional resources, but new teachers espe­
cially depend on well-designed resources and materials that are aligned with the 
standards. 

In an effective mathematics program: 

•	 Instructional resources focus on the grade-level standards. It may be necessary 
to go beyond the standards, however, both to provide meaningful enrichment 
and acceleration for fast learners and to introduce content needed for the 
mastery of standards in subsequent grades and courses. For example, the 
Algebra I standards do not mention complex numbers; yet quadratic equa­
tions, which often have complex roots, are fully developed in Algebra I. 
Therefore, an introduction to complex numbers may be included in Algebra I, 
both to avoid the artificial constraint of having only problems with real roots 
and to lay the foundation for the mastery of complex numbers in Algebra II. 

•	 Instructional resources are factually and technically accurate and address the 
content outlined in the standards. 

•	 Instructional resources emphasize depth of coverage. The most critical, 
highest-priority standards are addressed in the greatest depth. Ample practice 
is provided. 

•	 Instructional resources are organized in a sequential, logical way. The resources 
are coordinated from level to level. 
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•	 Instructional options for teachers are included. For instance, a teacher’s guide 
might explain the rationale and procedures for different ways of introducing a 
topic (e.g., through direct instruction or discovery-oriented instruction) and 
present various methods for assessing student progress. In addition to provid­
ing teachers with options, the resources should offer reliable guidelines for 
exercising those options. 

•	 Resources balance basic computational and procedural skills, conceptual 
understanding, and problem solving and stress the interdependency of all 
three. 

•	 Resources provide ample opportunities for students to explain their thinking, 
verbally and in writing, formally and informally. 

•	 Resources supply ideas or tools for accommodating diverse student perfor­
mance within any given classroom. They offer suggestions for reteaching a 
concept, providing additional practice for struggling students, or condensing 
instruction so that advanced students can concentrate on new material. 

V. Instructional Grouping and Scheduling 

Research shows that what students are taught has a greater effect on achieve­
ment than does how they are grouped (Kulik 1992; Rogers 1991). The first focus 
of educators should always be on the quality of instruction. Grouping and 
scheduling are tools that educators can use to improve learning, not goals in and 
of themselves. 

In an effective mathematics program: 

•	 Grouping students according to their instructional needs improves student 
achievement (Benbow and Stanley 1996). An effective mathematics program 
(1) uses grouping options in accordance with variability within individual 
classrooms; and (2) maintains or changes grouping strategies in accordance 
with student performance on regular assessments. 

•	 Cooperative group work is used judiciously, supplementing and expanding on 
initial instruction either delivered by teachers or facilitated through supervised 
exploration. Although students can often learn a great deal from one another 
and can benefit from the opportunity to discuss their thinking, the teacher is 
the primary leader in a class and maintains an active instructional role during 
cooperative learning. When cooperative group work is used, it should lead 
toward students’ eventual independent demonstration of mastery of the 
standards and individual responsibility for learning. 

•	 Cross-grade or cross-class grouping is an alternative to the more arbitrary 
practice of grouping according to chronological age or grade. Grouping by 
instructional needs across grade levels increases scheduling challenges for 
teachers and administrators near the beginning of a school year, but many 
teachers find the practice liberating later on because it reduces the number of 
levels for which a teacher must be prepared to teach in a single period. 
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VI. Classroom Management 

Potentially, the primary management tool for teachers is the mathematics 
curriculum itself. When students are actively engaged in focused, rigorous math­
ematics, fewer opportunities for inappropriate behavior arise. When students are 
successful and their successes are made clear to them, they are more likely to 
become motivated to work on mathematics. 

In an effective mathematics program: 

•	 Teachers are positive and optimistic about the prospect that all students can 
achieve. Research shows that teachers’ self-esteem and enthusiasm for the 
subject matter have a greater effect on student achievement than does students’ 
self-esteem (Clark 1997). 

•	 Classrooms have a strong sense of purpose. Both academic and social 
expectations are clearly understood by teachers and students alike. Academic 
expectations relate directly to the standards. 

•	 Intrinsic motivation is fostered by helping students to develop a deep under­
standing of mathematics, encouraging them to expend the effort needed to 
learn, and organizing instruction so that students experience satisfaction when 
they have mastered a difficult concept or skill. External reward systems are used 
sparingly; for example, as a temporary motivational device for older students 
who enter mathematics instruction without the intrinsic motivation to work 
hard. 

VII. Professional Development 

The preparation of teachers and support for their continuing professional 
development are critical to the quality of California schools. Research from other 
countries suggests that student achievement can improve when teachers are able to 
spend time together planning and evaluating instruction (Beaton et al. 1996). 

In an effective mathematics program: 

•	 Teachers have received excellent preservice training, are knowledgeable about 
mathematics content, and are able to use a wide variety of instructional 
strategies. 

•	 Continuing teacher in-service training focuses on (1) enhancing teachers’ 
proficiency in mathematics; (2) providing pedagogical tools that help teachers 
to ensure that all students meet or exceed grade-level standards; and (3) helping 
teachers understand the research behind the content and instructional design of 
their adopted instructional materials aligned with the standards and ways in 
which to make effective use of those materials. 

•	 Staff development is a long-term, planned investment strongly supported by 
the administration and designed to ensure that teachers continue to develop 
skills and knowledge in mathematics content and instructional options. 
“One-shot” staff development activities with no relationship to a long-term 
plan are recognized as having little lasting value. 

•	 As with students, staff development actively engages teachers in mathematics 
and mathematics instruction. In addition to active involvement during 
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classroom-style staff development, teachers have the opportunity to interact 
with students and staff developers during in-class coaching sessions. 

•	 Individuals who have helped teachers bring their students to high achievement 
levels in mathematics are called on to demonstrate effective instructional 
practices with students. 

•	 Teachers are given time and opportunities to work together to plan mathemat­
ics instruction. Districts and schools find creative ways to allow time for this 
planning. 

VIII. Administrative Practices 

Administrative support for mathematics instruction can help remind all those 
involved in education that reform efforts are not effective unless they contribute 
to increased achievement. Administrators can help teachers maintain a focus on 
high-quality instruction. 

In an effective mathematics program: 

•	 Mathematics achievement is among the highest priorities at the school. 
•	 Long-term and short-term goals for the school, each grade level, and individu­

als are outlined clearly and reviewed frequently. 
•	 Scheduling, grouping, and allocating personnel are shaped by a determination 

that all students will meet or exceed the mathematics standards. 
•	 Principals demonstrate a strong sense of personal responsibility for achieve­

ment within their schools. 
•	 Administrators consider using mathematics specialists to teach most or all of 

the mathematics classes or to coach other teachers. 
•	 Administrators plan in advance for predictable contingencies, such as the need 

to realign instructional groups frequently, accommodate students transferring 
into the school, or redesign instruction to include intervention for students 
performing below grade level. 

•	 Administrators and teachers collaborate on developing schoolwide manage­
ment systems and schoolwide efforts to showcase mathematics for students, 
parents, and other members of the community. 

IX. Community Involvement 

Mathematics education is everybody’s business. Parents, community members, 
and business and industry can all make significant contributions. 

In an effective mathematics program: 

•	 Parents are encouraged to be involved in education and are assisted in support­
ing their children’s learning in mathematics. Parents’ comments are encour­
aged, valued, and used for program planning. 

•	 Materials are organized so that parents, siblings, and community members can 
provide extended learning experiences. 

•	 The community is used as a classroom that offers abundant examples of how 
and why mathematics is important in people’s lives, work, and thinking. 
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Ahigh-quality mathematics program is essential for all students and 
provides every student with the opportunity to choose among the full 
range of future career paths. Mathematics, when taught well, is a subject 

of beauty and elegance, exciting in its logic and coherence. It trains the mind to 
be analytic—providing the foundation for intelligent and precise thinking. 

To compete successfully in the worldwide economy, today’s students must have 
a high degree of comprehension in mathematics. For too long schools have 
suffered from the notion that success in mathematics is the province of a talented 
few. Instead, a new expectation is needed: all students will attain California’s 
mathematics academic content standards, and many will be inspired to achieve 
far beyond the minimum standards. 

These content standards establish what every student in California can and 
needs to learn in mathematics. They are comparable to the standards of the most 
academically demanding nations, including Japan and Singapore—two high-
performing countries in the Third International Mathematics and Science Study 
(TIMSS). Mathematics is critical for all students, not only those who will have 
careers that demand advanced mathematical preparation but all citizens who will 
be living in the twenty-first century. These standards are based on the premise 
that all students are capable of learning rigorous mathematics and learning it well, 
and all are capable of learning far more than is currently expected. Proficiency in 
most of mathematics is not an innate characteristic; it is achieved through persis­
tence, effort, and practice on the part of students and rigorous and effective 
instruction on the part of teachers. Parents and teachers must provide support 
and encouragement. 

The standards focus on essential content for all students and prepare students 
for the study of advanced mathematics, science and technical careers, and post­
secondary study in all content areas. All students are required to grapple with 
solving problems; develop abstract, analytic thinking skills; learn to deal effec­
tively and comfortably with variables and equations; and use mathematical 
notation effectively to model situations. The goal in mathematics education is for 
students to: 

•	 Develop fluency in basic computational skills. 
•	 Develop an understanding of mathematical concepts. 
•	 Become mathematical problem solvers who can recognize and solve routine 

problems readily and can find ways to reach a solution or goal where no 
routine path is apparent. 

•	 Communicate precisely about quantities, logical relationships, and unknown 
values through the use of signs, symbols, models, graphs, and mathematical 
terms. 

•	 Reason mathematically by gathering data, analyzing evidence, and building 
arguments to support or refute hypotheses. 

•	 Make connections among mathematical ideas and between mathematics and 
other disciplines. 
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The standards identify what all students in California public schools should 
know and be able to do at each grade level. Nevertheless, local flexibility is 
maintained with these standards. Topics may be introduced and taught at one or 
two grade levels before mastery is expected. Decisions about how best to teach the 
standards and in what order they should be taught are left to teachers, schools, 
and school districts. 

The standards emphasize computational and procedural skills, conceptual 
understanding, and problem solving. These three components of mathematics 
instruction and learning are not separate from each other; instead, they are 
intertwined and mutually reinforcing. 

Basic, or computational and procedural, skills are those skills that all students 
should learn to use routinely and automatically. Students should practice basic 
skills sufficiently and frequently enough to commit them to memory. 

Mathematics makes sense to students who have a conceptual understanding of 
the domain. They know not only how to apply skills but also when to apply them 
and why they should apply them. They understand the structure and logic of 
mathematics and use the concepts flexibly, effectively, and appropriately. In seeing 
the big picture and in understanding the concepts, they are in a stronger position 
to apply their knowledge to situations and problems they may not have encoun­
tered before and readily recognize when they have made procedural errors. 

The mathematical reasoning standards are different from the other standards 
in that they do not represent a content domain. Mathematical reasoning is 
involved in all strands. 

The standards do not specify how the curriculum should be delivered. Teachers 
may use direct instruction, explicit teaching, or knowledge-based discovery 
learning; investigatory, inquiry-based, problem-solving-based, guided discovery, 
set-theory-based, traditional, or progressive methods; or other ways in which to 
teach students the subject matter set forth in these standards. At the middle and 
high school levels, schools can use the standards with an integrated program or 
with the traditional course sequence of Algebra I, geometry, Algebra II, and so 
forth. 

Schools that use these standards “enroll” students in a mathematical appren­
ticeship in which they practice skills, solve problems, apply mathematics to the 
real world, develop a capacity for abstract thinking, and ask and answer questions 
involving numbers or equations. Students need to know basic formulas, under­
stand what they mean and why they work, and know when they should be 
applied. Students are also expected to struggle with thorny problems after learn­
ing to perform the simpler calculations on which they are based. 

Teachers should guide students to think about why mathematics works in 
addition to how it works and should emphasize understanding of mathematical 
concepts as well as achievement of mathematical results. Students need to recog­
nize that the solution to any given problem may be determined by employing 
more than one strategy and that the solution frequently raises new questions of its 
own: Does the answer make sense? Are there other, more efficient ways to arrive 



      

17 

at the answer? Does the answer bring up more questions? Can I answer those? 
What other information do I need? 

Problem solving involves applying skills, understanding, and experiences to 
resolve new or perplexing situations. It challenges students to apply their under­
standing of mathematical concepts in a new or complex situation, to exercise 
their computational and procedural skills, and to see mathematics as a way of 
finding answers to some of the problems that occur outside a classroom. Students 
grow in their ability and persistence in problem solving by extensive experience in 
solving problems at a variety of levels of difficulty and at every level in their 
mathematical development. 

Problem solving, therefore, is an essential part of mathematics and is subsumed 
in every strand and in each of the disciplines in grades eight through twelve. 
Problem solving is not separate from content. Rather, students learn concepts and 
skills in order to apply them to solve problems in and outside school. Because 
problem solving is distinct from a content domain, its elements are consistent 
across grade levels. 

The problems that students solve must address important mathematics. 
As students progress from grade to grade, they should deal with problems that 
(1) require increasingly more advanced knowledge and understanding of math­
ematics; (2) are increasingly complex (applications and purely mathematical 
investigations); and (3) require increased use of inductive and deductive reasoning 
and proof. In addition, problems should increasingly require students to make 
connections among mathematical ideas within a discipline and across domains. 
Each year students need to solve problems from all strands, although most of the 
problems should relate to the mathematics that students study that year. A good 
problem is one that is mathematically important; specifies the problem to be 
solved but not the solution path; and draws on grade-level appropriate skills and 
conceptual understanding. 

Organization of the Standards 
The mathematics content standards for kindergarten through grade seven are 

organized by grade level and are presented in five strands: Number Sense; Algebra 
and Functions; Measurement and Geometry; Statistics, Data Analysis, and 
Probability; and Mathematical Reasoning. Focus statements indicating the 
increasingly complex mathematical skills that will be required of students from 
kindergarten through grade seven are included at the beginning of each grade 
level; the statements indicate the ways in which the discrete skills and concepts 
form a cohesive whole. [The symbol  identifies the key standards to be 
covered in kindergarten through grade seven.] 

The standards for grades eight through twelve are organized differently from 
those for kindergarten through grade seven. Strands are not used for organiza­
tional purposes because the mathematics studied in grades eight through twelve 
falls naturally under the discipline headings algebra, geometry, and so forth. 
Many schools teach this material in traditional courses; others teach it in an 
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Mathematics 
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Standards 

Technology does not 
replace the need for 
all students to learn 
and master basic 
mathematics skills. 

integrated program. To allow local educational agencies and teachers flexibility, 
the standards for grades eight through twelve do not mandate that a particular 
discipline be initiated and completed in a single grade. The content of these 
disciplines must be covered, and students enrolled in these disciplines are 
expected to achieve the standards regardless of the sequence of the disciplines. 

Mathematics Standards and Technology 
As rigorous mathematics standards are implemented for all students, the 

appropriate role of technology in the standards must be clearly understood. 
The following considerations may be used by schools and teachers to guide 

their decisions regarding mathematics and technology: 
Students require a strong foundation in basic skills. Technology does not replace 

the need for all students to learn and master basic mathematics skills. All students 
must be able to add, subtract, multiply, and divide easily without the use of 
calculators or other electronic tools. In addition, all students need direct work 
and practice with the concepts and skills underlying the rigorous content de­
scribed in the Mathematics Content Standards for California Public Schools so that 
they develop an understanding of quantitative concepts and relationships. The 
students’ use of technology must build on these skills and understandings; it is 
not a substitute for them. 

Technology should be used to promote mathematics learning. Technology can help 
promote students’ understanding of mathematical concepts, quantitative reason­
ing, and achievement when used as a tool for solving problems, testing conjec­
tures, accessing data, and verifying solutions. When students use electronic tools, 
databases, programming language, and simulations, they have opportunities to 
extend their comprehension, reasoning, and problem-solving skills beyond what 
is possible with traditional print resources. For example, graphing calculators 
allow students to see instantly the graphs of complex functions and to explore the 
impact of changes. Computer-based geometry construction tools allow students 
to see figures in three-dimensional space and experiment with the effects of 
transformations. Spreadsheet programs and databases allow students to key in 
data and produce various graphs as well as compile statistics. Students can deter­
mine the most appropriate ways to display data and quickly and easily make and 
test conjectures about the impact of change on the data set. In addition, students 
can exchange ideas and test hypotheses with a far wider audience through the 
Internet. Technology may also be used to reinforce basic skills through computer-
assisted instruction, tutoring systems, and drill-and-practice software. 

The focus must be on mathematics content. The focus must be on learning 
mathematics, using technology as a tool rather than as an end in itself. Technol­
ogy makes more mathematics accessible and allows one to solve mathematical 
problems with speed and efficiency. However, technological tools cannot be used 
effectively without an understanding of mathematical skills, concepts, and 
relationships. As students learn to use electronic tools, they must also develop the 
quantitative reasoning necessary to make full use of those tools. They must also 
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Standards 

have opportunities to reinforce their estimation and mental math skills and the 
concept of place value so that they can quickly check their calculations for 
reasonableness and accuracy. 

Technology is a powerful tool in mathematics. When used appropriately, 
technology may help students develop the skills, knowledge, and insight necessary 
to meet rigorous content standards in mathematics and make a successful transi­
tion to the world beyond school. The challenge for educators, parents, and 
policymakers is to ensure that technology supports, but is not a substitute for, the 
development of quantitative reasoning and problem-solving skills.1 

1 Complete citations for the sources following some of the mathematics problems in this 
chapter appear in “Works Cited” at the end of this publication. 
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Chapter 2 Kindergarten Mathematics Content Standards Mathematics 
Content 
Standards By the end of kindergarten, students understand small numbers, quantities, 

and simple shapes in their everyday environment. They count, compare, describe 
and sort objects and develop a sense of properties and patterns. 

Note: The sample Number Sense 
problems illustrate 
the standards and 1.0	 Students understand the relationship between numbers and quantities 
are written to help 
clarify them. Some (i.e., that a set of objects has the same number of objects in different 
problems are written situations regardless of its position or arrangement): 
in a form that can be 
used directly with 1.1	 Compare two or more sets of objects (up to 10 objects in each group)
students; others will 
need to be modified, and identify which set is equal to, more than, or less than the other. 
particularly in the 
primary grades, Are there more circles or more triangles in the following collection? 
before they are 

●  ▲  ▲  ●  ▲  ●  ●  ●  ●  ●  ▲  ▲  ▲  ●  ●
used with students. 

The symbol 1.2 Count, recognize, represent, name, and order a number 
identifies the key of objects (up to 30).
standards for 
kindergarten. Which numbers are missing if we are counting by ones? 

11, 12, 13, __, __, 16, 17, __, __, __, 21, 22, 23, 24. 

1.3	 Know that the larger numbers describe sets with more objects in them 
than the smaller numbers have. 

2.0	 Students understand and describe simple additions and subtractions: 

2.1	 Use concrete objects to determine the answers to addition and 
subtraction problems (for two numbers that are each less than 10). 

Pair up as many groups of beans from the left column with groups of 
beans from the right column so that each group adds up to 10 beans. 

3.0	 Students use estimation strategies in computation and problem solving 
that involve numbers that use the ones and tens places: 

3.1	 Recognize when an estimate is reasonable. 
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1.1 

Algebra and Functions 

1.0	 Students sort and classify objects: 

Identify, sort, and classify objects by attribute and identify objects that 
do not belong to a particular group (e.g., all these balls are green, those 
are red). 

Students compare objects: 

1. Which pencil is longer? Shorter? 

2. Describe how the following 2 objects are the same or different. 

3. Show students buttons sorted into 3 sets as shown and ask them to 
identify how buttons were sorted. 

Chapter 2 
Mathematics 

Content 
Standards 

Kindergarten 

Measurement and Geometry 

Students understand the concept of time and units to measure it; they 
understand that objects have properties, such as length, weight, and 
capacity, and that comparisons may be made by referring to those 
properties: 

1.0 

1.1	 Compare the length, weight, and capacity of objects by making direct 
comparisons with reference objects (e.g., note which object is shorter, 
longer, taller, lighter, heavier, or holds more). 

Who is the tallest girl in the class? The tallest boy? Which container 
holds more? 

1.2	 Demonstrate an understanding of concepts of time (e.g., morning, 
afternoon, evening, today, yesterday, tomorrow, week, year) and tools 
that measure time (e.g., clock, calendar). 

If the teacher says to a class that a substitute will be teaching for the 
next four school days, when can the class expect their teacher to 
probably return? Tomorrow? Next week? Next month? Next year? 

1.3	 Name the days of the week. 
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Chapter 2 1.4 Identify the time (to the nearest hour) of everyday events (e.g., lunch 
Mathematics time is 12 o’clock; bedtime is 8 o’clock at night).
Content 
Standards 2.0 Students identify common objects in their environment and describe the 

geometric features: 

2.1	 Identify and describe common geometric objects (e.g., circle, triangle, 
square, rectangle, cube, sphere, cone). 

Kindergarten Which of these is a square? 

Given 5 squares of the same size, can you make use of some or all 
of them to form a bigger square? 

2.2	 Compare familiar plane and solid objects by common attributes 
(e.g., position, shape, size, roundness, number of corners). 

Statistics, Data Analysis, and Probability 
1.0	 Students collect information about objects and events in their 

environment: 

1.1	 Pose information questions; collect data; and record the results using 
objects, pictures, and picture graphs.


Identify, describe, and extend simple patterns (such as circles or

triangles) by referring to their shapes, sizes, or colors.


1.2 

Mathematical Reasoning 
1.0	 Students make decisions about how to set up a problem: 

1.1	 Determine the approach, materials, and strategies to be used. 

1.2	 Use tools and strategies, such as manipulatives or sketches, to model 
problems. 

2.0	 Students solve problems in reasonable ways and justify their reasoning: 

2.1	 Explain the reasoning used with concrete objects and/or pictorial 
representations. 

2.2	 Make precise calculations and check the validity of the results in the 
context of the problem. 

In a bag there are 4 apples, 3 oranges, 5 bananas, and 3 water bottles. 
How many pieces of fruit are in the bag altogether? How many different 
kinds of fruit are in the bag? How many objects altogether are in the 
bag? 
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Grade One Mathematics Content Standards	 Chapter 2 
Mathematics 

Content 

By the end of grade one, students understand and use the concept of ones and tens Standards 

in the place value number system. Students add and subtract small numbers with 
ease. They measure with simple units and locate objects in space. They describe 
data and analyze and solve simple problems. 

Number Sense 

1.0	 Students understand and use numbers up to 100: 

1.1 

1.2 

Count, read, and write whole numbers to 100. 

Compare and order whole numbers to 100 by using the symbols 
for less than, equal to, or greater than (<,=,> ). 

Which of the following are correct and which are incorrect? 

(a) 75 > 76 (b) 48 < 42 (c) 89 > 91 (d) 59 < 67 (e) 34 = 33 

1.3	 Represent equivalent forms of the same number through the use 
of physical models, diagrams, and number expressions (to 20) 
(e.g., 8 may be represented as 4 + 4, 5 + 3, 2 + 2 + 2 + 2, 10 − 2, 11 − 3). 

1.4	 Count and group objects in ones and tens (e.g., three groups of 10 and 
4 equals 34, or 30 + 4). 

A certain brand of chewing gum has 10 pieces in each pack. If there 
are 14 students, what is the smallest number of packs we must buy to 
make sure each student gets at least one piece of gum? If there are 
19 students? What about 21 students? 

There are 5 quarters, 9 dimes, 3 nickels, and 8 pennies. They are 
supposed to be put in piles of ten (coins). How many such piles can 
be formed by all these coins, and how many are left over? 

1.5	 Identify and know the value of coins and show different combinations 
of coins that equal the same value. 

Give each student a plastic set of 25 pennies, 5 nickels, and 2 dimes. 
Ask the class to find different ways to make 25 cents. 

2.0	 Students demonstrate the meaning of addition and subtraction and use 
these operations to solve problems: 

2.1 Know the addition facts (sums to 20) and the corresponding subtraction 
facts and commit them to memory. 

I had 10 cupcakes, but I ate 3 of them. How many cupcakes do I have 
left? How many if I had 18 and ate 5? 

2.2 Use the inverse relationship between addition and subtraction to solve 
problems. 

Note: The sample 
problems illustrate 
the standards and 

are written to help 
clarify them. Some 

problems are written 
in a form that can be 

used directly with 
students; others will 
need to be modified, 

particularly in the 
primary grades, 
before they are 

used with students. 

The symbol 
identifies the key 

standards for 
grade one. 
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Chapter 2 2.3 

2.4 

Identify one more than, one less than, 10 more than, and 10 less than 
Mathematics a given number. 
Content 
Standards Count by 2s, 5s, and 10s to 100. 

Which numbers are missing if we are counting by 2s? 

24, 26, 28, 30, __, __, 36, __, 40, 42, 44, __, __, 50 

Which numbers are missing if we are counting by 5s?
Grade One 

15, 20, 25, 30, __, __, 45, __, 55, 60, __, 70, __, 80 

2.5 Show the meaning of addition (putting together, increasing) and 
subtraction (taking away, comparing, finding the difference). 

2.6	 Solve addition and subtraction problems with one- and two-digit 
numbers (e.g., 5 + 58 = __ ). 

If I read 16 pages on Monday, 9 pages on Tuesday, no pages on 
Wednesday, and 7 pages on Thursday, how many pages have I read 
so far this week? 

2.7	 Find the sum of three one-digit numbers. 

3.0	 Students use estimation strategies in computation and problem solving 
that involve numbers that use the ones, tens, and hundreds places: 

3.1	 Make reasonable estimates when comparing larger or smaller numbers. 

Algebra and Functions 

1.0	 Students use number sentences with operational symbols and expres­
sions to solve problems: 

1.1	 Write and solve number sentences from problem situations that express 
relationships involving addition and subtraction. 

Do the following problems in succession: 

Take away 

Marie had some pencils in her desk. She put 5 more in her desk. Then 
she had 14. How many pencils did she have in her desk to start with? 

Comparison 

Eddie had 14 helium balloons. A number of them floated away. He had 
5 left. How many did he lose? 

Difference 

1.	 Nina had 14 seashells. That was 5 more than Pedro had. How 
many seashells did Pedro have? 

2.	 5 + __ = 6? __ + 12 = 14? 
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1.2	 Understand the meaning of the symbols +, −, =. Chapter 2 
Mathematics 

1.3	 Create problem situations that might lead to given number sentences Content 

involving addition and subtraction. Standards 

Measurement and Geometry 

1.0	 Students use direct comparison and nonstandard units to describe the 
Grade One 

measurements of objects: 

1.1	 Compare the length, weight, and volume of two or more objects by

using direct comparison or a nonstandard unit.


Measure your desk by using the length of a ballpoint pen. How many 
ballpoint pens would be roughly equal to the length of your desk? The 
width of your desk? Which is longer? 

1.2	 Tell time to the nearest half hour and relate time to events (e.g., before/

after, shorter/longer).


2.0	 Students identify common geometric figures, classify them by common 
attributes, and describe their relative position or their location in space: 

2.1	 Identify, describe, and compare triangles, rectangles, squares, and

circles, including the faces of three-dimensional objects.


Describe the shape of a page in your textbook and compare

it to the face of the clock on the wall.


2.2	 Classify familiar plane and solid objects by common

attributes, such as color, position, shape, size, roundness,

or number of corners, and explain which attributes are being used for

classification.


2.3	 Give and follow directions about location. 

Here are pictures on a table of a ball, a girl, a horse, and a cat.

Arrange them according to these directions:


1. Put the picture of the ball above the picture of the horse. 

2. Put the picture of the girl on top of the picture of the horse. 

3. Put the picture of the cat under the picture of the horse. 

2.4	 Arrange and describe objects in space by proximity, position, and

direction (e.g., near, far, below, above, up, down, behind, in front of,

next to, left or right of).
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Chapter 2 
Mathematics Statistics, Data Analysis, and Probability 
Content 
Standards 1.0	 Students organize, represent, and compare data by category on simple 

graphs and charts: 

1.1	 Sort objects and data by common attributes and describe the categories. 

1.2	 Represent and compare data (e.g., largest, smallest, most often, least 
often) by using pictures, bar graphs, tally charts, and picture graphs. 

Grade One 
2.0	 Students sort objects and create and describe patterns by numbers, 

shapes, sizes, rhythms, or colors: 

Describe, extend, and explain ways to get to a next element in simple 
repeating patterns (e.g., rhythmic, numeric, color, and shape). 

2.1 

Mathematical Reasoning 

1.0	 Students make decisions about how to set up a problem: 

1.1 Determine the approach, materials, and strategies to be used. 

1.2 Use tools, such as manipulatives or sketches, to model problems. 

2.0	 Students solve problems and justify their reasoning: 

2.1	 Explain the reasoning used and justify the procedures selected. 

2.2	 Make precise calculations and check the validity of the results from the 
context of the problem. 

3.0	 Students note connections between one problem and another. 
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Grade Two Mathematics Content Standards	
Chapter 2 

Mathematics 
Content 

Standards 
By the end of grade two, students understand place value and number relationships 
in addition and subtraction, and they use simple concepts of multiplication. They 
measure quantities with appropriate units. They classify shapes and see relation­
ships among them by paying attention to their geometric attributes. They collect 
and analyze data and verify the answers. 

Grade Two 

Number Sense 

1.0	 Students understand the relationship between numbers, quantities, 
and place value in whole numbers up to 1,000: 

1.1	 Count, read, and write whole numbers to 1,000 and identify the place 
value for each digit. 

1.2	 Use words, models, and expanded forms (e.g., 45 = 4 tens + 5) to 
represent numbers (to 1,000). 

Kelly has 308 stickers. How many sets of hundreds, tens, and ones 
does she have? 

1.3	 Order and compare whole numbers to 1,000 by using the symbols 
<, = , >. 

Which number sentence is true? (CST released test question, 2004)2 

(a) 359 < 375 (b) 359 > 375 (c) 359 < 359 (d) 359 > 359 

2.0	 Students estimate, calculate, and solve problems involving addition 
and subtraction of two- and three-digit numbers: 

2.1	 Understand and use the inverse relationship between addition and 
subtraction (e.g., an opposite number sentence for 8 + 6 = 14 is 
14 − 6 = 8) to solve problems and check solutions. 

Sophie did this subtraction problem. Which addition problem shows that 
she got the right answer? (CST released test question, 2004) 

85 
−44 

41 

41 
+ 85 

44 
+ 85 

41 
+ 44 

44 
+ 44 

Note: The sample 
problems illustrate 
the standards and 

are written to help 
clarify them. Some 

problems are written 
in a form that can be 

used directly with 
students; others will 
need to be modified, 

particularly in the 
primary grades, 
before they are 

used with students. 

The symbol 
identifies the key 

standards for 
grade two. 

(a) (b) (c) (d) 

2 The Web site for accessing the California Standards Test (CST) released test questions for 
mathematics is http://cde.ca.gov/ta/tg/sr/css05rtq.asp. 

http://cde.ca.gov/ta/tg/sr/css05rtq.asp
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Chapter 2 2.2	 Find the sum or difference of two whole numbers up to three digits long. 
Mathematics 
Content	 Use drawings of tens and ones to help find the sum 37 + 17 and the 
Standards	 difference 25 − 19. Now do the same problems again using addition and 

subtraction algorithms: 

343 748  457 
+ 265 − 426 + 324 

Grade Two 
Is 37 + 118 the same as 100 + 30 + 10 + 7 + 8 ? 

2.3	 Use mental arithmetic to find the sum or difference of two two-digit 
numbers. 

In a game, Mysong and Naoki are making addition problems. They 
make two 2-digit numbers out of the four given numbers 1, 2, 3, and 4. 
Each number is used exactly once. The winner is the one who makes 
two numbers whose sum is the largest. Mysong had 43 and 21, while 
Naoki had 31 and 24. Who won the game? How do you know? Show 
how you can beat both Mysong and Naoki by making up two numbers 
with a larger sum than either. (Adapted from TIMSS, gr. 3–4, V-4a)3 

(This problem also supports Mathematical Reasoning Standard 1.0.) 

3.0	 Students model and solve simple problems involving multiplication 
and division: 

3.1	 Use repeated addition, arrays, and counting by multiples to do 
multiplication. 

Write 5 × 17 as a sum of numbers. 

Draw a simple picture of seating 30 people in rows of 10. Show and 
explain how this is related to multiplication. Do this also for rows of 3, 
and again for rows of 5. 

3.2	 Use repeated subtraction, equal sharing, and forming equal groups 
with remainders to do division. 

Kayla has these strawberries. She will give four strawberries to each 
of her three friends. How many strawberries will be left for Kayla? 
(CST released test question, 2004) 

3 The “Web Resources” section in “Works Cited” shows the sources in which all mathematics 
problems from the Third International Mathematics and Science Study (TIMSS) appearing in this 
publication may be found. Each problem reproduced from TIMSS is copyrighted © 1994 by IEA, 
The Hague. 
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Know the multiplication tables of 2s, 5s, and 10s (to “times 10”) and Chapter 2 

commit them to memory. Mathematics 
3.3 

Content 

There are nine benches in a park. There are two people sitting on each Standards 

bench. How many people are sitting on the nine benches all together? 
(CST released test question, 2004) 

Grade Two 

9 

2 

4.0	 Students understand that fractions and decimals may refer to parts 
of a set and parts of a whole: 

4.1 Recognize, name, and compare unit fractions from 12
1 to 

2
1 . 

True or false? 

1. One-fourth of a pie is larger than one-sixth of the same pie. 

2.	 1 > 1

4 3


3.	 1 < 1

8 10


Recognize fractions of a whole and parts of a group (e.g., one-fourth 
of a pie, two-thirds of 15 balls). 

What fraction of this shape is shaded?

(CST released test question, 2004)


Know that when all fractional parts are included, such as four-fourths, 

Which fraction is equal to one whole?

(CST released test question, 2004)


(a) 	1 (b) 1 (c) 2 (d) 8 
3 8 3 8 

4.2 

4.3 

4.3 
the result is equal to the whole and to one. 
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Chapter 2 
Mathematics 
Content 
Standards 

5.0 Students model and solve problems by representing, adding, and 
subtracting amounts of money: 

Solve problems using combinations of coins and bills. 

Lee has a wallet with 5 nickels, 9 dimes, and dollar bills. In how many 
ways can he pay with correct change for a pen worth $1.15? What 
about one worth 65 cents? 

Grade Two Monique has four quarters, two dimes, and one nickel. How much 
money does she have? (CST released test question, 2004) 

5.1 

5.2 Know and use the decimal notation and the dollar and cent symbols 
for money. 

Which of the following show a correct use of symbols for money? 

(a) ¢32	 (c) $1.25 
(b) 72¢	 (d) 2.57$ 

6.0	 Students use estimation strategies in computation and problem solving 
that involve numbers that use the ones, tens, hundreds, and thousands 
places: 

6.1	 Recognize when an estimate is reasonable in measurements 
(e.g., closest inch). 

1.1 

Algebra and Functions 

1.0	 Students model, represent, and interpret number relationships to create 
and solve problems involving addition and subtraction: 

Use the commutative and associative rules to simplify mental calcula­
tions and to check results. 

Draw pictures using dots to show: 

1.	 Why 11 + 18 = 18 + 11. 

2.	 Does adding 11 to 5 first and then adding the result to 17 give the 
same number as adding 11 to the result of adding 5 to 17? 
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If you know that 379 + 363 = 742, what is the sum of 363 + 379?


What number goes in the box to make this number sentence true?

(CST released test question, 2004)


15 + 8 =
 + 15 

1.2	 Relate problem situations to number sentences involving addition and 
subtraction. 

Andrew had 15 pennies. He found some more. Now he has 33. Which 
number sentence could be used to find how many pennies he found? 
(CST released test question, 2004) 

(a) 15 +  = 33	 (c) − 33 = 15 
(b) 15 + 33 =	 (d) − 15 = 33 

1.3	 Solve addition and subtraction problems by using data from simple 
charts, picture graphs, and number sentences. 

Chapter 2 
Mathematics 

Content 
Standards 

Grade Two 

Measurement and Geometry 

1.0	 Students understand that measurement is accomplished by identifying 
a unit of measure, iterating (repeating) that unit, and comparing it to the 
item to be measured: 

1.1	 Measure the length of objects by iterating (repeating) a nonstandard 
or standard unit. 

1.2	 Use different units to measure the same object and predict whether 
the measure will be greater or smaller when a different unit is used. 

Four children measured the width of a room by counting how many 
paces it took them to cross it. It took Ana 9 paces, Erlane 8, Stephen 
10, and Carlos 7. Who had the longest pace? (Adapted from TIMSS, 
gr. 3–4, L-8) 

Measure the length of your desk with a new crayon and with a new 
pencil. Which is greater, the number of crayon units or the number of 
pencil units? 

1.3 Measure the length of an object to the nearest inch and/or centimeter. 

1.4 Tell time to the nearest quarter hour and know relationships of time 
(e.g., minutes in an hour, days in a month, weeks in a year). 

Sean is going on vacation to visit his grandparents. He will be gone one 
month. About how many days will Sean be gone? (CST released test 
question, 2004) 

(a) 7 days (b) 30 days (c) 52 days (d) 365 days 
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Which is a longer period: 3 weeks or 19 days? 27 days or 4 weeks? 

1.5 Determine the duration of intervals of time in hours (e.g., 11:00 a.m. to 
4:00 p.m.). 

Students identify and describe the attributes of common figures in the 
plane and of common objects in space: 

Grade Two 
Describe and classify plane and solid geometric shapes (e.g., circle, 
triangle, square, rectangle, sphere, pyramid, cube, rectangular prism) 
according to the number and shape of faces, edges, and vertices. 

Look at the pairs of shapes. Which is a pair of rectangles? 
(CST released test question, 2004) 

2.0 

2.1 

(a) (b) (c) (d) 

Put shapes together and take them apart to form other shapes 
(e.g., two congruent right triangles can be arranged to form a rectangle). 

2.2 

Statistics, Data Analysis, and Probability 

1.0 Students collect numerical data and record, organize, display, and 
interpret the data on bar graphs and other representations: 

1.1	 Record numerical data in systematic ways, keeping track of what has 
been counted. 

1.2	 Represent the same data set in more than one way (e.g., bar graphs 
and charts with tallies). 

1.3	 Identify features of data sets (range and mode). 

1.4	 Ask and answer simple questions related to data representations. 

2.0 Students demonstrate an understanding of patterns and how patterns 
grow and describe them in general ways: 

2.1	 Recognize, describe, and extend patterns and determine a next term in 
linear patterns (e.g., 4, 8, 12 . . . ; the number of ears on one horse, two 
horses, three horses, four horses). 
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If there are two horses on a farm, how many horseshoes will we need to 
shoe all the horses? Show, in an organized way, how many horseshoes 
we will need for 3, 4, 5, 6, 7, 8, 9, and 10 horses. 

Chapter 2 
Mathematics 

Content 
Standards 

2.2 Solve problems involving simple number patterns. 

Mathematical Reasoning 
Grade Two 

1.0	 Students make decisions about how to set up a problem: 

1.1	 Determine the approach, materials, and strategies to be used. 

1.2	 Use tools, such as manipulatives or sketches, to model problems. 

2.0	 Students solve problems and justify their reasoning: 

2.1	 Defend the reasoning used and justify the procedures selected. 

2.2	 Make precise calculations and check the validity of the results in the

context of the problem.


3.0 Students note connections between one problem and another. 
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Grade Three Mathematics Content Standards 

By the end of grade three, students deepen their understanding of place value and 
their understanding of and skill with addition, subtraction, multiplication, and division 
of whole numbers. Students estimate, measure, and describe objects in space. 
They use patterns to help solve problems. They represent number relationships and 
conduct simple probability experiments.

Grade Three 

Note: The sample Number Sense 
problems illustrate 
the standards and 1.0 Students understand the place value of whole numbers: 
are written to help 
clarify them. Some 

1.1 Count, read, and write whole numbers to 10,000.problems are written 
in a form that can be 
used directly with What is the smallest whole number you can make using the digits 
students; others will 4, 3, 9, and 1? Use each digit exactly once. (Adapted from TIMSS 
need to be modified, 

gr. 3–4, T-2) particularly in the 
primary grades, 
before they are 1.2 Compare and order whole numbers to 10,000. 
used with students. 

Which set of numbers is in order from greatest to least?
The symbol 

(CST released test question, 2004)identifies the key 
standards for 
grade three.	 (a) 147,163,234,275 (c) 275,163,234,147 

(b) 275,234,163,147 (d) 163,275,234,147 

1.3 Identify the place value for each digit in numbers to 10,000. 

1.4	 Round off numbers to 10,000 to the nearest ten, hundred, and 
thousand. 

Round 9,582 to the nearest thousand. 

Use expanded notation to represent numbers 
(e.g., 3,206 = 3,000 + 200 + 6). 

Sophie has 527 seashells in her collection. Which of these equals 527? 
(CST released test question, 2004) 

(a) 5 + 2 + 7 (c) 500 + 20 + 7 
(b) 5 + 20 + 700 (d) 500 + 200 + 70 

2.0	 Students calculate and solve problems involving addition, subtraction, 
multiplication, and division: 

2.1 Find the sum or difference of two whole numbers between 0 and 
10,000. 

1. 562 + 27 = ? 

2. 5,286 + 2,845 = ? 

3. 3,215 − 2,876 = ? 

1.5 
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To prepare for recycling on Monday, Michael collected all the bottles in 
the house. He found 5 dark green ones, 8 clear ones with liquid still in 
them, 11 brown ones that used to hold root beer, 2 still with the cap on 
from his parents’ cooking needs, and 4 more that were oversized. 
How many bottles did Michael collect? (This problem also supports 
Mathematical Reasoning Standard 1.1.) 

2.2 

2.3 

Memorize to automaticity the multiplication table for numbers between 
1 and 10. 

Use the inverse relationship of multiplication and division to compute 
and check results. 

Use multiplication to express 24 divided by 8 = 3. 

John divided 135 by 5 and got 29 as his answer. Use multiplication to 
see if this division problem is solved correctly. 

The figure shown below is a model for the multiplication sentence 
8 × 4 = 32. 

Chapter 2 
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Grade Three 

Which division sentence is modeled by the same figure?

(CST released test question, 2004)


(a) 8 ÷ 4 = 2 (b) 12 ÷ 4 = 3 (c) 24 ÷ 8 = 3 (d) 32 ÷ 8 = 4 

2.4 Solve simple problems involving multiplication of multidigit numbers by 
one-digit numbers (3,671 × 3 = __ ). 

2.5	 Solve division problems in which a multidigit number is evenly divided 
by a one-digit number (135 ÷ 5 = __ ). 

2.6	 Understand the special properties of 0 and 1 in multiplication and 
division. 

True or false? 

1. 24 × 0 = 24 

2. 19 ÷ 1 = 19 

3. 63 × 1 = 63 

4. 0 ÷ 0 = 1 

2.7 Determine the unit cost when given the total cost and number of units. 

2.8 Solve problems that require two or more of the skills mentioned above. 

A price list in a store states: pen sets, $3; magnets, $4; sticker sets, $6. 
How much would it cost to buy 5 pen sets, 7 magnets, and 8 sticker 
sets? 
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A tree was planted 54 years before 1961. How old is the tree in 1998? 

A class of 73 students go on a field trip. The school hires vans, each of 
which can seat a maximum of 10 students. The school policy is to seat 
as many students as possible in a van before using the next one. How 
many vans are needed? 

Grade Three 

3.0 Students understand the relationship between whole numbers, simple 
fractions, and decimals: 

3.1 Compare fractions represented by drawings or concrete materials to 
show equivalency and to add and subtract simple fractions in context 
(e.g., 1 

2  of a pizza is the same amount as 2 
4 

of another pizza that is the 
same size; show that 3 

8
 is larger than 1 

4 
). 

The circle shows 1 
4  shaded. (CST released test question, 2004) 

1 = 
4 

Which fractional part of a circle below is equal to 4
1 ? 

(CST released test question, 2004) 

23 = = 88 

(a) (c) 

2 1 = = 
6 6 

(b) (d) 

3.2 Add and subtract simple fractions (e.g., determine that 1 + 3 is the
8 8 

same as 1 ).
2 

Find the values: 

1. 1 + 2 = ?
6 6 

2. 7
8 

+ 
8
3 = ? 
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3.3 Solve problems involving addition, subtraction, multiplication, and 
division of money amounts in decimal notation and multiply and divide 
money amounts in decimal notation by using whole-number multipliers 
and divisors. 

Pedro bought 5 pens, 2 erasers and 2 boxes of crayons. The pens cost 
65 cents each, the erasers 25 cents each, and a box of crayons $1.10. 
The prices include tax, and Pedro paid with a ten-dollar bill. How much 
change did he get back? 

3.4	 Know and understand that fractions and decimals are two different 
representations of the same concept (e.g., 50 cents is 1 of a dollar, 
75 cents is 3 of a dollar). 

2 

4

Chapter 2 
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Content 
Standards 

Grade Three 

Algebra and Functions 

1.0	 Students select appropriate symbols, operations, and properties to 
represent, describe, simplify, and solve simple number relationships: 

1.1	 Represent relationships of quantities in the form of mathematical 
expressions, equations, or inequalities. 

Write an inequality, equality, or expression to show each of the following 
relationships: 

1. 12 plus a number is less than 30. 
2. 4 times 6 is equal to 3 times a number. 

Mr. Guzman bought 48 doughnuts packed equally into 4 boxes. Which 
number sentence shows how to find the number of doughnuts in each 
box? (CST released test question, 2004) 

(a) 48 − 4 =  __ (c) 48 + 4 =  __ 
(b) 48 ÷ 4 =  __ (d) 48 × 4 =  __ 

1.2	 Solve problems involving numeric equations or inequalities. 

If 6 + N > 9, circle all the numbers that N could be 3, 2, 4, 1, 0, 8, 5. 

What number makes this number sentence true 3 + 5 = __ × 2? 
(CST released test question, 2004) 

1.3	 Select appropriate operational and relational symbols to make an 
expression true (e.g., if 4 __ 3 = 12, what operational symbol goes in 
the blank?). 

1.4	 Express simple unit conversions in symbolic form

(e.g., __ inches = __ feet × 12).


If number of feet = number of yards × 3, and number of inches = 
number of feet × 12, how many inches are there in 4 yards? 
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1.5 Recognize and use the commutative and associative properties 
of multiplication (e.g., if 5 × 7 = 35, then what is 7 × 5? and if 
5 × 7 × 3 = 105, then what is 7 × 3 × 5?). 

2.0 Students represent simple functional relationships: 

Grade Three 

Solve simple problems involving a functional relationship between two 
quantities (e.g., find the total cost of multiple items given the cost per 
unit). 

John wants to buy a dozen pencils. One store offers pencils at 6 for $1. 
Another offers them at 4 for 65 cents. Yet another sells pencils at 15 
cents each. Where should John purchase his pencils in order to save 
the most money? 

One stamp costs 34¢. Two stamps cost 68¢. Three stamps cost $1.02. 
If the cost of each stamp remains the same, how much would 4 stamps 
cost? (CST released test question, 2004) 

2.2 Extend and recognize a linear pattern by its rules (e.g., the number of 
legs on a given number of horses may be calculated by counting by 4s 
or by multiplying the number of horses by 4). 

Here is the beginning of a pattern of tiles. Assuming that each figure 
adds two more tiles to the preceding one, how many tiles will be in the 
sixth figure? (Adapted from TIMSS gr. 3–4, K-6) 

2.1 

Measurement and Geometry 

1.0	 Students choose and use appropriate units and measurement tools to 
quantify the properties of objects: 

1.1	 Choose the appropriate tools and units (metric and U.S.) and estimate 
and measure the length, liquid volume, and weight/mass of given 
objects. 
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1.2 Estimate or determine the area and volume of solid figures by covering 
them with squares or by counting the number of cubes that would fill 
them. 

1.3 Find the perimeter of a polygon with integer sides. 

1.4	 Carry out simple unit conversions within a system of measurement 
(e.g., centimeters and meters, hours and minutes). 

2.0	 Students describe and compare the attributes of plane and solid 
geometric figures and use their understanding to show relationships 
and solve problems: 

2.1 

2.2 

Identify, describe, and classify polygons (including pentagons, 
hexagons, and octagons). 

Identify attributes of triangles (e.g., two equal sides for the isosceles 
triangle, three equal sides for the equilateral triangle, right angle for the 
right triangle). 

2 cm 3 cm 2 cm 2 cm 2 cm 2 cm 3 cm	 5 cm 

1 cm 1 cm 2 cm	 4 cm 

(a) (b) (c)	 (d) 

1. Which triangle has only 2 equal sides? 
2. Which triangle has 3 equal sides? 
3. Which triangle(s) have one right angle? 

2.3 Identify attributes of quadrilaterals (e.g., parallel sides for the parallelo­
gram, right angles for the rectangle, equal sides and right angles for the 
square). 

2.4	 Identify right angles in geometric figures or in appropriate objects and 
determine whether other angles are greater or less than a right angle. 

Which of the following triangles include an angle that is greater than a 
right angle? 

Chapter 2 
Mathematics 

Content 
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Grade Three 

(a) (b)	 (c) (d) 
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Chapter 2 2.5 Identify, describe, and classify common three-dimensional geometric 
Mathematics objects (e.g., cube, rectangular solid, sphere, prism, pyramid, cone,
Content 

cylinder).Standards 

2.6	 Identify common solid objects that are the components needed to make 
a more complex solid object. 

Grade Three Statistics, Data Analysis, and Probability 

1.0	 Students conduct simple probability experiments by determining the 
number of possible outcomes and make simple predictions: 

1.1	 Identify whether common events are certain, likely, unlikely, or 
improbable. 

Are any of the following certain, likely, unlikely, or impossible? 

1.	 Take two cubes each with the numbers 1, 2, 3, 4, 5, 6 written on its 
six faces. Throw them at random, and the sum of the numbers on 
the top faces is 12. 

2.	 It snows on New Year’s Day. 
3.	 A baseball game is played somewhere in this country on any 

Sunday in July. 
4.	 It is sunny in June. 
5.	 Pick any two one-digit numbers, and their sum is 17. 

Record the possible outcomes for a simple event (e.g., tossing a coin) 
and systematically keep track of the outcomes when the event is 
repeated many times. 

Summarize and display the results of probability experiments in a clear 
and organized way (e.g., use a bar graph or a line plot). 

1.4	 Use the results of probability experiments to predict future events 
(e.g., use a line plot to predict the temperature forecast for the 
next day). 

1.2 

1.3 

Mathematical Reasoning 

1.0	 Students make decisions about how to approach problems: 

1.1	 Analyze problems by identifying relationships, distinguishing relevant 
from irrelevant information, sequencing and prioritizing information, 
and observing patterns. 

1.2	 Determine when and how to break a problem into simpler parts. 
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2.0	 Students use strategies, skills, and concepts in finding solutions: 

2.1 Use estimation to verify the reasonableness of calculated results. 

Prove or disprove a classmate’s claim that 49 is more than 21 because 
9 is more than 1. 

2.2	 Apply strategies and results from simpler problems to more complex 
problems. 

2.3	 Use a variety of methods, such as words, numbers, symbols, charts, 
graphs, tables, diagrams, and models, to explain mathematical 
reasoning. 

2.4	 Express the solution clearly and logically by using the appropriate 
mathematical notation and terms and clear language; support solutions 
with evidence in both verbal and symbolic work. 

2.5	 Indicate the relative advantages of exact and approximate solutions to 
problems and give answers to a specified degree of accuracy. 

2.6	 Make precise calculations and check the validity of the results from the 
context of the problem. 

3.0	 Students move beyond a particular problem by generalizing to other 
situations: 

3.1	 Evaluate the reasonableness of the solution in the context of the original 
situation. 

3.2	 Note the method of deriving the solution and demonstrate a conceptual 
understanding of the derivation by solving similar problems. 

3.3	 Develop generalizations of the results obtained and apply them in other 
circumstances. 

Chapter 2 
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Grade Three 
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Grade Four Mathematics Content Standards 

By the end of grade four, students understand large numbers and addition, 
subtraction, multiplication, and division of whole numbers. They describe and 
compare simple fractions and decimals. They understand the properties of, 
and the relationships between, plane geometric figures. They collect, represent, 
and analyze data to answer questions. 

Note: The sample Number Sense 
problems illustrate 
the standards and 1.0 Students understand the place value of whole numbers and decimals 
are written to help 
clarify them. Some to two decimal places and how whole numbers and decimals relate to 
problems are written simple fractions. Students use the concepts of negative numbers: 
in a form that can be 
used directly with 1.1 Read and write whole numbers in the millions. 
students; others will
 
need to be modified, Which of these is the number 5,005,014?
 
particularly in the
 

(CST released test question, 2004)primary grades,
 
before they are 1. Five million, five hundred, fourteen
 
used with students. 

2. Five million, five thousand, fourteen 
The symbol 3. Five thousand, five hundred, fourteen
identifies the key 
standards for 4. Five billion, five million, fourteen 
grade four. 

Order and compare whole numbers and decimals to two decimal places. 

Which is bigger: 3.1 or 3.09? 

Round whole numbers through the millions to the nearest ten, hundred,
 
thousand, ten thousand, or hundred thousand.
 

Two hundred twenty-four students attend Green Street School. Round
 
this number to the nearest hundred.
 

Lunch was served to 3,778 students. Round this number to the nearest
 
thousand.
 

Each year it is estimated that 42,225 Canadian geese migrate south to
 
warmer climates. Round this number to the nearest ten thousand.
 

Decide when a rounded solution is called for and explain why such
 
a solution may be appropriate.
 

Norberto has ten dollars and he wants to buy some ballpoint pens,
 
which cost $2.35; some notebooks, which cost $4.40; and a fancy
 
eraser, which costs $1.45. He wants to make sure he has enough
 
money to pay for all of them, so he rounds the cost of each item to the
 
nearest dollar and adds them up: $2 + $4 + $1 = $7. He concludes that
 
his ten dollars would be sufficient to buy all the items. Is he correct and,
 
if so, why? If the estimate that he makes turns out to be $8 instead of
 
$7, should he be concerned?
 

1.2 

1.3 

1.4 
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1.5	 Explain different interpretations of fractions, for example, parts of a Chapter 2 

whole, parts of a set, and division of whole numbers by whole numbers; Mathematics 
Content 

explain equivalence of fractions (see Standard 4.0).	 Standards 

1.6	 Write tenths and hundredths in decimal and fraction notations and 
know the fraction and decimal equivalents for halves and fourths 
(e.g., 1 = 0.5 or 0.50; 7 = 1 3 = 1.75).

2	 4 4 

Which fraction means the same as 0.17? 
Grade Four 

(a) 17 (b) 17 (c) 17 (d) 17 
10 100 1000 1 

(CST released test question, 2004) 

1.7	 Write the fraction represented by a drawing of parts of a figure; 
represent a given fraction by using drawings; and relate a fraction 
to a simple decimal on a number line. 

Which number represents the shaded part of the figure?
 
(Adapted from TIMSS gr. 3–4, M-5)
 

(a) 2.8	 (c) 0.2 
(b) 0.5	 (d) 0.02 

1.8	 Use concepts of negative numbers (e.g., on a number line, in counting, 
in temperature, in “owing”). 

Yesterday’s temperature was 5 degrees Celsius, but the temperature 
dropped 9 degrees Celsius overnight. What is today’s temperature? 

Determine if the following number sentences are true or false by 
identifying the relative positions of each number on a number line: 

−9 > −10	 − 31 < − 29 

1.9	 Identify on a number line the relative position of positive fractions,
 
positive mixed numbers, and positive decimals to two decimal places.
 

Write a positive number for each letter on the number line shown below. 

A B C 

2	 3 

Which letter represents the number closest to 2.5? 
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Write the letter that represents where each number would go on the 
number line shown below: 

Standards 
1 1	 

4	 ___ 2.50 ___ 3 
4 

___ 

0 1 2 3 

A B C D E F G H I J K 
Grade Four 

Determine if the following number sentences are true or false by identi­
fying the relative positions of each number on a number line: 

1.	 1 > 2.54
4 

2.	 5 < 2.6 
2 

3.	 12 = 2 (Note the equivalence of fractions.)
18 3 

4.	 4 < 13
 
5 15
 

2.0	 Students extend their use and understanding of whole numbers to the 
addition and subtraction of simple decimals: 

2.1	 Estimate and compute the sum or difference of whole numbers and 
positive decimals to two places. 

Solve 55.73 − 48.25 = ? 

2.2	 Round two-place decimals to one decimal or to the nearest whole 
number and judge the reasonableness of the rounded answer. 

In her science class Li Ping weighs two samples of quartz and deter­
mines that the first has a weight of 3.44 grams and the second has a 
weight of 2.39 grams. Her teacher wants Li Ping to report the combined 
weight of the two samples to the nearest tenth of a gram, and to the 
nearest gram; however, the scale cannot measure weights over 5 
grams. Li Ping decides to round the numbers first and then to add them. 

1. Is 3.4 + 2.4 a reasonable estimate of the combined weights to the 
nearest tenth of a gram? 

2. Is 3 + 2 a reasonable estimate of the combined weights to the 
nearest gram? 

3.0 Students solve problems involving addition, subtraction, multiplication, 
and division of whole numbers and understand the relationships among 
the operations: 

3.1 Demonstrate an understanding of, and the ability to use, standard 
algorithms for the addition and subtraction of multidigit numbers. 
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Solve these problems using the standard algorithms: 

1. 619,581 − 23,183 = ? 

2. 6,747 + 321,105 = ? 

3.2 Demonstrate an understanding of, and the ability to use, standard
 
algorithms for multiplying a multidigit number by a two-digit number and
 
for dividing a multidigit number by a one-digit number; use relationships
 
between them to simplify computations and to check results.
 

Singh and Sepideh work independently to solve the problem
 
783 × 23 = ? They apply slightly different approaches, as shown below.
 
Explain why both approaches are valid and give the same answer.
 

783 783 
× 3 × 20 

2,349 15,660 

Singh 

2,349 783 
+ 15,660  ×  23 

18,009 2,349 
+ 15,660 

18,009 

Sepideh 
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Grade Four 

3.3 

3.4 

Solve problems involving multiplication of multidigit numbers by
 
two-digit numbers.
 

Solve problems involving division of multidigit numbers by one-digit
 
numbers.
 

Solve each of the following problems and observe the different roles
 
played by the number 37 in each situation:
 

1. Four children shared 37 dollars equally. How much did each get? 

2. Four children shared 37 pennies as equally as possible. How many 
pennies did each get? 

3. Cars need to be rented for 37 children going on a field trip. Each car 
can take 12 children in addition to the driver. How many cars must 
be rented? 

4. There are 9 rows of seats in a theater. Each row has the same 
number of seats. If there is a total of 162 seats, how many seats are 
in each row? (CST released test question, 2004) 

4.0	 Students know how to factor small whole numbers: 

4.1	 Understand that many whole numbers break down in different ways 
(e.g., 12 = 4 × 3 = 2 × 6 = 2 × 2 × 3). 

In how many distinct ways can you write 60 as a product of two 
numbers? 
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Know that numbers such as 2, 3, 5, 7, and 11 do not have any factors 
except 1 and themselves and that such numbers are called prime 
numbers. 

Grade Four 

Circle all the prime numbers in these different representations of 24: 

(a) 2 × 12 (c) 4 × 6 (e) 2 × 3 × 4 (g) 1 × 24 

(b) 3 × 8 (d) 2 × 2 × 6 (f) 2 × 2 × 2 × 3 

4.2 

Algebra and Functions 

1.0	 Students use and interpret variables, mathematical symbols, and 
properties to write and simplify expressions and sentences: 

1.1	 Use letters, boxes, or other symbols to stand for any number in simple 
expressions or equations (e.g., demonstrate an understanding and the 
use of the concept of a variable). 

Tanya has read the first 78 pages of a 130-page book. Give the number 
sentence that can be used to find the number of pages Tanya must read 
to finish the book. (Adapted from TIMSS gr. 3–4, I-7) 

1. 130 + 78 = ___ 

2. ___ − 78 = 130 

3. 130 − 78 = ___ 

4. 130 − ___ = 1781.2 

Interpret and evaluate mathematical expressions that now use
 
parentheses.
 

Evaluate the two expressions:
 

(28 − 10) − 8 = ___ and 28 − (10 − 8) = ___.
 

Solve 5 × (8 − 2) = ? (CST released test question, 2004)
 

Use parentheses to indicate which operation to perform first when
 
writing expressions containing more than two terms and different
 
operations.
 

What is the value of the expression below?
 

(13 + 4) − (7 × 2) + (31 − 17)
 

(Adapted from CST released test question, 2004)
 

1.4	 Use and interpret formulas (e.g., area = length × width or A = lw) to 
answer questions about quantities and their relationships. 

Vik has a car that has a 16-gallon gas tank. When the tank is filled, he 
can drive 320 miles before running out of gas. How can Vik calculate 
his car’s mileage in miles/gallon? 

1.2 

1.3 
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Understand that an equation such as y = 3x + 5 is a prescription for Chapter 2 

determining a second number when a first number is given. Mathematics 
Content 

1.5

2.0 

2.1

Students know how to manipulate equations: Standards 

Know and understand that equals added to equals are equal. 

The letters S and T stand for numbers. If S − 100 = T − 100, which 
statement is true? (CST released test question, 2004) 

Grade Four 
S = T S > T S = T + 100 S > T + 100 

2.2 Know and understand that equals multiplied by equals are equal. 

What number goes into the box to make this number sentence true? 
(7 − 3) × 5 = 4 × [box] (CST released test question, 2004) 

Measurement and Geometry 

1.0	 Students understand perimeter and area: 

1.1	 Measure the area of rectangular shapes by using appropriate units, 
such as square centimeter (cm2), square meter (m2), square kilometer 
(km2), square inch (in.2), square yard (yd.2), or square mile (mi.2). 

1.2	 Recognize that rectangles that have the same area can have different 
perimeters. 

Draw a rectangle whose area is 120 and whose perimeter exceeds 50. 
Draw another rectangle with the same area whose perimeter exceeds 
240. 

1.3	 Understand that rectangles that have the same perimeter can have 
different areas. 

Is the area of a 45 × 55 rectangle (in cm2) smaller or bigger than that 
of a square with the same perimeter? 

Draw a rectangle whose perimeter is 40 and whose area is less than 20. 

1.4	 Understand and use formulas to solve problems involving perimeters 
and areas of rectangles and squares. Use those formulas to find the 
areas of more complex figures by dividing the figures into basic shapes. 

The length of a rectangle is 6 cm, and its perimeter is 16 cm. What is the 
area of the rectangle in square centimeters? (TIMSS gr. 7–8, K-5) 
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Mathematics 

graph lines and simple figures:Content 
Standards 

2.1 Draw the points corresponding to linear relationships on graph paper 
(e.g., draw 10 points on the graph of the equation y = 3x and connect 
them by using a straight line). 

1. Draw ten points on the graph of the equation x = 4. 
2. Draw ten points on the graph of the equation y = 71.

Grade Four 
3. Draw ten points on the graph of the equation y = 2x + 4. 

Understand that the length of a horizontal line segment equals the 
difference of the x-coordinates. 

What is the length of the line segment joining the points (6, −4) 
and (21, −4)? 

Understand that the length of a vertical line segment equals the 
difference of the y-coordinates. 

What is the length of the line segment joining the points (121, 3) to 
(121, 17)? 

3.0	 Students demonstrate an understanding of plane and solid geometric 
objects and use this knowledge to show relationships and solve 
problems: 

3.1 Identify lines that are parallel and perpendicular. 

(Teachers are advised to introduce the terms intersecting lines and 
nonintersecting lines when dealing with this standard.) 

3.2	 Identify the radius and diameter of a circle. 

3.3	 Identify congruent figures. 

3.4	 Identify figures that have bilateral and rotational symmetry. 

Craig folded a piece of paper in half and cut out a shape along
 
the folded edge. Draw a picture to show what the cutout shape
 
will look like when it is opened up and flattened out.
 
(Adapted from TIMSS gr. 3–4, T-5)
 

2.2 

2.3 
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C 

Let AB, CD be perpendicular diameters of a circle, as shown. If we Chapter 2 

reflect across the line segment CD, what happens to A and what Mathematics 
Content 

happens to B under this reflection?	 Standards 

A B 

Grade Four 

D 

3.5	 Know the definitions of a right angle, an acute angle, and an obtuse 
angle. Understand that 90°, 180°, 270°, and 360° are associated, 
respectively, with 1 , 1 , 3 , and full turns.4 2	 4 

3.6	 Visualize, describe, and make models of geometric solids (e.g., prisms, 
pyramids) in terms of the number and shape of faces, edges, and 
vertices; interpret two-dimensional representations of three-dimensional 
objects; and draw patterns (of faces) for a solid that, when cut and 
folded, will make a model of the solid. 

3.7	 Know the definitions of different triangles (e.g., equilateral, isosceles, 
scalene) and identify their attributes. 

Name each of the following triangles: 

1. No equal sides 
2. Two equal sides 
3. Three equal sides 

3.8	 Know the definition of different quadrilaterals (e.g., rhombus, square, 
rectangle, parallelogram, trapezoid). 

Explain which of the following statements are true and why: 

1. All squares are rectangles. 
2. All rectangles are squares. 
3. All parallelograms are rectangles. 
4. All rhombi are parallelograms. 
5. Some parallelograms are squares. 
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Chapter 2 
Mathematics Statistics, Data Analysis, and Probability 
Content 
Standards 1.0	 Students organize, represent, and interpret numerical and categorical 

data and clearly communicate their findings: 

The following table shows the ages of the girls and boys in a club. 
Complete the graph by using the information for ages 9 and 10 shown 
in the table. (Adapted from TIMSS gr. 3–4, S-1) 

Grade Four 

Ages Number of Girls Number of Boys 

8 4 6 

9 8 4 

10 6 10  

10 
Boys

9 Girls 
8
 

7
 

6
 

5
 

4
 

3
 

2
 

1
 

0
 
8 yrs. 9 yrs. 10 yrs. 

Ages of students 

1.1	 Formulate survey questions; systematically collect and represent data 
on a number line; and coordinate graphs, tables, and charts. 

1.2	 Identify the mode(s) for sets of categorical data and the mode(s), 
median, and any apparent outliers for numerical data sets. 

1.3	 Interpret one- and two-variable data graphs to answer questions about 
a situation. 

2.0	 Students make predictions for simple probability situations: 

Nine identical chips numbered 1 through 9 are put in a jar. When a chip 
is drawn from the jar, what is the probability that it has an even number? 
(Adapted from TIMSS gr. 7–8, N-18) 

2.1	 Represent all possible outcomes for a simple probability situation in an 
organized way (e.g., tables, grids, tree diagrams). 
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2.2	 Express outcomes of experimental probability situations verbally and 
numerically (e.g., 3 out of 4; 3 ).

4 

Royce has a bag with 8 red marbles, 4 blue marbles, 5 green marbles, 
and 9 yellow marbles all the same size. If he pulls out 1 marble without 
looking, which color is he most likely to choose? (CST released test 
question, 2004) 

Mathematical Reasoning 

1.0	 Students make decisions about how to approach problems: 

1.1	 Analyze problems by identifying relationships, distinguishing relevant 
from irrelevant information, sequencing and prioritizing information, 
and observing patterns. 

1.2	 Determine when and how to break a problem into simpler parts. 

2.0	 Students use strategies, skills, and concepts in finding solutions: 

2.1	 Use estimation to verify the reasonableness of calculated results. 

2.2	 Apply strategies and results from simpler problems to more complex 
problems. 

2.3	 Use a variety of methods, such as words, numbers, symbols, charts, 
graphs, tables, diagrams, and models, to explain mathematical 
reasoning. 

2.4	 Express the solution clearly and logically by using the appropriate 
mathematical notation and terms and clear language; support solutions 
with evidence in both verbal and symbolic work. 

2.5	 Indicate the relative advantages of exact and approximate solutions to 
problems and give answers to a specified degree of accuracy. 

2.6	 Make precise calculations and check the validity of the results from the 
context of the problem. 

3.0	 Students move beyond a particular problem by generalizing to other 
situations: 

3.1	 Evaluate the reasonableness of the solution in the context of the 
original situation. 

3.2	 Note the method of deriving the solution and demonstrate a conceptual 
understanding of the derivation by solving similar problems. 

3.3	 Develop generalizations of the results obtained and apply them in other 
circumstances. 

Chapter 2 
Mathematics 

Content 
Standards 

Grade Four 
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Chapter 2 
Mathematics 
Content 
Standards 

Grade Five Mathematics Content Standards 

By the end of grade five, students increase their facility with the four basic arithmetic 
operations applied to fractions and decimals and learn to add and subtract positive 
and negative numbers. They know and use common measuring units to determine 
length and area and know and use formulas to determine the volume of simple 
geometric figures. Students know the concept of angle measurement and use a 
protractor and compass to solve problems. They use grids, tables, graphs, and 
charts to record and analyze data. 

Note: The sample Number Sense 
problems illustrate 
the standards and 1.0 Students compute with very large and very small numbers, positive 
are written to help integers, decimals, and fractions and understand the relationship
clarify them. Some 
problems are written between decimals, fractions, and percents. They understand the 
in a form that can be relative magnitudes of numbers: 
used directly with 
students; others will 1.1 Estimate, round, and manipulate very large (e.g., millions) and very
need to be modified, 
particularly in the	 small (e.g., thousandths) numbers. 
primary grades, 
before they are Interpret percents as a part of a hundred; find decimal and percent 
used with students. equivalents for common fractions and explain why they represent the 
The symbol same value; compute a given percent of a whole number. 
identifies the key
 
standards for 2.2 What is 40% of 250? (CST released test question, 2004)
 
grade five. 

1.2 A test had 48 problems. Joe got 42 correct. 

1. What percent were correct? 
2. What percent were wrong? 
3. If Moe got 93.75% correct, how many problems did he get correct? 

1.3	 Understand and compute positive integer powers of nonnegative 
integers; compute examples as repeated multiplication. 

Which is bigger: 35 or 53? 

Determine the prime factors of all numbers through 50 and write the 
numbers as the product of their prime factors by using exponents to 
show multiples of a factor (e.g., 24 = 2 × 2 × 2 × 3 = 23 × 3). 

Find the prime factorization of 48 and use exponents where appropriate. 

1.5 Identify and represent on a number line decimals, fractions, mixed 
numbers, and positive and negative integers. 

Next to each number, write the letter that represents the quantity on the 
number line. 

2.2	 ______ 0.3 _______ −0.5 _______ 

2 6	 ______ 75 _______ 1.5 _______10 100 

1.2 

1.4 
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E D A C B F 

−2 −1 0 1 2 3 

Place the following numbers, in approximate positions, on the number 
line: 1 3 , 1.43, 23 

7 14
. 

2.0	 Students perform calculations and solve problems involving addition, 
subtraction, and simple multiplication and division of fractions and 
decimals: 

2.1	 Add, subtract, multiply, and divide with decimals; add with negative 
integers; subtract positive integers from negative integers; and verify 
the reasonableness of the results. 

Determine the following numbers: 

1. 11 + (−23) 
2. (−15) − 128 
3. 51 − 24.7 
4. 8.2 × 24.7 
5. 68.13 ÷ 3 

2.2	 Demonstrate proficiency with division, including division with positive 
decimals and long division with multidigit divisors. 

Find the quotient: 6 divided by 0.025. 

15.12 ÷ 2.4 = ? (CST released test question, 2004) 

2.3	 Solve simple problems, including ones arising in concrete situations, 
involving the addition and subtraction of fractions and mixed numbers 
(like and unlike denominators of 20 or less), and express answers in the 
simplest form. 

Suppose a galleon is a type of money worth 17 sickles. If Ludo borrows 
2 3  galleons from Harry, then gives him back 12 sickles, how many 17 
galleons and sickles does Ludo still owe? 

Sally is training to walk in a marathon. In her second week of training, 
she walked 5 3  miles on Tuesday, 5 16

1  miles on Thursday, and 16 8
3 

4 
miles on Sunday. How many miles altogether did Sally walk on those 
three days? 

Jerry and Larry both ordered personal-sized pizzas for lunch. Jerry ate 
3 of his pizza, and Larry ate 2 of his pizza. Who ate more pizza and
4	 3 
how much more did he eat?
 

Given the following three pairs of fractions: 8
3 and 16

1 , 5 4
1 and 1 

4
3 ,
 

16 and 3 1 , find for each pair its:

5 

1. Sum 

2. Difference 

Chapter 2 
Mathematics 

Content 
Standards 

Grade Five 
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Chapter 2 	 2.4 Understand the concept of multiplication and division of fractions. 
Mathematics 
Content 	 3 ÷ 3 = ? (CST released test question, 2004)

4 5Standards 

2.5 	 Compute and perform simple multiplication and division of fractions 
and apply these procedures to solving problems. 

Given the following three pairs of fractions: 8
3 and 16 

1 , 5 4
1 and 1 

4 
3 , 

16 and 3 1 ), find for each pair its:
5 

Grade Five 
1. Product 

2. Quotient in simplest terms 

Ericka has 3 1 yards of cloth to make shirts. Each shirt requires 7 yard.2	 8
How many shirts can she make? How much cloth will she have left 
over? 

Algebra and Functions 

1.0	 Students use variables in simple expressions, compute the value of the 
expression for specific values of the variable, and plot and interpret the 
results: 

1.1	 Use information taken from a graph or equation to answer questions 
about a problem situation. 

1.2 Use a letter to represent an unknown number; write and evaluate simple 
algebraic expressions in one variable by substitution. 

If x is a number that satisfies 3x + 2 = 14, can x be equal to 3?
 
If N = 4, what is the value of 6 × N − 3?
 
(CST released test question, 2004)
 

1.3	 Know and use the distributive property in equations and expressions 
with variables. 

What value for z makes this equation true? 

2.4	 8 × 37 = (8 × 30) + (8 × z) (CST released test question, 2004) 

Identify and graph ordered pairs in the four quadrants of the coordinate 
plane. 

Plot these points on a coordinate plane:
 
(1, 2), (−4, −3), (12, −1), (0, 4), (−4, 0)
 

1.4 
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1.5 Solve problems involving linear functions with integer values; write the 
equation; and graph the resulting ordered pairs of integers on a grid. 

Which equation could have been used to create this function table? 
(CST released test question, 2004) 

x y 

−9 
−2 
4 

11 

−5 
2 
8 

15 

y = x
2 y = 2x y = x − 4 y = x + 4 

One can build rows of squares with toothpicks, as shown below for the 
case of 1, 2, 3, and 6 squares, respectively: 

Explain why the following formula 

y = 3n + 1 

for the number of toothpicks y needed to form a row of n squares is 
correct. Graph this equation on a grid and remember that n takes on 
only whole number values 1, 2, 3, 4, . . . 

Chapter 2 
Mathematics 

Content 
Standards 

Grade Five 

Measurement and Geometry 

1.0	 Students understand and compute the volumes and areas of simple 
objects: 

1.1	 Derive and use the formula for the area of a triangle and of a 
parallelogram by comparing each with the formula for the area of a 
rectangle (i.e., two of the same triangles make a parallelogram with 
twice the area; a parallelogram is compared with a rectangle of the 
same area by pasting and cutting a right triangle on the parallelogram). 

In the figure below, WXYZ is a parallelogram. 

W	 Z 

X	 Y 
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Chapter 2 
Mathematics 
Content 
Standards 

If the area of triangle WXY is 22 square inches, what is the area of 
WXYZ? (CST released test question, 2004) 

Construct a cube and rectangular box from two-dimensional patterns 
and use these patterns to compute the surface area for these objects. 

Grade Five 

Understand the concept of volume and use the appropriate units in 
common measuring systems (i.e., cubic centimeter [cm3], cubic meter 
[m3], cubic inch [in.3], cubic yard [yd.3]) to compute the volume of 
rectangular solids. 

1.2 

1.3 

14 in. 

8 in. 

3 in. 

This rectangular prism has a length of 14 inches, a height of 8 inches, 
and a width of 3 inches. What is the volume? (CST released test 
question, 2004) 

1.4	 Differentiate between, and use appropriate units of measures for, 
two- and three-dimensional objects (i.e., find the perimeter, area, 
volume). 

2.0	 Students identify, describe, and classify the properties of, and the 
relationships between, plane and solid geometric figures: 

2.1 

2.2 

Measure, identify, and draw angles, perpendicular and parallel lines, 
rectangles, and triangles by using appropriate tools (e.g., straightedge, 
ruler, compass, protractor, drawing software). 

Know that the sum of the angles of any triangle is 180° and the sum of 
the angles of any quadrilateral is 360° and use this information to solve 
problems. 

109° 

82° 
67° 

z 

What is the measure of angle z in the figure above? (CST released test 
question, 2004) 

2.3	 Visualize and draw two-dimensional views of three-dimensional objects 
made from rectangular solids. 



57 

Chapter 2
Statistics, Data Analysis, and Probability	 Mathematics 

Content 

1.0	 Students display, analyze, compare, and interpret different data sets, Standards 

including data sets of different sizes: 

1.1	 Know the concepts of mean, median, and mode; compute and compare
 
simple examples to show that they may differ.
 

Compute the mean, median, and mode of the following collection Grade Five 
of 27 numbers: {
1, 1, . . . , 1, 2, 3, 26, 135 

23 

1.2	 Organize and display single-variable data in appropriate graphs and 
representations (e.g., histogram, circle graphs) and explain which types 
of graphs are appropriate for various data sets. 

1.3	 Use fractions and percentages to compare data sets of different sizes. 

1.4 

1.5 

Identify ordered pairs of data from a graph and interpret the meaning of
 
the data in terms of the situation depicted by the graph.
 

Know how to write ordered pairs correctly; for example, (x, y).
 

Mathematical Reasoning 

1.0	 Students make decisions about how to approach problems: 

1.1	 Analyze problems by identifying relationships, distinguishing relevant 
from irrelevant information, sequencing and prioritizing information, and 
observing patterns. 

1.2	 Determine when and how to break a problem into simpler parts. 

2.0	 Students use strategies, skills, and concepts in finding solutions: 

2.1	 Use estimation to verify the reasonableness of calculated results. 

2.2	 Apply strategies and results from simpler problems to more complex 
problems. 

2.3	 Use a variety of methods, such as words, numbers, symbols, charts, 
graphs, tables, diagrams, and models, to explain mathematical 
reasoning. 

2.4	 Express the solution clearly and logically by using the appropriate 
mathematical notation and terms and clear language; support solutions 
with evidence in both verbal and symbolic work. 
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Chapter 2 2.5 Indicate the relative advantages of exact and approximate solutions to 
Mathematics problems and give answers to a specified degree of accuracy. 
Content 
Standards 2.6 Make precise calculations and check the validity of the results from the 

context of the problem. 

3.0	 Students move beyond a particular problem by generalizing to other 
situations: 

Grade Five 3.1	 Evaluate the reasonableness of the solution in the context of the original 
situation. 

3.2	 Note the method of deriving the solution and demonstrate a conceptual 
understanding of the derivation by solving similar problems. 

3.3	 Develop generalizations of the results obtained and apply them in other 
circumstances. 



Grade Six

59 

Grade Six Mathematics Content Standards	 
Chapter 2 

Mathematics 
Content 

Standards 

By the end of grade six, students have mastered the four arithmetic operations with 
whole numbers, positive fractions, positive decimals, and positive and negative 
integers; they accurately compute and solve problems. They apply their knowledge 
to statistics and probability. Students understand the concepts of mean, median, and 
mode of data sets and how to calculate the range. They analyze data and sampling 
processes for possible bias and misleading conclusions; they use addition and 
multiplication of fractions routinely to calculate the probabilities for compound 
events. Students conceptually understand and work with ratios and proportions; 
they compute percentages (e.g., tax, tips, interest). Students know about π and the 
formulas for the circumference and area of a circle. They use letters for numbers in 
formulas involving geometric shapes and in ratios to represent an unknown part of 
an expression. They solve one-step linear equations. 

Number Sense 

1.0	 Students compare and order positive and negative fractions, decimals, 
and mixed numbers. Students solve problems involving fractions, ratios, 
proportions, and percentages: 

1.1	 Compare and order positive and negative fractions, decimals, and 
mixed numbers and place them on a number line. 

20 − 4 1 3
Order the following numbers: 21 9 −4.4 1 12 1.1 7 

If you were to place − 2
3 , −3, and − 7

8  on a number line, which number 
would be closest to −1? Use a number line to explain your answer. 

Place the following numbers on a number line: 

0.3	 − 3 2 1 4 7 −210	 2 5 8 

1.2	 Interpret and use ratios in different contexts (e.g., batting averages, 
miles per hour) to show the relative sizes of two quantities, using 
appropriate notations (a/b, a to b, a:b). 

1.3	 Use proportions to solve problems (e.g., determine the value of N if 
4 = N , find the length of a side of a polygon similar to a known7  21  
polygon). Use cross-multiplication as a method for solving such 
problems, understanding it as the multiplication of both sides of an 
equation by a multiplicative inverse. 

Note: The sample 
problems illustrate 
the standards and 

are written to help 
clarify them. Some 

problems are written 
in a form that can be 

used directly with 
students; others will 
need to be modified, 

particularly in the 
primary grades, 
before they are 

used with students. 

The symbol 
identifies the key 

standards for 
grade six. 
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Chapter 2 ABC is similar to DEF. What is the length of DF? 
Mathematics (CST released test question, 2004)
Content 
Standards B 

8 meters 
E 

Grade Six 
4 meters 

C D FA 
6 meters 

Ballpoint pens are sold in bundles of four. Lee bought 24 pens for 
$14.40. How much would 56 pens cost? Carefully explain your solution. 

Find n if: 

1. 49 14= 
21	 n 

2. 28 36= 
n 27 

(This problem also applies to Algebra and Functions Standard 1.1.) 

1.4	 Calculate given percentages of quantities and solve problems involving 
discounts at sales, interest earned, and tips. 

Ann paid $70.20 for a dress, and the amount includes an 8% sales tax. 
What is the cost of the dress before the tax? 

2.0	 Students calculate and solve problems involving addition, subtraction, 
multiplication, and division: 

2.1	 Solve problems involving addition, subtraction, multiplication, and 
division of positive fractions and explain why a particular operation was 
used for a given situation. 

Your after-school program is on a hiking trip. You hike 3 of a mile and
4 

stop to rest. Your friend hikes 4 of a mile, then turns around and hikes5 
back 1 of a mile. Who is farther ahead on the trail? How much farther?

8 
Explain how you solved the problem. 

At soccer practice the team has to run around a rectangular field that is 
75 1 feet by 127 3  feet. The coach makes the team run around the field 2 4 
three times. How many total feet does a team member run? Explain 
how you solved this problem. 

Mario wants to make half of his special no-bake cookie recipe. The 
recipe calls for 1 3  cups of white sugar, 1 cup of margarine, 1 cup of

4	 3 2 
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peanut butter, and 3 1 
4  cups of oats. How much of each ingredient will 

Mario need? Explain how you solved this problem. 

Jim was on a hiking trail and after walking 3 
4 

of a mile, he found that he 
was only 5 

8
 of the way to the end of the trail. How long is the trail? 

Explain. 

Chapter 2 
Mathematics 

Content 
Standards 

2.2 Explain the meaning of multiplication and division of positive fractions 
and perform the calculations (e.g., 5 

8 
15 
16

÷ = × = 5 
8 

16 
15 

2 
3 

). 
Grade Six 

Draw a picture that illustrates each of the following problems and its 
solution. Explain how your drawings illustrate the problems and the 
solutions. 

1.	 3 × 1
 
4 2
 

2.	 3 ÷ 1
 
4 2
 

3.	 2 × 1 
4 

2.3	 Solve addition, subtraction, multiplication, and division problems, includ­
ing those arising in concrete situations, that use positive and negative 
integers and combinations of these operations. 

Two friends start out on a daylong hike. They start at an elevation of 
526 feet. The morning hike takes them to an altitude 300 feet higher 
than where they started. In the afternoon the friends descend 117 feet 
and stop to rest. Then they continue downward and descend another 
366 feet. Describe the change in altitude. 

Simplify to make the calculation as simple as possible: 

1.	 −19 + 37 + 19 

2.	 (−16)(−28) + (−16)27 

3.	 (−8)(−4)(19)(6 + (−6)) 

2.4	 Determine the least common multiple and the greatest common divisor 
of whole numbers; use them to solve problems with fractions (e.g., to 
find a common denominator to add two fractions or to find the reduced 
form for a fraction). 

3 1+ = ?  (CST released test question, 2004)
 
8 2
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Chapter 2 
Mathematics Algebra and Functions 
Content 
Standards 1.0	 Students write verbal expressions and sentences as algebraic expres­

sions and equations; they evaluate algebraic expressions, solve simple 
linear equations, and graph and interpret their results: 

1.1 Write and solve one-step linear equations in one variable. 

What value of k makes the following equation true?Grade Six 

k ÷ 3 = 36 (CST released test question, 2004)
 

y − 2 = 10. What is y ?
 

6y = 12. What is y ?
 

If a number y satisfies y + 17 = 10, what is y? If a number x satisfies
 
3x = 25, what is x?
 

1.2	 Write and evaluate an algebraic expression for a given situation, using 
up to three variables. 

A telephone company charges $0.05 per minute for local calls and 
$0.12 per minute for long-distance calls. Which expression gives 
the total cost in dollars for x minutes of local calls and y minutes of 
long-distance calls? (CST released test question, 2004) 

(a) 0.05 x + 0.12y (c) 0.17(x + y) 
(b) 0.05x − 0.12y	 (d) 0.17xy 

1.3	 Apply algebraic order of operations and the commutative, associative, 
and distributive properties to evaluate expressions; and justify each step 
in the process. 

Simplify: 

1. (43 + 7) − (5 − 8)3 

2. 11[5(72) − 32 − 12(20 + 5.4 + 2)] 

3. −3 ⋅ (32 + 3) ÷ 32 

1.4	 Solve problems manually by using the correct order of operations or by 
using a scientific calculator. 

2.0	 Students analyze and use tables, graphs, and rules to solve problems 
involving rates and proportions: 

2.1	 Convert one unit of measurement to another (e.g., from feet to miles, 
from centimeters to inches). 

Suppose that one British pound is worth $1.50. In London a magazine 
costs 3 pounds. In San Francisco the same magazine costs $4.25. 
In which city is the magazine cheaper? 
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When temperature is measured in both Celsius (C) and Fahrenheit (F), Chapter 2 
Mathematics

it is known that they are related by the following formula: Content 

9 × C = (F − 32) × 5. What is 50 degrees Fahrenheit in Celsius? Standards 

(Note the explicit use of parentheses.) 

How many inches are in 2 1  feet? (CST released test question, 2004) 2 

2.2	 Demonstrate an understanding that rate is a measure of one quantity 
per unit value of another quantity. Grade Six 

Joe can type 9 words in 8 seconds. At this rate, how many words can 
he type in 2 minutes? 

2.3	 Solve problems involving rates, average speed, distance, and time. 

Marcus took a train from San Francisco to San Jose, a distance of 
54 miles. The train took 45 minutes for the trip. What was the average 
speed of the train? 

3.0	 Students investigate geometric patterns and describe them algebra­
ically: 

3.1	 Use variables in expressions describing geometric quantities
 
(e.g., P = 2w + 2l, A = 2

1 bh, C = πd—the formulas for the perimeter
 
of a rectangle, the area of a triangle, and the circumference of a circle,
 
respectively).
 

A rectangle has width w. Its length is one more than 3 times its width. 
Find the perimeter of the rectangle. (Your answer will be expressed in 
terms of w.) 

3.2	 Express in symbolic form simple relationships arising from geometry. 

The rectangle shown below has length 15 inches and perimeter P 
inches. 

15 inches 

Which equation could be used to find the width of the rectangle? 

P = 15 + w P = 15 − w P = 30 + 2w P = 30 − 2w
2 

(CST released test question, 2004) 
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Chapter 2 
Mathematics Measurement and Geometry 
Content 
Standards 1.0	 Students deepen their understanding of the measurement of plane and 

solid shapes and use this understanding to solve problems: 

1.1 Understand the concept of a constant such as π; know the formulas for 
the circumference and area of a circle. 

Which equation could be used to find the area in square inches of aGrade Six 
circle with a radius of 8 inches? (CST released test question, 2004) 

(a) A = 4 × π (b) A = π× 42 (c) A = 8 × π (d) A = π× 82 

1.2	 Know common estimates of π (3.14; 22 ) and use these values to
7 

estimate and calculate the circumference and the area of circles; 
compare with actual measurements. 

What is the circumference of a circle with a radius of 5? 
(Answer: 10π or approximately 31.4) 

The top part of this hat is shaped like a cylinder with a diameter 
of 7 inches. 

7 inches 

Which measure is closest to the length of the band that goes around 
the outside of the hat? (CST released test question, 2004) 

(a) 10.1 inches (b) 11.0 inches (c) 22.0 inches (d) 38.5 inches 

1.3	 Know and use the formulas for the volume of triangular prisms and 
cylinders (area of base × height); compare these formulas and explain 
the similarity between them and the formula for the volume of a 
rectangular solid. 

Find the volumes (dimensions are in cm).
 
radius = 5
 6	 8 

4 

10 10 

5 5 

10 

5 
5 
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2.0	 Students identify and describe the properties of two-dimensional 	 Chapter 2 
Mathematics

figures: Content 
Standards 

2.1	 Identify angles as vertical, adjacent, complementary, or supplementary
 
and provide descriptions of these terms.
 

Use the properties of complementary and supplementary angles and 
the sum of the angles of a triangle to solve problems involving an 
unknown angle. 

Grade Six 

Find the missing angles a, b, c, and d. 

90°30° 
105° 

90° a 
b 

c 

d 

2.2 

2.3	 Draw quadrilaterals and triangles from given information about them 
(e.g., a quadrilateral having equal sides but no right angles, a right 
isosceles triangle). 

Statistics, Data Analysis, and Probability 

1.0	 Students compute and analyze statistical measurements for data sets: 

1.1	 Compute the range, mean, median, and mode of data sets. 

1.2	 Understand how additional data added to data sets may affect these 
computations. 

1.3	 Understand how the inclusion or exclusion of outliers affects these 
computations. 

1.4	 Know why a specific measure of central tendency (mean, median) 
provides the most useful information in a given context. 

2.0	 Students use data samples of a population and describe the characteris­
tics and limitations of the samples: 

2.1	 Compare different samples of a population with the data from the entire 
population and identify a situation in which it makes sense to use a 
sample. 

2.2 Identify different ways of selecting a sample (e.g., convenience sam­
pling, responses to a survey, random sampling) and which method 
makes a sample more representative for a population. 
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Chapter 2 Analyze data displays and explain why the way in which the question 
Mathematics 

2.3 
was asked might have influenced the results obtained and why the way

Content 
in which the results were displayed might have influenced the conclu-Standards 
sions reached. 

2.4 

2.5 

Identify data that represent sampling errors and explain why the sample 
(and the display) might be biased. 

Identify claims based on statistical data and, in simple cases, evaluate
Grade Six 

the validity of the claims. 

Calvin has been identified as the best runner in your school because he 
won the 50-yard dash at the all-schools track meet. Use the records of 
the track team in the table shown below to decide if Calvin is the best 
runner in the school. Explain your decision, using the data in the table. 

Runner Race 1 Race 2 Race 3 Race 4 

Brian 27.3 27.6 30.1 26.2 

Maria 26.5 26.3 26.0 27.1 

Calvin 30.2 28.1 29.4 25.0 

Alice 28.2 29.0 32.0 27.4 

Fred 32.1 32.5 29.0 30.0 

José 26.2 26.0 25.8 25.5 

Soraya has been assigned to do a survey for the student council. 
However, she forgets to do this task until the morning of the meeting, 
so she asks three of her best friends what kind of music they would like 
for a noon-time dance. Their opinions are what Soraya will report to 
student council. 

Do you think Soraya’s report is an accurate reflection of the kind of 
music that students want played for the noon-time dance? Explain your 
answer. 

3.0	 Students determine theoretical and experimental probabilities and use 
these to make predictions about events: 

Represent all possible outcomes for compound events in an organized 
way (e.g., tables, grids, tree diagrams) and express the theoretical 
probability of each outcome. 

3.2	 Use data to estimate the probability of future events (e.g., batting 
averages or number of accidents per mile driven). 

3.3 Represent probabilities as ratios, proportions, decimals between 0 and 
1, and percentages between 0 and 100 and verify that the probabilities 
computed are reasonable; know that if P is the probability of an event, 
1-P is the probability of an event not occurring. 

3.1 
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Mathematics 

Content 
Standards 

3.4	 Understand that the probability of either of two disjoint events occurring 
is the sum of the two individual probabilities and that the probability of 
one event following another, in independent trials, is the product of the 
two probabilities. 

3.5	 Understand the difference between independent and dependent events. 

Mathematical Reasoning	 Grade Six 

1.0	 Students make decisions about how to approach problems: 

1.1	 Analyze problems by identifying relationships, distinguishing relevant
 
from irrelevant information, identifying missing information, sequencing
 
and prioritizing information, and observing patterns.
 

1.2	 Formulate and justify mathematical conjectures based on a general
 
description of the mathematical question or problem posed.
 

1.3	 Determine when and how to break a problem into simpler parts. 

2.0	 Students use strategies, skills, and concepts in finding solutions: 

2.1	 Use estimation to verify the reasonableness of calculated results. 

2.2	 Apply strategies and results from simpler problems to more complex
 
problems.
 

2.3	 Estimate unknown quantities graphically and solve for them by using
 
logical reasoning and arithmetic and algebraic techniques.
 

2.4	 Use a variety of methods, such as words, numbers, symbols, charts,
 
graphs, tables, diagrams, and models, to explain mathematical
 
reasoning.
 

2.5	 Express the solution clearly and logically by using the appropriate
 
mathematical notation and terms and clear language; support solutions
 
with evidence in both verbal and symbolic work.
 

2.6	 Indicate the relative advantages of exact and approximate solutions to
 
problems and give answers to a specified degree of accuracy.
 

2.7	 Make precise calculations and check the validity of the results from the
 
context of the problem.
 

3.0	 Students move beyond a particular problem by generalizing to other 
situations: 

3.1	 Evaluate the reasonableness of the solution in the context of the original
 
situation.
 

3.2	 Note the method of deriving the solution and demonstrate a conceptual
 
understanding of the derivation by solving similar problems.
 

3.3	 Develop generalizations of the results obtained and the strategies used
 
and apply them in new problem situations.
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Mathematics 
Content 
Standards 

Grade Seven Mathematics Content Standards 

By the end of grade seven, students are adept at manipulating numbers and equa­
tions and understand the general principles at work. Students understand and use 
factoring of numerators and denominators and properties of exponents. They know 
the Pythagorean theorem and solve problems in which they compute the length of 
an unknown side. Students know how to compute the surface area and volume of 
basic three-dimensional objects and understand how area and volume change with 
a change in scale. Students make conversions between different units of measure­
ment. They know and use different representations of fractional numbers (fractions, 
decimals, and percents) and are proficient at changing from one to another. They 
increase their facility with ratio and proportion, compute percents of increase and 
decrease, and compute simple and compound interest. They graph linear functions 
and understand the idea of slope and its relation to ratio. 

Note: The sample Number Sense 
problems illustrate 
the standards and 1.0 Students know the properties of, and compute with, rational numbers 
are written to help 
clarify them. Some expressed in a variety of forms: 
problems are written 
in a form that can be 1.1 Read, write, and compare rational numbers in scientific notation 
used directly with (positive and negative powers of 10), compare rational numbers
students; others will 
need to be modified, in general. 
particularly in the 
primary grades, Put the following numbers on the number line: 
before they are 
used with students. −3.14 −3.3 −3 1 −3.1 − 27 

3 8 
The symbol 
identifies the key Arrange the following numbers in increasing order:
standards for 
grade seven. 

1.86 × 105 185,766, 1.004 × 106 2.1 × 105 205,666 

Arrange the following numbers in increasing order: 

−3.14 × 10−2 3.14 × 102 −3.14 × 102 3.14 × 10−2 

Add, subtract, multiply, and divide rational numbers (integers, 
fractions, and terminating decimals) and take positive rational 
numbers to whole-number powers. 

1. 1 × 0.33
4 

2 1 3 
7 − 7 

2.	 2  2 2 

3  3 

1.2 
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3. Evaluate: 

12 
7 

6 
5

× × 7 
8 

= 

Chapter 2 
Mathematics 

Content 
Standards 

3 51 
5 

( )÷ −  =  

( .  )0 2  
3 
2 

5 
4 

×  
 

 
 = 

1 
2 

58 3 11 29 . .−( ) = 

Grade Seven 

1.3 Convert fractions to decimals and percents and use these representa­
tions in estimations, computations, and applications. 

Change to decimals: 

7 
8 

7 
11 

Differentiate between rational and irrational numbers. 

Which is an irrational number? (CST released test question, 2004) 

(a) 5 (b) 9 (c) −1  (d)  − 2 
3 

Know that every rational number is either a terminating or a repeating 
decimal and be able to convert terminating decimals into reduced 
fractions. 

Change to fractions: 

0.25 0.27 

Find the period of the repeating part of 41 
13 

. 

1.6 Calculate the percentage of increases and decreases of a quantity. 

A sweater originally cost $37.50. Last week Moesha bought it 
at 20% off. 

1.5 

20%
OFF 

How much was deducted from the original price? (CST released test 
question, 2004) 

(a) $7.50 (b) $17.50 (c) $20.00 (d) $30.00 
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Chapter 2 Solve problems that involve discounts, markups, commissions, and 
Mathematics 

1.7 
profit and compute simple and compound interest.

Content 
Standards	 Heather deposits $800 in an account that earns a flat rate of 10% 

(simple) interest. Jim deposits $800 in an account that earns 10% 
interest compounded yearly. Who will have more money at the end of 
one year? Two years? Three years? Who will have more money over 
the long run? Explain why. 

Grade Seven 
Jason bought a jacket on sale for 50% off the original price and another 
25% off the discounted price. If the jacket originally cost $88, what was 
the final sale price that Jason paid for the jacket? (CST released test 
question, 2004) 

2.0	 Students use exponents, powers, and roots and use exponents in 
working with fractions: 

2.1	 Understand negative whole-number exponents. Multiply and divide 
expressions involving exponents with a common base. 

Simplify: 

 2
 5
  2
 −11
 


7
  
× 
7
 
 

1.
  2
 −3
 

 7

 

 2
 −3
 2
2.
 ×

3
 
 9
 

Add and subtract fractions by using factoring to find common 
denominators. 

Make use of prime factors to compute: 

1.
 2
 +
 1
 
28
 49
 

−5
	  −7
2.
 +
 
63
	 
99
 
 

2.3 Multiply, divide, and simplify rational numbers by using exponent rules. 

Simplify: 

 2
 −3
 



− 

3
 
 
+
  3
 2
(
 − 1
)
1.
	 4 3 
  

2
1
 
−2
 
 3
 
4
 

(
 2
 ×
 2
1
)
4
 

5
 3
 
2.
 

3
2
 (
 2
1
)
( ) −
5
	 3
 

2.2 
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3−2 

3. 
2−3 

2x 3 

4.	 
23x −1 

2 5	4 3 	⋅ 	 ⋅ 24 

5.	 3 5 2 (CST released test question, 2004)4 3 	⋅ 2⋅ 

2.4	 Use the inverse relationship between raising to a power and extracting 
the root of a perfect square integer; for an integer that is not square, 
determine without a calculator the two integers between which its 
square root lies and explain why. 

Find the length of one side of a square that has an area of 81. 

2.5	 Understand the meaning of the absolute value of a number; interpret
 
the absolute value as the distance of the number from zero on a
 
number line; and determine the absolute value of real numbers.
 

Is it always true that for any numbers a and b, a − |b | < a + b? 
|9 − 5| − |6 − 8| =  ? (CST released test question, 2004) 

Algebra and Functions 

1.0	 Students express quantitative relationships by using algebraic 
terminology, expressions, equations, inequalities, and graphs: 

1.1	 Use variables and appropriate operations to write an expression, 
an equation, an inequality, or a system of equations or inequalities 
that represents a verbal description (e.g., three less than a number, 
half as large as area A). 

Write the following verbal statements as algebraic expressions: 

1.	 The square of a is increased by the sum of twice a and 3. 

2.	 The product of 1 of a and 3 is decreased by the quotient of a 
2

divided by (−4). 

1.2	 Use the correct order of operations to evaluate algebraic expressions 
such as 3(2x + 5)2. 

Given x = (−2) and y = 5 evaluate: 

1.	 x 2 + 2x − 3
 

y xy  − 7)
2.	 ( 
10 

Chapter 2 
Mathematics 

Content 
Standards 

Grade Seven 
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Chapter 2 1.3 Simplify numerical expressions by applying properties of rational 
Mathematics numbers (e.g., identity, inverse, distributive, associative, commutative) 
Content 

and justify the process used.Standards 

Name the property illustrated by each of the following: 

1. y + −y = 0 

2. x (y + z) = xy + xz 
Grade Seven 

3. x (y + z) = (y + z)x 

4.	 x + y = y + x 

 1
5. y	 

 y  = 1 

1.4	 Use algebraic terminology (e.g., variable, equation, term, coefficient, 
inequality, expression, constant) correctly. 

1.5	 Represent quantitative relationships graphically and interpret the 
meaning of a specific part of a graph in the situation represented 
by the graph. 

2.0	 Students interpret and evaluate expressions involving integer powers 
and simple roots: 

2.1	 Interpret positive whole-number powers as repeated multiplication and 
negative whole-number powers as repeated division or multiplication 
by the multiplicative inverse. Simplify and evaluate expressions that 
include exponents. 

2.2	 Multiply and divide monomials; extend the process of taking powers and 
extracting roots to monomials when the latter results in a monomial with 
an integer exponent. 

3.0	 Students graph and interpret linear and some nonlinear functions: 

3.1	 Graph functions of the form y = nx 2 and y = nx 3 and use in solving 
problems. 

3.2	 Plot the values from the volumes of three-dimensional shapes for 
various values of the edge lengths (e.g., cubes with varying edge 
lengths or a triangle prism with a fixed height and an equilateral 
triangle base of varying lengths). 

3.3	 Graph linear functions, noting that the vertical change (change in 
y-value) per unit of horizontal change (change in x-value) is always 
the same and know that the ratio (“rise over run”) is called the slope 
of a graph. 

A function of x has value 7 when x = 1; it has value 15.5 when x = 3.5; 
and it has value 20 when x = 5. Is this a linear function? 
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Which best represents the graph of y = 2x − 5? (CST released test Chapter 2 
Mathematics

question, 2004) Content 
y y Standards 

−5 −4 −3 −2 −1  0  1  2 3 4 5  

5 

4 

3 

2 

1 

−1 

−2 

−3 

−4 

−5 

x 
−5 −4 −3 −2 −1  0  1  2 3 4 5  

5 

4 

3 

2 

1 

−1 

−2 

−3 

−4 

−5 

x 
Grade Seven 

y y 

−5 −4 −3 −2 −1  0  1  2 3 4 5  

5 

4 

3 

2 

1 

−1 

−2 

−3 

−4 

−5 

x 
−5 −4 −3 −2 −1  0  1  2 3 4 5  

5 

4 

3 

2 

1 

−1 

−2 

−3 

−4 

−5 

x 

Plot the values of quantities whose ratios are always the same 
(e.g., cost to the number of an item, feet to inches, circumference to 
diameter of a circle). Fit a line to the plot and understand that the slope 
of the line equals the ratio of the quantities. 

Students solve simple linear equations and inequalities over the rational 
numbers: 

Solve two-step linear equations and inequalities in one variable over the 
rational numbers, interpret the solution or solutions in the context from 
which they arose, and verify the reasonableness of the results. 

Solve for x if 3x − 12 = 3,821. If x stands for the number of books in a 
bookstore, can it satisfy this equation? 

What is the solution set to the inequality 6z + 5 > 35? (CST released 
test question, 2004) 

{z:z < 5} {z:z < 24} {z:z > 5} {z:z > 24} 

Solve multistep problems involving rate, average speed, distance, 
and time or a direct variation. 

A train can travel at either of two speeds between two towns that are 
72 miles apart. The higher speed is 25% faster than the lower speed 
and reduces the travel time by 30 minutes. What are the two speeds 
in miles per hour? 

3.4 

4.1 

4.2 
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Chapter 2 A duck flew at 18 miles per hour for 3 hours, then at 15 miles per hour 
Mathematics for 2 hours. How far did the duck fly in all? (CST released test question,
Content 

2004)Standards 

Juanita earns $36 for 3 hours of work. At that rate how long would she 
have to work to earn $720? (CST released test question, 2004) 

Grade Seven Measurement and Geometry 

1.0	 Students choose appropriate units of measure and use ratios to convert 
within and between measurement systems to solve problems: 

1.1	 Compare weights, capacities, geometric measures, times, and tempera­
tures within and between measurement systems (e.g., miles per hour 
and feet per second, cubic inches to cubic centimeters). 

Convert the following: 

1. 80 miles/hr. = ? ft./sec. 

2. 20 oz./min. = ? qts./day 

1.2	 Construct and read drawings and models made to scale. 

1.3	 Use measures expressed as rates (e.g., speed, density) and measures 
expressed as products (e.g., person-days) to solve problems; check 
the units of the solutions; and use dimensional analysis to check the 
reasonableness of the answer. 

The chart shown below describes the speed of four printers. 

Printer Description 

Roboprint Prints 2 pages per second 

Voltronn Prints 1 page every 2 seconds 

Vantek Plus Prints 160 pages in 2 minutes 

DLS Pro Prints 100 pages per minute 

Which printer is the fastest? (CST released test question, 2004) 

2.0	 Students compute the perimeter, area, and volume of common 
geometric objects and use the results to find measures of less 
common objects. They know how perimeter, area, and volume are 
affected by changes of scale: 

2.1	 Use formulas routinely for finding the perimeter and area of basic 
two-dimensional figures and the surface area and volume of basic 
three-dimensional figures, including rectangles, parallelograms, 
trapezoids, squares, triangles, circles, prisms, and cylinders. 
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2.2	 Estimate and compute the area of more complex or irregular two- and 
three-dimensional figures by breaking the figures down into more basic 
geometric objects. 

2.3	 Compute the length of the perimeter, the surface area of the faces, and 
the volume of a three-dimensional object built from rectangular solids. 
Understand that when the lengths of all dimensions are multiplied by a 
scale factor, the surface area is multiplied by the square of the scale 
factor and the volume is multiplied by the cube of the scale factor. 

2.4	 Relate the changes in measurement with a change of scale to the units 
used (e.g., square inches, cubic feet) and to conversions between units 
(1 square foot = 144 square inches or [1 ft.2] = [144 in.2]; 1 cubic inch is 
approximately 16.38 cubic centimeters or [1 in.3] = [16.38 cm3]). 

3.0	 Students know the Pythagorean theorem and deepen their understand­
ing of plane and solid geometric shapes by constructing figures that 
meet given conditions and by identifying attributes of figures: 

3.1	 Identify and construct basic elements of geometric figures (e.g., alti­
tudes, midpoints, diagonals, angle bisectors, and perpendicular bisec­
tors; central angles, radii, diameters, and chords of circles) by using a 
compass and straightedge. 

3.2	 Understand and use coordinate graphs to plot simple figures, determine 
lengths and areas related to them, and determine their image under 
translations and reflections. 

3.3	 Know and understand the Pythagorean theorem and its converse 
and use it to find the length of the missing side of a right triangle 
and the lengths of other line segments and, in some situations, 
empirically verify the Pythagorean theorem by direct measurement. 

What is the side length of an isosceles right triangle with 
hypotenuse 72 ? 

A right triangle has sides of lengths a, b, and c; c is the length of the 
hypotenuse. How would the areas of the three equilateral triangles 
with sides of lengths a, b, c, respectively, be related to each other? 

3.4	 Demonstrate an understanding of conditions that indicate two 
geometrical figures are congruent and what congruence means about 
the relationships between the sides and angles of the two figures. 

3.5	 Construct two-dimensional patterns for three-dimensional models, such 
as cylinders, prisms, and cones. 

Chapter 2 
Mathematics 

Content 
Standards 

Grade Seven 
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Chapter 2 3.6 Identify elements of three-dimensional geometric objects (e.g., diago-

Mathematics nals of rectangular solids) and describe how two or more objects are

Content 

related in space (e.g., skew lines, the possible ways three planes mightStandards 
intersect). 

True or false? If true, give an example. If false, explain why. 

Two planes in three-dimensional space can: 

1.	 Intersect in a line.
Grade Seven 

2.	 Intersect in a single point. 
3.	 Have no intersection at all. 

Statistics, Data Analysis, and Probability 

1.0	 Students collect, organize, and represent data sets that have one or 
more variables and identify relationships among variables within a data 
set by hand and through the use of an electronic spreadsheet software 
program: 

1.1	 Know various forms of display for data sets, including a stem-and-leaf 
plot or box-and-whisker plot; use the forms to display a single set of 
data or to compare two sets of data. 

1.2	 Represent two numerical variables on a scatterplot and informally 
describe how the data points are distributed and any apparent 
relationship that exists between the two variables (e.g., between 
time spent on homework and grade level). 

1.3	 Understand the meaning of, and be able to compute, the minimum, 
the lower quartile, the median, the upper quartile, and the maximum 
of a data set. 

Here is a set of data for an exam in a mathematics class: 

Minimum 45
 
Lower quartile score 51
 
Median 64
 
Upper quartile score 72
 
Maximum 92
 

1.	 Suppose there are 15 students in the class. Give a range of scores 
that would satisfy all the data shown above. 

2.	 Suppose 7 students have scores ranging from 64 to 72. How many 
students might there be in the class? Explain. 
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Mathematical Reasoning	 Mathematics 

Content 

1.0	 Students make decisions about how to approach problems: 	 Standards 

1.1	 Analyze problems by identifying relationships, distinguishing relevant
 
from irrelevant information, identifying missing information, sequencing
 
and prioritizing information, and observing patterns.
 

1.2	 Formulate and justify mathematical conjectures based on a general Grade Seven 
description of the mathematical question or problem posed. 

1.3	 Determine when and how to break a problem into simpler parts. 

2.0	 Students use strategies, skills, and concepts in finding solutions: 

2.1	 Use estimation to verify the reasonableness of calculated results. 

2.2	 Apply strategies and results from simpler problems to more complex
 
problems.
 

2.3	 Estimate unknown quantities graphically and solve for them by using
 
logical reasoning and arithmetic and algebraic techniques.
 

2.4	 Make and test conjectures by using both inductive and deductive
 
reasoning.
 

2.5	 Use a variety of methods, such as words, numbers, symbols, charts,
 
graphs, tables, diagrams, and models, to explain mathematical
 
reasoning.
 

2.6	 Express the solution clearly and logically by using the appropriate
 
mathematical notation and terms and clear language; support solutions
 
with evidence in both verbal and symbolic work.
 

2.7	 Indicate the relative advantages of exact and approximate solutions to
 
problems and give answers to a specified degree of accuracy.
 

2.8	 Make precise calculations and check the validity of the results from the
 
context of the problem.
 

3.0	 Students determine a solution is complete and move beyond a particular 
problem by generalizing to other situations: 

3.1	 Evaluate the reasonableness of the solution in the context of the original
 
situation.
 

3.2	 Note the method of deriving the solution and demonstrate a conceptual
 
understanding of the derivation by solving similar problems.
 

3.3	 Develop generalizations of the results obtained and the strategies used
 
and apply them to new problem situations.
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Introduction to Grades Eight Through Twelve 
The standards for grades eight through twelve are organized differently from 

those for kindergarten through grade seven. In this section strands are not used 
for organizational purposes as they are in the elementary grades because the 
mathematics studied in grades eight through twelve falls naturally under disci­
pline headings: algebra, geometry, and so forth. Many schools teach this material 
in traditional courses; others teach it in an integrated fashion. To allow local 
educational agencies and teachers flexibility in teaching the material, the stan­
dards for grades eight through twelve do not mandate that a particular discipline 
be initiated and completed in a single grade. The core content of these subjects 
must be covered; students are expected to achieve the standards however these 
subjects are sequenced. 

Standards are provided for Algebra I, geometry, Algebra II, trigonometry, 
mathematical analysis, linear algebra, probability and statistics, advanced place­
ment probability and statistics, and calculus. Many of the more advanced subjects 
are not taught in every middle school or high school. Moreover, schools and 
districts have different ways of combining the subject matter in these various 
disciplines. For example, many schools combine some trigonometry, mathemati­
cal analysis, and linear algebra to form a precalculus course. Some districts prefer 
offering trigonometry content with Algebra II. 

Table 1, “Mathematics Disciplines, by Grade Level,” reflects typical grade-level 
groupings of these disciplines in both integrated and traditional curricula. The 
lightly shaded region reflects the minimum requirement for mastery by all 
students. The dark shaded region depicts content that is typically considered 
elective but that should also be mastered by students who complete the other 
disciplines in the lower grade levels and continue the study of mathematics. 

Many other combinations of these advanced subjects into courses are possible. 
What is described in this section are standards for the academic content by 
discipline; this document does not endorse a particular choice of structure for 
courses or a particular method of teaching the mathematical content. 

When students delve deeply into mathematics, they gain not only conceptual 
understanding of mathematical principles but also knowledge of, and experience 
with, pure reasoning. One of the most important goals of mathematics is to teach 
students logical reasoning. The logical reasoning inherent in the study of math­
ematics allows for applications to a broad range of situations in which answers to 
practical problems can be found with accuracy. 

By grade eight, students’ mathematical sensitivity should be sharpened. Stu­
dents need to start perceiving logical subtleties and appreciate the need for sound 
mathematical arguments before making conclusions. Students who are not 
prepared for Algebra I by grade nine should instead receive specialized instruc­
tional materials that focus on the prerequisite standards described in Appendix E. 
An algebra readiness course will prepare students for success in algebra and 
subsequent advanced courses. As students progress in the study of mathematics, 
they learn to distinguish between inductive and deductive reasoning; understand 
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Table 1. Mathematics Disciplines, by Grade Level 

Disciplines 

Grades 

Eight Nine Ten Eleven Twelve 

Algebra I 

Geometry 

Algebra II 

Probability and Statistics 

Trigonometry 

Linear Algebra 

Mathematical Analysis 

Advanced Placement 
Probability and Statistics 

Calculus 

the meaning of logical implication; test general assertions; realize that one 
counterexample is enough to show that a general assertion is false; understand 
conceptually that although a general assertion is true in a few cases, it may not be 
true in all cases; distinguish between something being proven and a mere plausi­
bility argument; and identify logical errors in chains of reasoning. 

Mathematical reasoning and conceptual understanding are not separate from 
content; they are intrinsic to the mathematical discipline students master at more 
advanced levels. 
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Algebra I Mathematics Content Standards 

Symbolic reasoning and calculations with symbols are central in algebra. Through 
the study of algebra, a student develops an understanding of the symbolic language 
of mathematics and the sciences. In addition, algebraic skills and concepts are 
developed and used in a wide variety of problem-solving situations. 

Note: The sample 1.0 Students identify and use the arithmetic properties of subsets of integers
problems illustrate 
the standards and and rational, irrational, and real numbers, including closure properties for 
are written to help the four basic arithmetic operations where applicable: 
clarify them. Some 
problems are written 1.1 Students use properties of numbers to demonstrate whether 
in a form that can be	 assertions are true or false. 
used directly with 
students; others will 
need to be modified 2.0 Students understand and use such operations as taking the opposite, 
before they are 

finding the reciprocal, taking a root, and raising to a fractional power. used with students. 

They understand and use the rules of exponents. 
1 6 

Simplify x( 3y 
2 ) x y . 

3.0	 Students solve equations and inequalities involving absolute values. 

Solve for x: 3x + 5 > 7. 

For which values of x is x + 4 = x + 4? 

4.0	 Students simplify expressions before solving linear equations and in­
equalities in one variable, such as 3(2x − 5) + 4(x − 2) = 12. 

For what values of x is the following inequality valid?
 

5(x −1) > 3x + 2.
 

Expand and simplify 2(3x + 1) − 8x.
 

5.0	 Students solve multistep problems, including word problems, involving 
linear equations and linear inequalities in one variable and provide justifi­
cation for each step. 

A-1 Pager Company charges a $25 set-up fee plus a $6.50 monthly 
charge. Cheaper Beeper charges $8 per month with no set-up fee. Set up 
an inequality to determine how long one would need to have the pager 
until the A-1 Pager plan would be the less expensive one. 
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7.0 

8.0 

6.0 Students graph a linear equation and compute the x- and y-intercepts 
(e.g., graph 2x + 6y = 4). They are also able to sketch the region defined 
by linear inequalities (e.g., they sketch the region defined by 2x + 6y < 4). 

Chapter 2 
Mathematics 

Content 
Standards 

Find inequalities whose simultaneous solution defines the region shown 
below: 

y 

x 
−3 −2 −1 321 

2 

1 

4 5 

Algebra I 

Students verify that a point lies on a line, given an equation of the line. 
Students are able to derive linear equations by using the point-slope 
formula. 

Does the point (1, 2) lie on, above, or below the graph of the line 
3x − 5y + 8 = 0? Explain how you can be sure of your answer. 

Write the equation of the line having x-intercept −2 3
1 and y-intercept 5. 

Students understand the concepts of parallel lines and perpendicular lines 
and how their slopes are related. Students are able to find the equation of 
a line perpendicular to a given line that passes through a given point. 

Find the equation of the line passing through (−1, 3
1 ) and parallel to the 

line defined by 5x + 2y = 17. Also find the equation of the line passing 
through the same point but perpendicular to the line 5x + 2y = 17. 

Students solve a system of two linear equations in two variables algebra­
ically and are able to interpret the answer graphically. Students are able to 
solve a system of two linear inequalities in two variables and to sketch the 
solution sets. 

Solve and sketch the lines and the solution set:
 

3x + y = −1
 

x − 1 y = 4 
2 3 

9.0 



82 

Chapter 2 
Mathematics 
Content 
Standards 

10.0 Students add, subtract, multiply, and divide monomials and polynomials. 
Students solve multistep problems, including word problems, by using 
these techniques. 

Algebra I 

11.0 Students apply basic factoring techniques to second- and simple third-
degree polynomials. These techniques include finding a common factor 
for all terms in a polynomial, recognizing the difference of two squares, 
and recognizing perfect squares of binomials. 

Factor 9x 3 + 6x 2 + x. 

12.0	 Students simplify fractions with polynomials in the numerator and 
denominator by factoring both and reducing them to the lowest terms. 

Simplify x 2 + +  2x 1 
.
 

x 2 − 1
 

13.0	 Students add, subtract, multiply, and divide rational expressions and 
functions. Students solve both computationally and conceptually 
challenging problems by using these techniques. 

2	 2Solve for x and give a reason for each step: + =  . (ICAS 1997, 6) 2 
3x + 1 3 

14.0 Students solve a quadratic equation by factoring or completing the square. 

15.0	 Students apply algebraic techniques to solve rate problems, work prob­
lems, and percent mixture problems. 

The sum of the two digits of a number is 10. If 36 is added to it, the digits 
will be reversed. Find the number. 

Two cars A and B move at constant velocity. Car A starts from P to Q, 
150 miles apart, at the same time that car B starts from Q to P. They meet 
at the end of 1 1  hours. If car A moves 10 miles per hour faster than car B, 2 
what are their velocities? 

16.0	 Students understand the concepts of a relation and a function, determine 
whether a given relation defines a function, and give pertinent information 
about given relations and functions. 

17.0	 Students determine the domain of independent variables and the range 
of dependent variables defined by a graph, a set of ordered pairs, or a 
symbolic expression. 

18.0 Students determine whether a relation defined by a graph, a set of ordered 
pairs, or a symbolic expression is a function and justify the conclusion. 
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19.0 	 Students know the quadratic formula and are familiar with its proof by Mathematics 

Contentcompleting the square. 	
Standards 

Toni is solving this equation by completing the square. 

ax 2 + bx + c = 0 (where a > 0) 

Step 1. ax 2 + bx = −c 

Step 2. x 2 + b x = – c 	 Algebra I 
a a 

Step 3. ? 


Which response shown below should be step 3 in the solution? 


1. x 2 = −  c – b x.
b a 

2. x + b =  −  c . 
a ax 

3. x 2 + b x + b = – c + b . 
a 2a a 2a


2 b  b  
2 

c  b  
2 


4. x + x + = – + . 
a  2a  a  2a  


(CST released test question, 2004) 


20.0	 Students use the quadratic formula to find the roots of a second-degree 
polynomial and to solve quadratic equations. 

Suppose the graph of y = px 2 + 5x + 2 intersects the x-axis at two distinct 
points, where p is a constant. What are the possible values of p? 

21.0	 Students graph quadratic functions and know that their roots are the 
x-intercepts. 

The graph of y = x 2 + bx − 1 passes through ( − 
3
1 , 0) 

What is b? 

22.0	 Students use the quadratic formula or factoring techniques or both to 
determine whether the graph of a quadratic function will intersect the 
x-axis in zero, one, or two points. 

23.0 Students apply quadratic equations to physical problems, such as the 
motion of an object under the force of gravity. 
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Chapter 2 
Mathematics 24.0 Students use and know simple aspects of a logical argument: 
Content 
Standards 24.1 Students explain the difference between inductive and deductive 

reasoning and identify and provide examples of each. 

24.2 Students identify the hypothesis and conclusion in logical 
deduction. 

24.3 Students use counterexamples to show that an assertion is false 
Algebra I and recognize that a single counterexample is sufficient to refute 

an assertion. 

25.0	 Students use properties of the number system to judge the validity of 
results, to justify each step of a procedure, and to prove or disprove 
statements: 

25.1	 Students use properties of numbers to construct simple, valid 
arguments (direct and indirect) for, or formulate counterexamples 
to, claimed assertions. 

25.2	 Students judge the validity of an argument according to whether 
the properties of the real number system and the order of opera­
tions have been applied correctly at each step. 

25.3	 Given a specific algebraic statement involving linear, quadratic, or 
absolute value expressions or equations or inequalities, students 
determine whether the statement is true sometimes, always, or 
never. 
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1.0 

2.0 

3.0 

4.0 

Geometry Mathematics Content Standards 
Chapter 2 

Mathematics 
Content 

Standards 

The geometry skills and concepts developed in this discipline are useful to all 
students. Aside from learning these skills and concepts, students will develop their 
ability to construct formal, logical arguments and proofs in geometric settings and 
problems. 

Students demonstrate understanding by identifying and giving examples 
of undefined terms, axioms, theorems, and inductive and deductive 
reasoning. 

Students write geometric proofs, including proofs by contradiction.
 
If a line L is tangent to a circle at a point P, prove that the radius passing
 
through P is perpendicular to L.
 

If C is the center of the circle in the figure shown below, prove that
 
angle b has twice the measure of angle a.
 

a 

b 

c 

Students construct and judge the validity of a logical argument and give 
counterexamples to disprove a statement. 

Prove or disprove: If two triangles have two pairs of congruent sides, the 
triangles must be congruent. 

Students prove basic theorems involving congruence and similarity. 

Prove that in a triangle, the larger angle faces the longer side. 

If L
1
, L

2
, and L

3
 are three parallel lines such that the distance from 

L1 to L2 is equal to the distance from L2 to L3, and if l is any transversal 
that intersects L1, L2, and L3 at A1, A2, and A3, respectively, prove that 
the segments A

1 
A

2 
and A

2 
A

3 
are congruent. 

Note: The sample 
problems illustrate 
the standards and 

are written to help 
clarify them. Some 

problems are written 
in a form that can be 

used directly with 
students; others will 
need to be modified 

before they are 
used with students. 
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Geometry 

5.0 Students prove that triangles are congruent or similar, and they are able to 
use the concept of corresponding parts of congruent triangles. 

Prove that a quadrilateral that has two pairs of congruent opposite angles 
is a parallelogram. 

Prove that in ABC, if D is the midpoint of side AB and a line passing 
through D and parallel to BC intersects side AC at E, then E is the 
midpoint of side AC. 

6.0 Students know and are able to use the triangle inequality theorem. 

7.0 Students prove and use theorems involving the properties of parallel lines 
cut by a transversal, the properties of quadrilaterals, and the properties 
of circles. 

Prove that the figure formed by joining, in order, the midpoints of the sides 
of a quadrilateral is a parallelogram. 

Using what you know about parallel lines cut by a transversal, show that 
the sum of the angles in a triangle is the same as the angle in a straight 
line, 180 degrees. 

AB is a diameter of a circle centered at O. CD ⊥ AB. If the length of 
AB is 5, find the length of side CD. 

A 
D 

B 

C 

4 3 

O 

8.0	 Students know, derive, and solve problems involving the perimeter, 
circumference, area, volume, lateral area, and surface area of common 
geometric figures. 

A right circular cone has radius 5 inches and height 8 inches. 

5 in. 

8 in. 
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What is the lateral area of the cone? (Lateral area of cone = πrl, where 
l = slant height.) (CST released test question, 2004) 

9.0 Students compute the volumes and surface areas of prisms, pyramids, 
cylinders, cones, and spheres; and students commit to memory the 
formulas for prisms, pyramids, and cylinders. 

10.0 Students compute areas of polygons, including rectangles, scalene 
triangles, equilateral triangles, rhombi, parallelograms, and trapezoids. 

Geometry 

The diagram below shows the overall floor plan for a house. It has right 
angles at three corners. What is the area of the house? What is the 
perimeter of the house? (CERT 1997, 26) 

38 ft. 

40 ft. 

50 ft. 

31 ft. 

11.0	 Students determine how changes in dimensions affect the perimeter, area, 
and volume of common geometric figures and solids. 

A triangle has sides of lengths a, b, and c and an area A. What is the area 
of a triangle with sides of lengths 3a, 3b, and 3c, respectively? Prove that 
your answer is correct. 

12.0 Students find and use measures of sides and of interior and exterior 
angles of triangles and polygons to classify figures and solve problems. 

13.0	 Students prove relationships between angles in polygons by using proper­
ties of complementary, supplementary, vertical, and exterior angles. 

In the figure below, AB = BC = CD . Find an expression for the measure of 
angle b in terms of the measure of angle a and prove that your expression 
is correct. 

A B	 D 

a 

b 

C 
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14.0 

15.0 

Students prove the Pythagorean theorem. 

Students use the Pythagorean theorem to determine distance and find 
missing lengths of sides of right triangles. 

Geometry 

16.0 Students perform basic constructions with a straightedge and compass, 
such as angle bisectors, perpendicular bisectors, and the line parallel to 
a given line through a point off the line. 

Prove that the standard construction of the perpendicular from a point 
to a line not containing the point is correct. 

17.0 Students prove theorems by using coordinate geometry, including the 
midpoint of a line segment, the distance formula, and various forms of 
equations of lines and circles. 

Use coordinates to prove that if ABC is a triangle and D, E are points on 
sides AB and AC, respectively, so that 

AD 

AB 
= 

AE 

AC , 

then line DE is parallel to BC. 

18.0 Students know the definitions of the basic trigonometric functions 
defined by the angles of a right triangle. They also know and are 
able to use elementary relationships between them. For example, 
tan(x) = sin(x)/cos(x), (sin(x))2 + (cos(x))2 = 1. 

Without using a calculator, determine which is larger, tan(60°) or tan(70°) 
and explain why. 

19.0 Students use trigonometric functions to solve for an unknown length of a 
side of a right triangle, given an angle and a length of a side. 

20.0 Students know and are able to use angle and side relationships in 
problems with special right triangles, such as 30°, 60°, and 90° triangles 
and 45°, 45°, and 90° triangles. 

21.0	 Students prove and solve problems regarding relationships among chords, 
secants, tangents, inscribed angles, and inscribed and circumscribed 
polygons of circles. 
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Use the perimeter of a regular hexagon inscribed in a circle to explain Chapter 2 
Mathematics

why π > 3. (ICAS 1997,11)4 
Content 

Standards 

Geometry 

22.0	 Students know the effect of rigid motions on figures in the coordinate 
plane and space, including rotations, translations, and reflections. 

Use rigid motions to prove the side-angle-side criterion of triangle 
congruence. 

4 The Web site showing the source for the problems from the Intersegmental Committee of the 
Academic Senates (ICAS) is in the “Web Resources” section in “Works Cited.” 
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Algebra II Mathematics Content Standards 

This discipline complements and expands the mathematical content and concepts of 
Algebra I and geometry. Students who master Algebra II will gain experience with 
algebraic solutions of problems in various content areas, including the solution of 
systems of quadratic equations, logarithmic and exponential functions, the binomial 
theorem, and the complex number system. 

Note: The sample 
problems illustrate 
the standards and 
are written to help 
clarify them. Some 
problems are written 
in a form that can be 
used directly with 
students; others will 
need to be modified 
before they are 
used with students. 

1.0 

2.0 

3.0 

Students solve equations and inequalities involving absolute value. 

Sketch the graph of each function. 

y 
x 

y x 

= 

= −  −  −  

1 

2 
3 

2 5  

. 

. 

Students solve systems of linear equations and inequalities (in two or 
three variables) by substitution, with graphs, or with matrices. 

Draw the region in the plane that is the solution set for the inequality 
(x − 1)(x + 2y) > 0. 

Students are adept at operations on polynomials, including long division. 

Divide x 4 − 3x2 + 3x by x 2 + 2, and write the answer in the form: 

polynomial 
linear polynomial 

+ 
+x 2 2 

. 

4.0 Students factor polynomials representing the difference of squares, perfect 
square trinomials, and the sum and difference of two cubes. 

Factor x3 + 8. 

5.0 

6.0 

Students demonstrate knowledge of how real and complex numbers are 
related both arithmetically and graphically. In particular, they can plot 
complex numbers as points in the plane. 

Students add, subtract, multiply, and divide complex numbers. 

Write 1 
1 2  

+ 
− 

i 
i
 in the form of a + bi, where a and b are real numbers. 
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8.0 

9.0 

Chapter 2 
7.0	 Students add, subtract, multiply, divide, reduce, and evaluate rational Mathematics 

Contentexpressions with monomial and polynomial denominators and simplify 
Standards 

complicated rational expressions, including those with negative exponents 
in the denominator. 

(x2− x)2 

Simplify 	 . 
x x − 1 

−2	 
x2+ 3x − 4( )	 ( ) 

Algebra II 

Students solve and graph quadratic equations by factoring, completing 
the square, or using the quadratic formula. Students apply these tech­
niques in solving word problems. They also solve quadratic equations in 
the complex number system. 

In the figure shown below, the area between the two squares is 11 square 
inches. The sum of the perimeters of the two squares is 44 inches. Find 
the length of a side of the larger square. (ICAS 1997, 12) 

Students demonstrate and explain the effect that changing a coefficient 
has on the graph of quadratic functions; that is, students can determine 
how the graph of a parabola changes as a, b, and c vary in the equation 
y = a(x − b)2 + c. 

10.0	 Students graph quadratic functions and determine the maxima, minima, 
and zeros of the function. 

Find a quadratic function of x that has zeros at x = −1 and x = 2. Find a 
cubic equation of x that has zeros at x = −1 and x = 2 and nowhere else. 
(ICAS 1997, 7) 

11.0	 Students prove simple laws of logarithms. 

11.1	 Students understand the inverse relationship between exponents 
and logarithms and use this relationship to solve problems involv­
ing logarithms and exponents. 

Solve: 2x = 5(132x−5). 
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Algebra II 

12.0 

13.0 

14.0	 

11.2 Students judge the validity of an argument according to whether 
the properties of real numbers, exponents, and logarithms have 
been applied correctly at each step. 

Students know the laws of fractional exponents, understand exponential 
functions, and use these functions in problems involving exponential 
growth and decay. 

The number of bacteria in a colony was growing exponentially. At 1 p.m. 
yesterday the number of bacteria was 100, and at 3 p.m. yesterday it was 
4,000. How many bacteria were there in the colony at 6 p.m. yesterday? 
(TIMSS gr.12, K-13) 

Students use the definition of logarithms to translate between logarithms 
in any base. 

Students understand and use the properties of logarithms to simplify 
logarithmic numeric expressions and to identify their approximate values. 

1.	 Find the largest integer that is less than:
 

log10 (1,256)
 

log10 (.029)
 

2.	 1 log2 64 = ? 
2 

15.0	 Students determine whether a specific algebraic statement involving 
rational expressions, radical expressions, or logarithmic or exponential 
functions is sometimes true, always true, or never true. 

For positive numbers x and y, is the equation log2 xy = log2 x ⋅ log 2 y 
always true, sometimes true, or never true? 

c2 − 1 4 

If c is a real number, for what values of c is it true that 	 ( )  
= − 1? c 

c + 1 

16.0 Students demonstrate and explain how the geometry of the graph of a 
conic section (e.g., asymptotes, foci, eccentricity) depends on the 
coefficients of the quadratic equation representing it. 

What is the graph of x 2 + py2 − 4x + 10y − 26 = 0 when p = 1? 
When p = 4? When p = −4? 

17.0 Given a quadratic equation of the form ax2 + by2 + cx + dy + e = 0, 
students can use the method for completing the square to put the 
equation into standard form and can recognize whether the graph of the 
equation is a circle, ellipse, parabola, or hyperbola. Students can then 
graph the equation. 
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18.0 

19.0 

20.0 

21.0 

22.0 

Does the origin lie inside, outside, or on the geometric figure whose 
equation is x 2 + y 2 − 10x + 10y − 1 = 0? Explain your reasoning. 
(ICAS 1997, 11) 

Students use fundamental counting principles to compute combinations 
and permutations. 

Students use combinations and permutations to compute probabilities. 

Students know the binomial theorem and use it to expand binomial 
expressions that are raised to positive integer powers. 

What is the third term of (2x − 1)6? What is the general term? 
What is a simplified expression for the sum? 

Students apply the method of mathematical induction to prove general 
statements about the positive integers. 

Use mathematical induction to prove that for any integer 
n > 1, 1 + 3 + 5 + . . . + (2n − 1) = n 2 . 

Students find the general term and the sums of arithmetic series and of 
both finite and infinite geometric series. 

Find the sum of the arithmetic series: 13 + 16 + 19 + . . . + 94. 

Find the sum of the geometric series: 

3 

5 

3 

5 

3 

5 

3 

5 

5 

2 

6 

3 

7 

4 

32 

29
+ + + . . . + . 

Chapter 2 
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Standards 

Algebra II 

23.0 

24.0 

Students derive the summation formulas for arithmetic series and for both 
finite and infinite geometric series. 

Students solve problems involving functional concepts, such as composi­
tion, defining the inverse function and performing arithmetic operations on 
functions. 

Which of the following functions are their own inverse functions? Use at 
least two different methods to answer this question and explain your 
methods: 

f x  
x 

g x x  h  x  
x

( )  ( )  ( )  
( )  
( 

= = + = 
+ 
− 

2 4 
2 
2 

3 ln 
ln xx

j x  
x 
x) 

( )  = 
+ 
− 

3 

3 
3 

1 
1 

(ICAS 1997, 13) 

25.0 Students use properties from number systems to justify steps in combining 
and simplifying functions. 
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Trigonometry Mathematics Content Standards 

Trigonometry uses the techniques that students have previously learned from the 
study of algebra and geometry. The trigonometric functions studied are defined 
geometrically rather than in terms of algebraic equations. Facility with these 
functions as well as the ability to prove basic identities regarding them is especially 
important for students intending to study calculus, more advanced mathematics, 
physics and other sciences, and engineering in college. 

Note: The sample 1.0 Students understand the notion of angle and how to measure it, in both
problems illustrate 
the standards and degrees and radians. They can convert between degrees and radians. 
are written to help 
clarify them. Some 

2.0	 Students know the definition of sine and cosine as y- and x-coordinates ofproblems are written 
in a form that can be points on the unit circle and are familiar with the graphs of the sine and 
used directly with cosine functions. 
students; others will 
need to be modified Find an angle β between 0 and 2π such that cos(β) = cos(6π/7) and
before they are 
used with students. sin(β) = −sin(6π/7). Find an angle θ between 0 and 2π such that 

sin(θ) = cos(6π/7) and cos(θ) = sin(6π/7). 

3.0	 Students know the identity cos2(x) + sin2(x) = 1: 

3.1	 Students prove that this identity is equivalent to the Pythagorean 
theorem (i.e., students can prove this identity by using the 
Pythagorean theorem and, conversely, they can prove the 
Pythagorean theorem as a consequence of this identity). 

3.2 Students prove other trigonometric identities and simplify others by 
using the identity cos2(x) + sin2(x) = 1. For example, students use 
this identity to prove that sec2(x) = tan2(x) + 1. 

Prove csc2 x = 1 + cot2 x. 

4.0	 Students graph functions of the form f (t ) = A sin(Bt + C) or f (t ) = A cos 
(Bt + C) and interpret A, B, and C in terms of amplitude, frequency, period, 
and phase shift. 

On a graphing calculator, graph the function f(x) = sin(x) cos(x). Select 
a window so that you can carefully examine the graph. 

1. What is the apparent period of this function? 

2. What is the apparent amplitude of this function? 

3. Use this information to express f as a simpler trigonometric function. 

5.0 Students know the definitions of the tangent and cotangent functions and 
can graph them. 
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6.0 Students know the definitions of the secant and cosecant functions 
and can graph them. 
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7.0 Students know that the tangent of the angle that a line makes with the 
x-axis is equal to the slope of the line. 

8.0 Students know the definitions of the inverse trigonometric functions 
and can graph the functions. Trigonometry 

9.0 Students compute, by hand, the values of the trigonometric functions 
and the inverse trigonometric functions at various standard points. 

10.0 Students demonstrate an understanding of the addition formulas for sines 
and cosines and their proofs and can use those formulas to prove and/or 
simplify other trigonometric identities. 

Use the addition formula for sine to find a numerical value of sin(75°). 

Use the addition formula to find the numerical value of sin(15°). 

Is g(x) = 5 sin 3x + 2 cos x a periodic function? If so, what is its period? 
What is its amplitude? 

11.0 Students demonstrate an understanding of half-angle and double-angle 
formulas for sines and cosines and can use those formulas to prove 
and/or simplify other trigonometric identities. 

Express sin 3x in terms of sin x and cos x. 

12.0 Students use trigonometry to determine unknown sides or angles in right 
triangles. 

13.0 Students know the law of sines and the law of cosines and apply those 
laws to solve problems. 

A vertical pole sits between two points that are 60 feet apart. Guy wires to 
the top of that pole are staked at the two points. The guy wires are 40 feet 
and 35 feet long. How tall is the pole? 

14.0 Students determine the area of a triangle, given one angle and the two 
adjacent sides. 

Suppose in ABC and A′B′C′, the sides of AB and A′B′ are congruent, 
as are AC and A′C′, but ∠A is bigger than ∠A′. Which of ABC and 

A′B′C′ has a bigger area? Prove that your answer is correct. 

15.0 Students are familiar with polar coordinates. In particular, they can 
determine polar coordinates of a point given in rectangular coordinates 
and vice versa. 
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16.0 Students represent equations given in rectangular coordinates in terms 
of polar coordinates. 

Express the circle of radius 2 centered at (2, 0) in polar coordinates. 

Trigonometry 

17.0 

18.0 

Students are familiar with complex numbers. They can represent a 
complex number in polar form and know how to multiply complex 
numbers in their polar form. 

What is the angle that the ray from the origin to 3 + 3i  makes with the 
positive x-axis? 

Students know DeMoivre’s theorem and can give nth roots of a complex 
number given in polar form. 

19.0	 Students are adept at using trigonometry in a variety of applications 
and word problems. 

A lighthouse stands 100 feet above the surface of the ocean. From what 
distance can it be seen? (Assume that the radius of the earth is 3,960 
miles.) 
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Mathematics 
Content 

Standards 
This discipline combines many of the trigonometric, geometric, and algebraic 
techniques needed to prepare students for the study of calculus and strengthens 
their conceptual understanding of problems and mathematical reasoning in solving 
problems. These standards take a functional point of view toward those topics. 
The most significant new concept is that of limits. Mathematical analysis is often 
combined with a course in trigonometry or perhaps with one in linear algebra to 
make a yearlong precalculus course. 

1.0	 

2.0	 

Students are familiar with, and can apply, polar coordinates and vectors in 
the plane. In particular, they can translate between polar and rectangular 
coordinates and can interpret polar coordinates and vectors graphically. 

Students are adept at the arithmetic of complex numbers. They can use 
the trigonometric form of complex numbers and understand that a function 
of a complex variable can be viewed as a function of two real variables. 
They know the proof of DeMoivre’s theorem. 

Note: The sample 
problems illustrate 
the standards and 

are written to help 
clarify them. Some 

problems are written 
in a form that can be 

used directly with 
students; others will 
need to be modified 

before they are 
used with students. 

3.0 Students can give proofs of various formulas by using the technique 
of mathematical induction. 

Use mathematical induction to show that the sum of the interior angles 

in a convex polygon with n sides is (n − 2) ⋅180° . 

4.0 Students know the statement of, and can apply, the fundamental theorem 
of algebra. 

Find all cubic polynomials of x that have zeros at x = −1 and x = 2 and 
nowhere else. (ICAS 1997, 13) 

5.0 Students are familiar with conic sections, both analytically and 
geometrically: 

5.1	 Students can take a quadratic equation in two variables; put it in 
standard form by completing the square and using rotations and 
translations, if necessary; determine what type of conic section 
the equation represents; and determine its geometric components 
(foci, asymptotes, and so forth). 

5.2 Students can take a geometric description of a conic section—for 
example, the locus of points whose sum of its distances from (1, 0) 
and (−1, 0) is 6—and derive a quadratic equation representing it. 

6.0 Students find the roots and poles of a rational function and can graph the 
function and locate its asymptotes. 
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7.0 Students demonstrate an understanding of functions and equations 
defined parametrically and can graph them. 

8.0 Students are familiar with the notion of the limit of a sequence and the limit 
of a function as the independent variable approaches a number or infinity. 
They determine whether certain sequences converge or diverge. 

Mathematical 
Analysis 



99 

Linear Algebra Mathematics Content Standards 
Chapter 2 

Mathematics 
Content 

Standards 
The general goal in this discipline is for students to learn the techniques of matrix 
manipulation so that they can solve systems of linear equations in any number of 
variables. Linear algebra is most often combined with another subject, such as 
trigonometry, mathematical analysis, or precalculus. 

1.0 Students solve linear equations in any number of variables by using 
Gauss-Jordan elimination. 

2.0 Students interpret linear systems as coefficient matrices and the 
Gauss-Jordan method as row operations on the coefficient matrix. 

3.0 Students reduce rectangular matrices to row echelon form. 

4.0 Students perform addition on matrices and vectors. 

5.0 Students perform matrix multiplication and multiply vectors by matrices 
and by scalars. 

6.0 Students demonstrate an understanding that linear systems are 
inconsistent (have no solutions), have exactly one solution, or have 
infinitely many solutions. 

7.0 Students demonstrate an understanding of the geometric interpretation 
of vectors and vector addition (by means of parallelograms) in the plane 
and in three-dimensional space. 

8.0 Students interpret geometrically the solution sets of systems of equations. 
For example, the solution set of a single linear equation in two variables is 
interpreted as a line in the plane, and the solution set of a two-by-two 
system is interpreted as the intersection of a pair of lines in the plane. 

9.0 Students demonstrate an understanding of the notion of the inverse to a 
square matrix and apply that concept to solve systems of linear equations. 

10.0 Students compute the determinants of 2 × 2 and 3 × 3 matrices and are 
familiar with their geometric interpretations as the area and volume of the 
parallelepipeds spanned by the images under the matrices of the standard 
basis vectors in two-dimensional and three-dimensional spaces. 

11.0 Students know that a square matrix is invertible if, and only if, its 
determinant is nonzero. They can compute the inverse to 2 × 2 and 
3 × 3 matrices using row reduction methods or Cramer’s rule. 

Note: The sample 
problems illustrate 
the standards and 

are written to help 
clarify them. Some 

problems are written 
in a form that can be 

used directly with 
students; others will 
need to be modified 

before they are 
used with students. 

12.0 Students compute the scalar (dot) product of two vectors in n-dimensional 
space and know that perpendicular vectors have zero dot product. 



100 

Chapter 2 
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Standards 

Probability and Statistics Mathematics Content Standards 

This discipline is an introduction to the study of probability, interpretation of data, 
and fundamental statistical problem solving. Mastery of this academic content will 
provide students with a solid foundation in probability and facility in processing 
statistical information. 

Note: The sample 
problems illustrate 
the standards and 
are written to help 
clarify them. Some 
problems are written 
in a form that can be 
used directly with 
students; others will 
need to be modified 
before they are 
used with students. 

1.0 

2.0 

Students know the definition of the notion of independent events and can 
use the rules for addition, multiplication, and complementation to solve for 
probabilities of particular events in finite sample spaces. 

Students know the definition of conditional probability and use it to solve 
for probabilities in finite sample spaces. 

A whole number between 1 and 30 is chosen at random. If the digits of the 
number that is chosen add up to 8, what is the probability that the number 
is greater than 12? 

3.0	 Students demonstrate an understanding of the notion of discrete random 
variables by using them to solve for the probabilities of outcomes, such as 
the probability of the occurrence of five heads in 14 coin tosses. 

4.0	 Students are familiar with the standard distributions (normal, binomial, and 
exponential) and can use them to solve for events in problems in which 
the distribution belongs to those families. 

5.0 Students determine the mean and the standard deviation of a normally 
distributed random variable. 

6.0 Students know the definitions of the mean, median, and mode of a 
distribution of data and can compute each in particular situations. 

7.0	 Students compute the variance and the standard deviation of a distribution 
of data. 

Find the mean and standard deviation of the following seven numbers: 

4  12  5  6  8  5  9  

Make up another list of seven numbers with the same mean and a smaller 
standard deviation. Make up another list of seven numbers with the same 
mean and a larger standard deviation. (ICAS 1997, 11) 

8.0 Students organize and describe distributions of data by using a number 
of different methods, including frequency tables, histograms, standard line 
and bar graphs, stem-and-leaf displays, scatterplots, and box-and-whisker 
plots. 
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1.0 

2.0 

3.0 

4.0 

5.0 

Advanced Placement 
Probability and Statistics Mathematics Content Standards 

Chapter 2 
Mathematics 

Content 
Standards 

This discipline is a technical and in-depth extension of probability and statistics. In 
particular, mastery of academic content for advanced placement gives students the 
background to succeed in the Advanced Placement examination in the subject. 

Students solve probability problems with finite sample spaces by using the 
rules for addition, multiplication, and complementation for probability 
distributions and understand the simplifications that arise with independent 
events. 

Students know the definition of conditional probability and use it to solve 
for probabilities in finite sample spaces. 

You have 5 coins in your pocket: 1 penny, 2 nickels, 1 dime, and 1 quarter. 
If you pull out 2 coins at random and they are collectively worth more than 
10 cents, what is the probability that you pulled out a quarter? 

Students demonstrate an understanding of the notion of discrete random 
variables by using this concept to solve for the probabilities of outcomes, 
such as the probability of the occurrence of five or fewer heads in 14 coin 
tosses. 

Students understand the notion of a continuous random variable and can 
interpret the probability of an outcome as the area of a region under the 
graph of the probability density function associated with the random 
variable. 

Consider a continuous random variable X whose possible values are 
numbers between 0 and 2 and whose probability density function is given 

( )  = −1 1 x for 0 < x < 2. What is the probability that X > 1?by f x  
2 

Students know the definition of the mean of a discrete random variable 
and can determine the mean for a particular discrete random variable. 

Students know the definition of the variance of a discrete random variable 
and can determine the variance for a particular discrete random variable. 

Students demonstrate an understanding of the standard distributions 
(normal, binomial, and exponential) and can use the distributions to solve 
for events in problems in which the distribution belongs to those families. 

Suppose that X is a normally distributed random variable with mean m =0. 
If P(X < c) = 2 , find P(−c < X <c).

3 

Note: The sample 
problems illustrate 
the standards and 

are written to help 
clarify them. Some 

problems are written 
in a form that can be 

used directly with 
students; others will 
need to be modified 

before they are 
used with students. 

6.0 

7.0 
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Mathematics 
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Standards 

8.0 Students determine the mean and the standard deviation of a normally 
distributed random variable. 

9.0 Students know the central limit theorem and can use it to obtain 
approximations for probabilities in problems of finite sample spaces 
in which the probabilities are distributed binomially. 

Advanced 
Placement 
Probability 
and Statistics 

10.0 Students know the definitions of the mean, median, and mode of 
distribution of data and can compute each of them in particular 
situations. 

11.0 Students compute the variance and the standard deviation of a distribution 
of data. 

12.0 Students find the line of best fit to a given distribution of data by using 
least squares regression. 

13.0 Students know what the correlation coefficient of two variables means 
and are familiar with the coefficient’s properties. 

14.0 Students organize and describe distributions of data by using a number 
of different methods, including frequency tables, histograms, standard 
line graphs and bar graphs, stem-and-leaf displays, scatterplots, and 
box-and-whisker plots. 

15.0 Students are familiar with the notions of a statistic of a distribution of 
values, of the sampling distribution of a statistic, and of the variability 
of a statistic. 

16.0 Students know basic facts concerning the relation between the mean and 
the standard deviation of a sampling distribution and the mean and the 
standard deviation of the population distribution. 

17.0 Students determine confidence intervals for a simple random sample from 
a normal distribution of data and determine the sample size required for a 
desired margin of error. 

18.0 Students determine the P-value for a statistic for a simple random sample 
from a normal distribution. 

19.0 Students are familiar with the chi-square distribution and chi-square test 
and understand their uses. 
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1.0 

Calculus Mathematics Content Standards	 
Chapter 2 

Mathematics 
Content 

Standards 
When taught in high school, calculus should be presented with the same level of 
depth and rigor as are entry-level college and university calculus courses. These 
standards outline a complete college curriculum in one-variable calculus. Many high 
school programs may have insufficient time to cover all of the following content in a 
typical academic year. For example, some districts may treat differential equations 
lightly and spend substantial time on infinite sequences and series. Others may do 
the opposite. Consideration of the College Board syllabi for the Calculus AB and 
Calculus BC sections of the Advanced Placement Examinations in Mathematics 
may be helpful in making curricular decisions. Calculus is a widely applied area of 
mathematics and involves a beautiful intrinsic theory. Students mastering this con­
tent will be exposed to both aspects of the subject. 

Students demonstrate knowledge of both the formal definition and the 
graphical interpretation of limit of values of functions. This knowledge 
includes one-sided limits, infinite limits, and limits at infinity. Students know 
the definition of convergence and divergence of a function as the domain 
variable approaches either a number or infinity: 

1.1	 Students prove and use theorems evaluating the limits of sums, 
products, quotients, and composition of functions. 

1.2 Students use graphical calculators to verify and estimate limits. 

1.3	 Students prove and use special limits, such as the limits of 
(sin(x))/x and (1 − cos(x))/x as x tends to 0. 

Evaluate the following limits, justifying each step: 

x − 4 
lim 
x→4 x − 2 

1− cos ( 2x)

lim 

x→0 sin ( 3x) 

lim (x − x2 − x )
x→∞ 

Students demonstrate knowledge of both the formal definition and the 
graphical interpretation of continuity of a function. 

( )  2 

x2 − 1
For what values of x is the function f x = continuous? 
Explain.	 x − 4x + 3 

Note: The sample 
problems illustrate 
the standards and 

are written to help 
clarify them. Some 

problems are written 
in a form that can be 

used directly with 
students; others will 
need to be modified 

before they are 
used with students. 

2.0 
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Chapter 2 
Mathematics 3.0 Students demonstrate an understanding and the application of the inter-
Content mediate value theorem and the extreme value theorem. 
Standards 

4.0 Students demonstrate an understanding of the formal definition of the 
derivative of a function at a point and the notion of differentiability: 

4.1	 Students demonstrate an understanding of the derivative of a 
function as the slope of the tangent line to the graph of the

Calculus 
function. 

4.2 Students demonstrate an understanding of the interpretation of the 
derivative as an instantaneous rate of change. Students can use 
derivatives to solve a variety of problems from physics, chemistry, 
economics, and so forth that involve the rate of change of a 
function. 

4.3	 Students understand the relation between differentiability 
and continuity. 

4.4	 Students derive derivative formulas and use them to find the 
derivatives of algebraic, trigonometric, inverse trigonometric, 
exponential, and logarithmic functions. 

Find all points on the graph of f x( ) = 
x2 − 2 

where the tangent line 
x + 1 

is parallel to the tangent line at x = 1. 

5.0 Students know the chain rule and its proof and applications to the 
calculation of the derivative of a variety of composite functions. 

6.0	 Students find the derivatives of parametrically defined functions and use 
implicit differentiation in a wide variety of problems in physics, chemistry, 
economics, and so forth. 

For the curve given by the equation x + y = 4 , use implicit differentiation 
2 

to find 	d y . 
dx2 

7.0 Students compute derivatives of higher orders. 

8.0 Students know and can apply Rolle’s theorem, the mean value theorem, 
and L’Hôpital’s rule. 

9.0 Students use differentiation to sketch, by hand, graphs of functions. They 
can identify maxima, minima, inflection points, and intervals in which the 
function is increasing and decreasing. 

10.0 Students know Newton’s method for approximating the zeros of a function. 
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11.0	 Students use differentiation to solve optimization (maximum-minimum 
problems) in a variety of pure and applied contexts. 

A man in a boat is 24 miles from a straight shore and wishes to reach 
a point 20 miles down shore. He can travel 5 miles per hour in the boat 
and 13 miles per hour on land. Find the minimal time for him to reach his 
destination and where along the shore he should land the boat to arrive 
as fast as possible. 

12.0 Students use differentiation to solve related rate problems in a variety 
of pure and applied contexts. 

13.0	 Students know the definition of the definite integral by using Riemann 
sums. They use this definition to approximate integrals. 

The following is a Riemann sum that approximates the area under the 
graph of a function f (x), between x = a and x = b. Determine a possible 

n 2i
formula for the function f (x) and for the values of a and b: ∑ 2 1+ 

n . e 
i =1 n 

Chapter 2 
Mathematics 

Content 
Standards 

Calculus 

14.0 Students apply the definition of the integral to model problems in physics, 
economics, and so forth, obtaining results in terms of integrals. 

15.0 Students demonstrate knowledge and proof of the fundamental theorem 
of calculus and use it to interpret integrals as antiderivatives. 

x( )  
1 

3 ( )  .If f x  = ∫ 1+ t  dt  , find f ′ 2 

16.0	 Students use definite integrals in problems involving area, velocity, 
acceleration, volume of a solid, area of a surface of revolution, length 
of a curve, and work. 

17.0	 Students compute, by hand, the integrals of a wide variety of functions by 
using techniques of integration, such as substitution, integration by parts, 
and trigonometric substitution. They can also combine these techniques 
when appropriate. 

Evaluate the following: 

sin 1( − x ) e ln x
dx ∫

1

dx ∫
∫ 1 0 

1+ xdx 
x	 x 

∫ arctan x dx  x2 − 1 dx
∫ x3 
dx ∫ 

ex 1− e2x 
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Calculus 

18.0 

19.0 

20.0 

Students know the definitions and properties of inverse trigonometric 
functions and the expression of these functions as indefinite integrals. 

Students compute, by hand, the integrals of rational functions by 
combining the techniques in standard 17.0 with the algebraic techniques 
of partial fractions and completing the square. 

Students compute the integrals of trigonometric functions by using the 
techniques noted above. 

21.0 Students understand the algorithms involved in Simpson’s rule and 
Newton’s method. They use calculators or computers or both to 
approximate integrals numerically. 

22.0 Students understand improper integrals as limits of definite integrals. 

23.0 Students demonstrate an understanding of the definitions of convergence 
and divergence of sequences and series of real numbers. By using such 
tests as the comparison test, ratio test, and alternate series test, they can 
determine whether a series converges. 

Determine whether the following alternating series converge absolutely, 
converge conditionally, or diverge: 

( )  
! 

− 
 

 
 

 
= 

∞ 

∑ 1 
2 

3 

n 
n 

n n 
( )− 

= 

∞ 

∑ 1 

3 

n 

n n nln 
( )− 

+ 
+ 

 
 

 
 

= 

∞ 

∑ 1 
1 

3 

n 

n 

n 
n nln 

24.0 Students understand and can compute the radius (interval) of the 
convergence of power series. 

25.0 Students differentiate and integrate the terms of a power series in order 
to form new series from known ones. 

26.0 Students calculate Taylor polynomials and Taylor series of basic functions, 
including the remainder term. 

27.0	 Students know the techniques of solution of selected elementary 
differential equations and their applications to a wide variety of situations, 
including growth-and-decay problems. 
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Chapter 3 
Grade-Level 
Considerations 

Mathematical 
reasoning 
is inherently 
embedded in 
each of the 
other strands. 

Implementation of the standards will be challenging, especially during the 
early phases, when many students will not have the necessary foundational 
skills to master all of the expected grade-level mathematics content. This 

chapter provides a discussion of the mathematical considerations that went into 
the selection of the individual standards and describes the major roles some of 
them play in a standards-based curriculum. It also indicates areas where students 
may have difficulties, and, when possible, it provides techniques for easing them. 
Finally, it points out subtleties to which particular attention must be paid. 

The chapter includes the following categories for each of the earlier grades: 

•	 Areas of emphasis—Targets key areas of learning (These are taken directly 
from the Mathematics Content Standards.) 

•	 Key standards—Identifies (  ) some of the most important standards and 
tries to place them into context 

•	 Elaboration—Provides added detail on these standards and on a number of 
related ones 

•	 Grade-level accomplishments—Identifies areas of mathematics readiness and 
learning that are likely to present particular difficulties and concerns 

The five strands in the Mathematics Content Standards (Number Sense; 
Algebra and Functions; Measurement and Geometry; Statistics, Data Analysis, 
and Probability; and Mathematical Reasoning) organize information about the 
key standards for kindergarten through grade seven. It should be noted that the 
strand of mathematical reasoning is different from the other four strands. This 
strand, which is inherently embedded in each of the other strands, is fundamental 
in developing the basic skills and conceptual understanding for a solid math­
ematical foundation. It is important when looking at the standards to see the 
reasoning in all of them. Since this is the case, this chapter does not highlight key 
topics in the Mathematical Reasoning strand. 

The section for grades eight through twelve in this chapter is organized by 
discipline, and only the basic ones—Algebra I; geometry; Algebra II; trigonom­
etry; the precalculus course, mathematical analysis; and probability and 
statistics—are discussed in detail. The remaining courses are guided by other 
considerations, such as the Advanced Placement (AP) tests, and are outside the 
scope of this document. 

The grade-level readiness information, which relates to difficult content areas 
in mathematics, is relevant to all teachers, students, and classrooms. This infor­
mation will be particularly helpful in determining whether students need to be 
provided with specific intervention materials and additional instruction to learn 
the grade-level mathematics. 

The Strands 
The content of the mathematics curriculum has frequently been divided into 

categories called strands. Like most systems of categories, the strands in math­
ematics were developed to break the content into a small set of manageable and 
understandable categories. Since there is no universal agreement on the selection 
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of the parts, the use of strands is somewhat artificial; and many different systems 
have been suggested. In addition, it is often difficult to restrict a particular 
mathematical concept or skill to a single strand. Nonetheless, this framework 
continues the practice of presenting the content of mathematics in five strands 
for kindergarten through grade seven. 

Because the content of mathematics builds and changes from grade to grade, 
the content in any one strand changes considerably over the course of mathemat­
ics programs for kindergarten through grade seven. Thus the strands serve only as 
an aid to organizing and thinking about the curriculum but no more than that. 
They describe the curriculum rather than define it. For the same reason the 
identification of strands does not mean that each is to be given equal weight in 
each year of mathematics education. 

The general nature of each strand is described in the sections that follow. 

Number Sense 
Much of school mathematics depends on numbers, which are used to count, 

compute, measure, and estimate. The mathematics for this standard centers 
primarily on the development of number concepts; on computation with num­
bers (addition, subtraction, multiplication, division, finding powers and roots, 
and so forth); on numeration (systems for writing numbers, including base ten, 
fractions, negative numbers, rational numbers, percents, scientific notation, and 
so forth); and on estimation. At higher levels this strand includes the study of 
prime and composite numbers, of irrational numbers and their approximation 
by rationals, of real numbers, and of complex numbers. 

Algebra and Functions 
This strand involves two closely related subjects. Functions are rules that assign 

to each element in an initial set an element in a second set. For example, as early 
as kindergarten, children take collections of colored balls and sort them according 
to color, thereby assigning to each ball its color in the process. Later, students 
work with simple numeric functions, such as unit conversions that assign quanti­
ties of measurement; for example, 12 inches to each foot. 

Functions are, therefore, one of the key areas of mathematical study. As 
indicated, they are encountered informally in the elementary grades and grow in 
prominence and importance with the student’s increasing grasp of algebra in the 
higher grades. Beginning with the first year of algebra, functions are encountered 
at every turn. 

Algebra proper again starts informally. It appears initially in its proper form in 
the third grade as “generalized arithmetic.” In later grades algebra is the vital tool 
needed for solving equations and inequalities and using them as mathematical 
models of real situations. Students solve the problems that arise by translating 
from natural language—by which they communicate daily—to the abstract 
language of algebra and, conversely, from the formal language of algebra to 
natural language to demonstrate clear understanding of the concepts involved. 

Chapter 3 
Grade-Level 

Considerations 

Functions are 
one of the 

key areas of 
mathematical 

study. 
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Chapter 3 
Grade-Level 
Considerations 

Mathematical 
reasoning, requiring 
careful, concise, 
and comprehensible 
proofs, is at the heart 
of mathematics. 

Measurement and Geometry 
Geometry is the study of space and figures in space. In school any study of 

space, whether practical or theoretical, is put into the geometry strand. In the 
early grades this strand includes the use of measuring tools, such as rulers, and 
recognition of basic shapes, such as triangles, circles, squares, spheres, and cubes. 
In the later grades the content extends to the study of area and volume and the 
measurement of angles. In high school, plane geometry is studied both as an 
introduction to the concept of mathematical proof and as a fascinating structure 
that has profoundly influenced civilization for more than 2,000 years. 

Statistics, Data Analysis, and Probability 
This strand includes the definitions and calculations of various averages and 

the analysis of data by classification and by graphical displays, taking into account 
randomness and bias in sampling. This strand has important connections with 
Strand 2, Algebra and Functions, and Strand 1, Number Sense, in the study of 
permutations and combinations and of Pascal’s triangle. In the elementary grades 
effort is largely limited to collecting data and displaying it in graphs, in addition 
to calculating simple averages and performing probability experiments. This 
strand becomes more important in grade seven and above, when the students 
have gained the necessary skill with fractions and algebraic concepts in general so 
that statistics and their impact on daily life can be discussed with more sophistica­
tion than would have been possible earlier. 

Mathematical Reasoning 
Whenever a mathematical statement is justified, mathematical reasoning is 

involved. Mathematical reasoning in an inductive form appears in the early 
grades and is soon joined by deductive reasoning. Mathematical reasoning is 
involved in explaining arithmetic facts, in solving problems and puzzles at all 
levels, in understanding algorithms and formulas, and in justifying basic results 
in all areas of mathematics. 

Mathematical reasoning, requiring careful, concise, and comprehensible 
proofs, is at the heart of mathematics and, indeed, is the essence of the discipline, 
differentiating it from others. Students must realize that assumptions are always 
involved in reaching conclusions, and they must recognize when assumptions are 
being made. Students must develop the habits of logical thinking and of recogniz­
ing and critically questioning all assumptions. In later life such reasoning skills 
will provide students with a foundation for making sound decisions and give 
them an invaluable defense against misleading claims. 
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Considerations 

Number Sense 

Kindergarten 

1.0 1.1 1.2 1.3 

2.0 2.1 

3.0 3.1 

1.0 1.1 1.2 1.3 

1.4 1.5 

2.0 2.1 2.2 2.3 

2.4 2.5 2.6 

2.7 

3.0 3.1 

1.0 1.1 1.2 1.3 

2.0 2.1 2.2  2.3 

3.0 3.1 3.2 3.3 

4.0 4.1 4.2 4.3 

5.0 5.1 5.2 

6.0 6.1 

1.0 1.1 1.2 1.3 

1.4 1.5 

2.0 2.1 2.2 2.3 

2.4 2.5 2.6 

2.7 2.8 

3.0 3.1 3.2 3.3 

3.4 

Grade One 

Grade Two 

Grade Three 

Algebra and 
Functions 

1.0 1.1 

1.0 1.1 1.2 1.3 

1.0 1.1 1.2 1.3 

1.0 1.1 1.2 1.3 

1.4 1.5 

2.0 2.1 2.2 

1.0 1.1 1.2 1.3 

1.4 

2.0 2.1 2.2 

1.0 1.1 1.2 

2.0 2.1 2.2 2.3 

2.4 

1.0 1.1 1.2 1.3 

1.4 1.5 

2.0 2.1 2.2 

Measurement 
and Geometry 

1.0 1.1 1.2 1.3 

1.4 

2.0 2.1 2.2 2.3 

2.4 2.5 2.6 

Statistics, 
Data Analysis, 
and Probability 

1.0 1.1 1.2 

1.0 1.1 1.2 

2.0 2.1 

1.0 1.1 1.2 1.3 

1.4 

2.0 2.1 2.2 

1.0 1.1 1.2 1.3 

1.4 

Mathematical 
Reasoning* 

1.0 1.1 1.2 

2.0 2.1 2.2 

1.0 1.1 1.2 

2.0 2.1 2.2 

3.0 

1.0 1.1 1.2 

2.0 2.1  2.2 

3.0 

1.0 1.1 1.2 

2.0  2.1 2.2 2.3 

2.4 2.5 2.6 

3.0 3.1 3.2 3.3 

*It should be noted that the strand of mathematical reasoning is different from the other four strands. 
This strand, which is inherently embedded in each of the other strands, is fundamental in developing the 
basic skills and conceptual understanding for a solid mathematical foundation. It is important when 
looking at the standards to see the reasoning in all of them. Since this is the case, the key topics in the 
mathematical reasoning strand are not highlighted. Standards with the symbol are the most important 
ones to be covered within a grade level. 
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Chapter 3 Key Standards Grade-Level 
Considerations 

1.0 1.1 1.2 1.3 

1.4 1.5 

2.0 2.1 2.2 2.3 

2.4 2.5 

1.0 1.1 1.2 1.3 

1.4 

2.0 2.1 2.2 2.3 

2.4 

1.0 1.1 1.2 1.3 

1.4 1.5 1.6 

1.7 

2.0 2.1 2.2 2.3 

2.4 2.5 

1.0 1.1 1.2 1.3 

1.4 1.5 1.6 

1.7 1.8 1.9 

2.0 2.1 2.2 

3.0 3.1 3.2 3.3 

3.4 

4.0 4.1 4.2 

Grade Seven 

Grade Six 

Grade Five 

Grade Four 

Number Sense 

1.0 1.1 1.2 1.3 

1.4 1.5 

1.0 1.1 1.2 1.3 

1.4 

2.0 2.1 2.2 2.3 

3.0 3.1 3.2 

1.0 1.1 1.2 1.3 

1.4 1.5 

2.0 2.1 2.2 

3.0 3.1 3.2 3.3 

3.4 3.3 3.4 

4.0 4.1 4.2 

1.0 1.1 1.2 1.3 

1.4 1.5 

2.0 2.1 2.2 

Algebra and 
Functions 

1.0 1.1  1.2 1.3 

1.4 

2.0 2.1 2.2 2.3 

1.0 1.1 1.2 1.3 

2.0 2.1 2.2 2.3 

1.0 1.1 1.2 1.3 

2.0 2.1 2.2 2.3 

2.4 

3.0 3.1 3.2 3.3 

3.4 3.5 3.6 

1.0 1.1 1.2 1.3 

1.4 

2.0 2.1 2.2 2.3 

3.0 3.1 3.2 3.3 

3.4 3.5 3.6 

3.7 3.8 

Measurement 
and Geometry 

1.0 1.1 1.2 1.3 

1.4 1.5 

1.0 1.1 1.2 1.3 

1.4 

2.0 2.1 2.2 2.3 

2.4 2.5 

3.0 3.1 3.2 3.3 

3.4 3.5 

1.0 1.1 1.2 1.3 

1.0 1.1 1.2 1.3 

2.0 2.1 2.2 

Statistics, 
Data Analysis, 
and Probability 

1.0 1.1 1.2 

2.0 2.1 2.2 2.3 

2.4 2.5 2.6 

3.0 3.1 3.2 3.3 

1.0 1.1 1.2 1.3 

2.0 2.1 2.2 2.3 

2.4 2.5 2.6 2.7 

3.0 3.1 3.2 3.3 

1.0 1.1 1.2 1.3 

2.0 2.1 2.2 2.3 

2.4 2.5 2.6 2.7 

2.8 

3.0 3.1 3.2 3.3 

1.0 1.1 1.2 

2.0 2.1 2.2 2.3 

2.4 2.5 2.6 

3.0 3.1 3.2 3.3 

Mathematical 
Reasoning 
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Preface to Kindergarten 
Through Grade Seven 

Mathematics, in the kindergarten through grade seven curriculum, 
starts with basic material and increases in scope and content as the 
years progress. It is like an inverted pyramid, with the entire weight of 

the developing subject resting on the core provided in kindergarten through grade 
two, when numbers, sets, and functions are introduced. If the introduction of the 
subject in the early grades is flawed, then later on, students can have extreme 
difficulty progressing; and their mathematical development can stop prematurely, 
leaving them, in one way or another, unable to fully realize their potential. 

Because the teaching of mathematics in the early grades is largely synonymous 
with the problems given to the students, it is essential that students be presented 
with carefully constructed and mathematically accurate problems throughout 
their school careers. Problems which appear correct can actually be wrong, 
leading to serious misunderstandings on the part of the students. For example, 
the teacher might present the kindergarten standard for Algebra and Functions 
1.1: “Identify, sort, and classify objects by attribute and identify objects that do 
not belong to a particular group.” At first glance, the following exercise might 
seem appropriate for this standard: 

A picture of three objects, a basketball, a bus, and a tennis ball, is shown to the 
students, and they are asked to tell which one does not belong. 

This statement appears to present a perfectly reasonable problem. The diffi­
culty is that, as stated, the question is not a problem in mathematics. From a 
mathematical point of view, the question is to determine which of these objects 
belongs to one set while the third belongs to a different one. It must be clear that 
unless the sets are specified in some way, the question cannot have a reasonable 
answer. In this case, the student must guess that the teacher is asking the student 
to sort objects by shape. The following might be asked instead: We want to collect 
balls. Which of these objects should we select? Or perhaps the contrapositive, Which 
of these objects should not be included? Another approach is to add colors; for 
example, coloring the bus and tennis ball blue and the basketball brown. Then a 
different question might be asked: We want blue things. Which of these objects do 
we want? or We want round, blue objects. Which of these do we want? But a question 
in the mathematics part of the curriculum should not be asked when the assump­
tions underlying what is wanted are not clearly stated. 

In another example, the standard for Statistics, Data Analysis, and Probability 
1.2 asks students to identify, describe, and extend simple patterns involving 
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shape, size, or color, such as a circle or triangle or red or blue. A possible problem 
illustrating the standard follows: 

The students are given a picture that shows in succession a rectangle, triangle, 
square, rectangle, triangle, square, blank, triangle, square. The students are 
asked to fill in the blank. 

While this problem may seem to be a reasonable one (and an example of 
problems that all too commonly appear in the mathematics curricula of the lower 
grades), it cannot be considered a problem in mathematics. From a mathematical 
point of view, there is no correct answer to this problem unless more data are 
supplied to the students. Mathematics is about drawing logical conclusions from 
explicitly stated hypotheses. Because there is no statement about the nature of the 
pattern in this case (e.g., does the pattern repeat itself every three terms? every seven 
terms? every nine terms?), students can only guess at what should be in the blank spot. 

The intent of the problem was probably to ask students to infer from the given 
data that the pattern, in all likelihood, repeats itself every three terms, leaving 
students to assume that a rectangle belongs in the blank spot. But if students were 
to start thinking that every mathematical situation always contains a hidden 
agenda for them to guess correctly before they can proceed, then both the teach­
ing and learning of mathematics would be tremendously compromised. Observa­
tions from some university-level mathematicians suggest that this outcome may 
have already occurred with some students. Students’ reluctance to take math­
ematical statements at face value has become a major stumbling block. 

In an attempt to make mathematics “more relevant,” problems described as 
“real world” are often introduced. The following example of such a problem is 
similar to many fourth grade assessment problems: The picture below shows a 
5 × 5 section of an array of lockers with only the 3 × 3 center group numbered. 

11 12 13 

20 21 22 

29 30 31 

Figure 1 

Students are given the following assessment task: Some of the numbers have 
fallen off the doors of some old lockers. Figure out the missing numbers and describe 
the number pattern. 

This problem does not make sense mathematically. The data given are insuffi­
cient to find a unique answer. In fact, the expected “solution,” as shown in 
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figure 2, makes use of the hidden assumption that the array was rectangular. 
However, the assumptions that are given do not indicate that this is the case, and 
it would be improper, mathematically, to also assume that the array is rectangular. 

1 2 3 4 5 

10 11 12 13 14 

19 20 21 22 23 

28 29 30 31 32 

37 38 39 40 41 

Figure 2 

There are many other solutions without this assumption. For example, one is 
shown in figure 3. 

One of the key points of mathematics is to promote critical thinking. Students 
have to learn to reason precisely with the data given so that if assumptions are 
hidden, they know they must seek them out and question them. 

These remarks are not meant to diminish the importance of learning the 
number system and basic arithmetic, both of which are crucial as well. Here, 
too, these topics present problems for the kindergarten through grade seven 
curriculum, but not to the same degree as in many of the other areas discussed 
previously. 

The intent of the material that follows in this chapter is to try to place into 
correct perspective much of the material taught in these grades, to indicate where 
problems might be encountered with some of the most important of these topics, 
and to suggest some ways of resolving the difficulties. In addition, throughout 
this chapter some items are pointed out to show where careful development will 
help foster critical thinking, and suggestions are given for accomplishing this 
process. 

1 2 3 4 5 6 7 8 9 

10 11 12 13 14 15 16 17 18 

19 20 21 22 23 24 25 26 27 

28 29 30 31 32 33 34 35 36 37 38 39 

40 41 42 43 44 45 46 47 48 49 50 51 
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Kindergarten Areas of Emphasis 

By the end of kindergarten, students understand small numbers, quantities, and 
simple shapes in their everyday environment. They count, compare, describe, and 
sort objects and develop a sense of properties and patterns. 

Number Sense 
1.0 1.1 1.2 1.3 

2.0 2.1 

3.0 3.1 

Algebra and Functions 
1.0 1.1 

Measurement and Geometry 
1.0 1.1 1.2 1.3 1.4 

2.0 2.1 2.2 

Statistics, Data Analysis, and Probability 
1.0 1.1 1.2 

Mathematical Reasoning 
1.0 1.1 1.2 

2.0 2.1 2.2 

Key Standards 

Number Sense 
The Number Sense standard that follows is basic in kindergarten: 

1.0 Students understand the relationship between numbers and 
quantities (i.e., that a set of objects has the same number 
of objects in different situations regardless of its position 
or arrangement). 

A key skill within this standard is to group and compare sets of concrete items 
and recognize whether there are more, fewer, or an equal number of items in 
different sets. 
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The following Number Sense standard is also important: 

2.1	 Use concrete objects to determine the answers to addition 
and subtraction problems (for two numbers that are each less 
than 10). 

The object of these standards is to begin to develop a precise sense of what a 
number is. Although students at this stage are dealing mainly with small num­
bers, they also need experience with larger numbers. An activity to provide this 
experience is to have the teacher fill glass jars with tennis balls, ping-pong balls, or 
jelly beans and ask the students to guess how many of these items are in the glass 
jar. Activities such as this one help give students an understanding of magnitude 
of numbers and help them gain experience with estimation. 

When presenting this activity, teachers need to be aware that students can get 
the misconception that large numbers are only approximate rather than corre­
sponding to exact quantities. This is a serious problem that has the potential to 
cause real difficulty later. 

One way of avoiding this difficulty is to have the students use manipulatives, 
such as blocks, to compare two (relatively) large numbers; for example, 14 and 
15. The class can explore the fact that 14 breaks up into two equal groups of 7, 
while 15 cannot be broken into two equal groups. The students would begin to 
appreciate that although visually distinguishing 15 objects from 14 without 
careful counting is difficult, the two numbers, nonetheless, are quite different. 
This activity should help students develop an awareness that each whole number 
is unique and will help them meet Number Sense Standard 1.2, which requires 
them to count and represent objects up to 30. 

Algebra and Functions 
The role of the Algebra and Functions standard is also basic: 

1.1	 Identify, sort, and classify objects by attribute and identify 
objects that do not belong to a particular group (e.g., all these 
balls are green, those are red). 

Although kindergarten teachers may not think of themselves as algebra teach­
ers, they actually begin the process. They make students aware of the existence of 
patterns by giving them their first experience of finding them in data, by provid­
ing their initial exposure to functions, and by introducing them to abstraction. 
For example, students realize that a blue rectangular block and a blue ball, which 
obviously have different physical attributes, can nevertheless be sorted together 
because of their common color. This realization is the beginning of abstract 
reasoning, which is a higher-order thinking skill. 
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Kindergarten 

Kindergarten provides 
many opportunities for 
teachers to teach basic 
mathematics vocabulary 
and concepts. 

Statistics, Data Analysis, and Probability 
This standard interacts with the following Statistics, Data Analysis, and 

Probability standard: 

1.2	 Identify, describe, and extend simple patterns (such as circles 
or triangles) by referring to their shapes, sizes, or colors. 

Elaboration 
The kindergarten teacher is likely to find that many students can learn more 

material than is specified in the kindergarten standards. For example, the stan­
dard for committing addition and subtraction facts to memory appears in the 
first grade. Because committing facts to memory requires substantial amounts of 
practice over an extended period, memorizing addition and subtraction facts can 
begin in kindergarten with simple facts, such as +1s, +2s, –1s, or sums to 10. Any 
practice of addition and subtraction facts should be limited to these more simple 
problems. Likewise, students can be taught the meaning of the symbols +, −, 
and = in the context of addition or subtraction, but again the focus is on small 
numbers. In measurement, the months can be taught in kindergarten as students 
learn the days of the week. 

Considerations for Grade-Level Accomplishments 
in Kindergarten 

Kindergarten is a critical time for children who, when they enter school, are 
behind their peers in the acquisition of skills and concepts. Efficient teaching in 
kindergarten can help prepare these children to work at an equal level with their 
peers in the later grades. 

Students who enter kindergarten without some background in academic 
language (the language of tests and texts) and an understanding of the concepts 
such language represents have a great disadvantage in learning mathematics. 
Critical for beginning mathematical development are attributes, such as color, 
shape, and size; abstract concepts, such as some, all, and none; and ordinal con­
cepts, such as before, after, yesterday, and tomorrow. Teachers need clear directions 
on how to maximize progress in mathematics for students with limited under­
standing of language concepts or for students who know the concepts in their 
native language but do not yet know the English words for them. Kindergarten 
provides many opportunities for teachers to teach basic mathematics vocabulary 
and concepts during instructional time or playtime; for example, students learn 
to take turns during a game or line up for recess (first, second, third), count off in 
a line (one, two, three), or determine the number of children who can take six 
balls out for recess if each child gets a ball (matching sets). 

The most important mathematical skills and concepts for children in kinder­
garten to acquire are described as follows: 

•	 Counting. Before beginning instruction in counting, teachers should deter­
mine the number to which the child can already count and whether the child 
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understands what each number represents. The teacher models the next few 
numbers in the sequence (e.g., 5, 6, 7); provides practice for the children in 
saying the counting sequence through the new numbers (1, 2, 3, 4, 5, 6, 7); 
and matches each number to a corresponding set of objects. After a student 
has mastered the sequence including the new numbers, the teacher introduces 
several more numbers and follows the same procedure. Even though the 
standard requires a mastery of counting only to 30, daily practice in counting 
can be provided until students can count to 50 or 100 so that they may be 
better prepared for the challenges of the first grade. 

•	 Reading numerals. The teacher should introduce numerals after the children 
can count to 10. Confusion between numeral names and the counting order 
can be decreased if the teacher does not introduce the numerals in order. For 
example, the teacher introduces the numeral 4 and then 7. For several days the 
teacher introduces a new numeral until the students can identify the numerals 
1 through 10. The teacher should provide cumulative practice by having 
students review previously introduced numbers while he or she presents a new 
number. 

•	 Writing numerals. The standards require that students know the names of the 
numerals from 1 to 9 and how to write them. Generally, writing numbers will 
require a good deal of practice; and at this age some children may have diffi­
culty with coordination. First, students should copy a numeral many times. 
Then they should write it with some prompts (e.g., dots or arrows); and later 
they should write it from memory, with the teacher saying the number and the 
student writing the numeral. A multisensory approach is very important here. 
Teachers must encourage the students of this age not to be concerned about 
the quality of their handwriting as they write numerals. Young children do not 
yet have fully developed fine-motor skills. Many students become frustrated by 
the discrepancy between what they want to produce on paper and what they 
can actually produce. 

•	 Understanding place value—reading numbers in the teens. To read and write 
numbers from 10 to 20, students will need to understand something about 
place value. The teacher can expect the numbers 11, 12, 13, and 15 to be more 
troublesome than 14, 16, 17, 18, and 19. The second group is regular in 
pronunciation (e.g., fourteen, sixteen), but the first group is irregular; twelve is 
not pronounced as “twoteen” but as “twelve.” 

An important prerequisite for understanding place value is being able to 
answer fact questions verbally; for example, what is 10 + 6? When the students 
know the facts about numbers in the teens that are regular in pronunciation, 
the teacher can introduce one number with irregular pronunciation and mix it 
with the regular numbers in a verbal exercise. New irregular numbers can be 
introduced as students demonstrate knowledge of previously introduced facts 
about numbers in the teens. Reading and writing these numbers can be 
introduced when students are able to do the verbal exercises. 
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Kindergarten 

•	 Learning the days of the week. The days of the week can be taught in a 
manner similar to that for counting, in which the teacher models a part of the 
sequence of days (Monday, Tuesday, Wednesday); provides practice in saying 
the sequence; introduces a new part after several days (Thursday, Friday); 
provides practice with this part; and then repeats the sequence from the 
beginning. The months of the year can also be taught in kindergarten. Unless 
the students have a firm understanding of the sequence of days and months, 
they will have difficulty with items applying concepts of time, such as before 
and after as indicated in the second part of the following standard: 

Measurement and Geometry 

1.0	 Students understand the concept of time and units to measure it; 
they understand that objects have properties, such as length, 
weight, and capacity, and that comparisons may be made by 
referring to those properties. 
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 Grade One Areas of Emphasis 

By the end of grade one, students understand and use the concept of ones and 
tens in the place value number system. Students add and subtract small numbers 
with ease. They measure with simple units and locate objects in space. They 
describe data and analyze and solve simple problems. 

Number Sense 
1.0 1.1 1.2 1.3 1.4 1.5 

2.0 2.1 2.2 2.3 2.4 2.5 2.6 2.7 

3.0 3.1 

Algebra and Functions 
1.0 1.1 1.2 1.3 

Measurement and Geometry 
1.0 1.1 1.2 

2.0 2.1 2.2 2.3 2.4 

Statistics, Data Analysis, and Probability 
1.0 1.1 1.2 

2.0 2.1 

Mathematical Reasoning 
1.0 1.1 1.2 

2.0 2.1 2.2 

3.0 

Key Standards 

Number Sense 
The following Number Sense standard is basic: 

Count, read, and write whole numbers to 100. 

It is important that students gain a conceptual understanding of numbers and 
counting, not simply learn to count to 100 by rote. They need to understand, for 
example, that counting can occur in any order and in any direction, not just in 
the standard left-to-right counting pattern, as long as each item is tagged once 
and only once. Students must understand that numbers represent sets of specific 

1.1 
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quantities of items. Of particular importance is learning and understanding the 
counting sequence for numbers in the teens and multiples of ten. It should be 
emphasized that numbers in the teens represent a ten value and a certain number 
of unit values—12 does not merely represent a set of 12 items; it also represents 
1 ten and 2 ones. A related and equally important Number Sense standard is: 

1.2 Compare and order whole numbers to 100 by using the symbols 
for less than, equal to, or greater than (<, =, >). 

The continuing development of addition and subtraction skills as described in 
the following standards is basic: 

2.1 

2.5 

Know the addition facts (sums to 20) and the corresponding 
subtraction facts and commit them to memory. 

Show the meaning of addition (putting together, increasing) and 
subtraction (taking away, comparing, finding the difference). 

For example, students should understand that the equation 15 − 8 = 7 is the 
same as 15 = 7 + 8. Particular attention should be paid to the assessment of these 
competencies because students who fail to learn these topics will have serious 
difficulties in the later grades. The achievement of these standards will require 
that students be exposed to and asked to solve simple addition and subtraction 
problems throughout the school year. 

Statistics, Data Analysis, and Probability 
The following Statistics, Data Analysis, and Probability standard is also 

important, but it has to be handled carefully: 

2.1 Describe, extend, and explain ways to get to a next element in 
simple repeating patterns (e.g., rhythmic, numeric, color, and 
shape). 

Students should never get the idea that the next term automatically repeats 
(unless they are told explicitly that it does); however, it is legitimate to ask what 
is the most likely next term. In this way students begin to learn not only the 
usefulness of patterns in sorting and understanding data but also careful, precise 
patterns of thought. Examples are sequences of colors, such as red, blue, red, 
blue, . . . or numbers, 1, 2, 3, 1, 2, 3, 1, 2, 3, . . . But more complex series might 
also be used, such as 1, 2, 3, 2, 1, 2, 3, 2, 1, 2, 3, . . . 

Elaboration 
Teaching students to solve basic addition and subtraction problems effectively 

and to commit the answers to memory will require considerable practice in 
solving these problems. As described in Chapter 4, the associated practice should 
be in small doses each day or, at the very least, several times a week. At the 
beginning of the school year, practice should focus on smaller problems (with 
sums less than or equal to ten). Large-valued problems should be emphasized in 
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practice once students are skilled at solving the easier problems. Frequent assess­
ment should be provided to determine whether students are mastering new facts 
and retaining those taught previously. Students have mastered basic facts when 
they can solve problems involving those facts quickly and accurately. Accurate but 
slow problem solving indicates that students are still using counting or other 
procedures to solve simple problems and have not yet committed the basic facts 
to memory. 

Committing the basic addition and subtraction facts to memory is a major 
objective in the first and second grades. Students who do not commit the basic 
facts to memory will be at a disadvantage in further work with numbers and 
arithmetic. 

Understanding the symmetric relationship between sets of simple addition 
problems, such as 7 + 2 and 2 + 7, can be used to reduce the memorization load 
in learning facts. The teaching of these relationships is to be incorporated into the 
sequence for teaching students simple addition and during their practice. For 
example, after students have learned 7 + 2, they can be shown that the same 
answer applies to 2 + 7. Moreover, by placing problems such as 7 + 2 and 2 + 7 
in sequence in practice sheets, students will have the opportunity to “discover” 
and reinforce this relationship as well. Later, they might learn that the combina­
tion of 7, 2, and 9 can be used to create subtraction facts and addition facts. 

While the standard calls for counting by 1 to 100 in the first grade, counting 
into the 100s can begin in the latter part of the first grade if students have 
mastered counting to 100. Counting backward for numbers up to 100 should 
also be done in the first grade once students have mastered counting forward. 

Considerations for Grade-Level Accomplishments 
in Grade One 

The most important mathematical skills and concepts for children in grade 
one to acquire are described as follows: 

•	 Reading and writing of numbers. Many students demonstrate a lack of 
understanding of place value when they encounter numbers such as 16 and 61. 
If students are confused by two such similar numbers, teachers should try to 
determine whether the cause of the confusion is students’ failure to understand 
that numbers are read from left to right or students’ inadequate understanding 
of place value. Instruction should be carefully sequenced to show that 16 is 
1 ten and 6 ones, while 61 is 6 tens and 1 one. Students need to know prereq­
uisite skills underlying place value, such as 6 tens equals 60 and its corollary, 
60 equals 6 tens, and addition facts in which a single-digit number is added to 
the tens number, 10 + 3, 10 + 5, 30 + 6. These facts can be taught verbally 
before students read and write the numbers. 

Learning the number that represents a group of tens is important for under­
standing place value and reading numbers. Some students are more likely to 
have difficulty with groups of tens in which the tens number does not say the 
name of the first digit (e.g., “twenty” is not pronounced “twoty”) than with 
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Grade One 

tens numbers in which the name of the first digit is pronounced, sixty, forty, 
seventy, eighty, ninety. Teachers should provide more practice on the more 
difficult items. 

•	 Skip counting. In addition to enhancing children’s number sense, skip count­
ing is important for facilitating the learning of multiplication and division. 
Counting by tens should be introduced when students can count by ones to 
about 20 or 30. Counting by tens helps students learn to count by ones to 
100. Skip counting is taught just like counting by ones. The teacher models 
the first part of the sequence; then the students practice the first part. The 
modeling and practicing continue on new parts of the sequence until students 
can say the whole sequence. Skip counting requires systematic teaching using 
a procedure similar to that discussed for counting by ones. Regularly scheduled 
practice will help students master counting a sequence. Previously introduced 
sequences should be reviewed as students learn new ones. 

•	 Teaching of addition and subtraction facts. Teaching addition and subtraction 
facts and making assessments should be systematic, as was discussed previously. 

•	 Understanding of symmetric relationships. Understanding the symmetric 
relationship of facts can reduce the number of facts to be memorized in 
learning. 

•	 Adding and subtracting of one- and two-digit numbers. Students can be 
helped to avoid difficulties with adding one- and two-digit numbers if they are 
given practice with “lining up” numbers in the problem and adding from right 
to left. This procedure can be confusing to students because (as previously 
discussed) we read and write numbers from left to right. Furthermore, in 
anticipation of subtracting one- and two-digit numbers, students need practice 
in working from top to bottom. 
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 Grade Two Areas of Emphasis 

By the end of grade two, students understand place value and number relation­
ships in addition and subtraction, and they use simple concepts of multiplication. 
They measure quantities with appropriate units. They classify shapes and see 
relationships among them by paying attention to their geometric attributes. They 
collect and analyze data and verify the answers. 

Number Sense 
1.0 1.1 1.2 1.3 

2.0 2.1 2.2 2.3 

3.0 3.1 3.2 3.3 

4.0 

5.0 

4.1 4.2 4.3 

5.1 5.2 
6.0 6.1 

Algebra and Functions 
1.0 1.1 1.2 1.3 

Measurement and Geometry 
1.0 1.1 1.2 1.3 1.4 1.5 

2.0 2.1 2.2 

Statistics, Data Analysis, and Probability 
1.0 

2.0 

1.1 1.2 1.3 1.4 

2.1 2.2 

Mathematical Reasoning 
1.0 1.1 1.2 

2.0 2.1 2.2 

3.0 

Key Standards 

Number Sense 
As was the case in grade one, the students’ growing mastery of whole numbers 

is the basic topic in grade two, although fractions and decimals now appear. 
These Number Sense standards are particularly important: 

Count, read, and write whole numbers to 1,000 and identify the 
place value for each digit. 

1.1 
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1.3 Order and compare whole numbers to 1,000 by using the 
symbols <, =, > . 

The following standards are also important in helping students to master 
whole numbers: 

2.1 

2.2 

Understand and use the inverse relationship between addition 
and subtraction (e.g., an opposite number sentence for 
8 + 6 = 14 is 14 − 6 = 8) to solve problems and check solutions. 

Find the sum or difference of two whole numbers up to three 
digits long. 

Standard 2.1 gives students a clear application of the relations between 
different types of operations (addition and subtraction) and can be used to 
encourage more flexible methods of thinking about and solving problems; for 
example, a knowledge of addition can facilitate the solving of subtraction prob­
lems and vice versa. The problem 144 − 98 = ? can be solved by realizing that 
144 = 100 + 44 = 98 + 2 + 44 = 98 + 46. 

Standard 2.2 covers the teaching of the addition algorithm for numbers up to 
three digits. For children at this age, two things should be observed. One is that 
at the beginning the teaching should be flexible and not insist on the formalism 
of that algorithm. For example, one can begin the teaching of 23 + 45 by consid­
ering 20 + 3 + 40 + 5 = 20 + 40 + 3 + 5 = 60 + 8 = 68. This process helps 
children to become used to the advantage of adding the tens digits and the ones 
digits separately. A second thing is not to emphasize, at the initial stage, the 
special skill of “carrying.” The key idea of this algorithm is the ability to add the 
numbers column by column, one digit at a time. In other words the important 
thing is being able to add digits of the same place (ones digits, tens digits, 
hundreds digits, and so forth) and still obtain the correct answer at the end. 
Only after children have learned this concept should the “carrying” skill be 
taught. The same remark applies to the subtraction algorithm: at the beginning 
teachers should emphasize that the subtraction of two three-digit numbers can 
be obtained by performing single-digit subtractions. Thus, 746 − 503 can be 
computed from three single-digit subtractions: 7 − 5 = 2, 4 − 0 = 4, and 
6 − 3 = 3 so that 746 − 503 = 243. The teacher can show that this computation 
is possible because 746 – 503 = 700 + 40 + 6 − 500 − 00 − 3. The special skill of 
“trading” needed for a subtraction of 793 − 568 can be taught only after children 
thoroughly understand single-digit subtractions. Formal explanations at this 
grade level are not necessary; friendly persuasion is more appropriate. The 
mathematical reasoning behind these algorithms is taken up in grade four. 

The third Number Sense standard is basic to students’ understanding of 
arithmetic and the ability to solve multiplication and division problems: 

3.0 Students model and solve simple problems involving 
multiplication and division. 
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Here, fluency with skip counting is helpful. It is important to remind students 
that multiplication is a shorthand for repeated addition: the meaning of 5 × 7 is 
exactly 7 + 7 + 7 + 7 + 7, no more and no less. This is an opportunity for teach­
ers to impress on students that every symbol and concept in mathematics have a 
precise, unambiguous meaning. 

The discussion of fractions and the goals represented in Number Sense 
Standards 4.1, 4.2, and 4.3 are also essential features of students’ developing 
arithmetical competencies. Although equivalence of fractions is not explicitly 
presented in the standards, it is also a good idea to begin the discussion of the 
topic at this point—students should know, for example, that 2

4  is the same as 1
2 , 

a concept that can (and should) be demonstrated with pictures. Finally, as a 
practical matter and as a basic application of the topics discussed previously, 
the material in Number Sense Standards 5.1 and 5.2—on modeling and solving 
problems involving money—is very important. Borrowing money gives a 
practical context to the concept of subtraction. Special attention should be paid 
to the need for introducing the symbols $ and ¢ and to the fact that the order 
of the symbol for dollars is $3, not 3$; but for cents, the order is 31¢, not ¢31. 

Algebra and Functions 
In the Algebra and Functions strand, the following standard is an essential 

feature of mathematics instruction in grade two: 

Use the commutative and associative rules to simplify mental 
calculations and to check results. 

1.1 

However, the emphasis here should be on the use of these rules to simplify; for 
example, knowing that 5 + 8 = 13 saves the labor of also learning that 8 + 5 = 13. 
Learning the terminology is not nearly as important. The students should begin 
to develop an appreciation for the power of unifying rules; but overemphasizing 
these topics, particularly the sophisticated concept of the associative rule, is probably 
worse than not mentioning them at all. 

Measurement and Geometry 
Although Standard 1.3 listed below from the Measurement and Geometry 

strand is important, more emphasis should be given to the topics in Standard 2.0. 

1.3 

2.0 

Measure the length of an object to the nearest inch and/or 
centimeter. 

Students identify and describe the attributes of common figures 
in the plane and of common objects in space. 

Because understanding spatial relations will be more difficult for some students 
than for others (especially the concepts involving three-dimensional information), 
teachers should carefully assess how well students understand these shapes and 
figures and their relationships. 
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Statistics, Data Analysis, and Probability 
Although Standard 1.0 in the Statistics, Data Analysis, and Probability strand 

is important for grade two, the topics in Standard 2.0 are more important in this 
grade. 

1.0 Students collect numerical data and record, organize, display, 
and interpret the data on bar graphs and other representations. 

2.0 Students demonstrate an understanding of patterns and how 
patterns grow and describe them in general ways. 

But here, as for grade one, it is important that students distinguish between 
the most likely next term and the next term. In statistics students look for likely 
patterns, but in mathematics students need to know the rule that generates the 
pattern to determine “the” next term. As an example, given only the sequence 2, 
4, 6, 8, 10, students should not assert that the next term is 12 but, instead, that 
the most likely next term is 12. For example, the series might have actually been 
2, 4, 6, 8, 10, 14, 16, 18, 20, 22, 26, 28 . . . . The ability to distinguish between 
what is likely and what is given promotes careful, precise thought. 

Elaboration 
In the second grade, work on committing the answers to basic addition and 

subtraction problems to memory should continue for those students who have 
not mastered them in the first grade. Students’ knowledge of facts needs to be 
assessed at the beginning of the school year. The assessment could be done 
individually so that the teacher can determine whether the student has commit­
ted the facts to memory. Mastery of addition and subtraction facts can also be 
assessed with simple paper-and-pencil tests. Students should be asked to solve 
a whole sheet of problems in one or two minutes. As noted earlier, students who 
have committed the basic facts to memory will quickly and correctly dispose of 
these simple tasks. If not, they are, most likely, solving the problem by counting 
in their head (Geary 1994) or using time-consuming counting procedures to 
generate answers. Additional practice will be necessary for these children. 

Students learn the basics of how to “carry” and “borrow” in the second grade. 
Because carrying and borrowing are difficult for students to master, extended 
discussion and practice of these skills will likely be necessary (Fuson and Kwon 
1992). To carry and borrow correctly, students must understand the base-10 
structure of the number system and the concept that carrying and borrowing 
involve exchanging sets of 10 ones or 10 tens and so forth from one column to 
the next. It is common for students to incorrectly conceptualize carrying or 
borrowing; for example, taking a one from the tens column and giving it to the 
ones column. What has been given, in fact, is one set of 10 units, not one unit 
from the tens. For example, borrowing in the case of 43 − 7 can be explained as 
follows: 43 − 7 = (30 + 13) − 7 = 30 + (13 − 7) = 30 + 6 = 36, illustrating the 
associative law of addition in the process. Initially, problems should be limited to 
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those that require carrying or borrowing across one column (e.g., 17 + 24, 43 − 
7), and particular attention should be paid to problems with zero (90 − 34 and 
94 − 30) because they are often confusing to students (VanLehn 1990). 

Multiplication is introduced in the second grade, and students are to commit 
to memory the twos, fives, and tens facts. During the initial learning of multipli­
cation, students often confuse addition and multiplication facts, but these confu­
sions should diminish with additional practice. These facts should be taught with 
the same systematic approach as was discussed for the addition facts in grade one. 
The skip counting series for numbers other than 2, 5, and 10 (e.g., 3s, 4s, 9s, 7s, 25s) 
can be introduced in the second grade to prepare students for learning more multipli­
cation facts in the third grade. Additionally, the associative and commutative laws 
can be used to increase the number of multiplication facts the students know. 
For example, there is no need for students to learn 5 × 8 if they already know 
8 × 5. 

Students in these early grades often have trouble lining numbers up for addi­
tion or subtraction. Reminding students to make sure that their numbers are 
lined up evenly is essential. Students can be taught to use estimation to determine 
whether their answers are reasonable. However, it is unwise to try to put undue 
emphasis on estimation by teaching second grade students to answer problems 
only by making estimates. Instead, they should concentrate on problems that 
demand an exact answer and use estimation to check whether their answer is 
reasonable. 

The work with fractions should include examples showing fractions that are 
less than one, fractions that are equal to one, and fractions that are equal to more 
than one. This range is needed to prevent students from thinking that fractions 
express only units less than one. To this end, teachers need to make sure that 
students can freely work with improper fractions and understand that, the name 
notwithstanding, there is nothing wrong with improper fractions. 

It has been pointed out that many second grade students have real difficulty 
with the written form of fractions but much less trouble with their verbal descrip­
tions. Therefore, the verbal descriptions should be emphasized at this level, 
although students will, of course, eventually need to know the standard written 
representations of fractions. 

Considerations for Grade-Level Accomplishments 
in Grade Two 

The most important mathematical skills and concepts for children in grade 
two to acquire are described as follows: 

•	 Counting. Many students require careful teaching of counting from 100 
through 999. Students can learn the counting skills for the entire range 
through exercises in which the teacher models and provides practice sets 
consisting of series. First, the teacher models numbers within a particular 
decade (e.g., 350, 351, 352, 353, 354, 355, 356, 357, 358, 359, 360). A daily 
teaching session might include work on several series (e.g., 350 to 360, 140 to 
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150, 470 to 480). Sets within a decade would be worked on daily until 
students demonstrate the ability to generalize to new series. During the next 
stage students would practice on series in which they move from one decade 
to the next (e.g., 365 to 375, 125 to 135, 715 to 725). Students may have 
difficulty making the transition from one decade to the next without explicit 
instruction and adequate practice. When the students demonstrate a general 
ability to make this transition, the final set of series would be introduced. 
These sets would include those in which the transition from one one-hundred 
number to the next occurs: 595 to 605, 195 to 205, 495 to 505. 

•	 Writing numbers. If the students are not instructed carefully, some may 
develop the misconception that the presence of two zeros creates a hundreds 
number. These students will write three hundred twenty-five as 30025. 
Teachers should watch for this type of error and correct it immediately. 
Examples with and without zeros need to be modeled and practiced. 

•	 Borrowing. Practice with the terms more and less and top and bottom should 
precede the introduction of problems involving borrowing. These concepts 
need to be firmly understood if students are to succeed with borrowing 
problems. 

•	 Skip counting. Students should be given opportunities to skip count forward, 
backward, and starting at any number. Otherwise, students may develop 
misunderstandings such as it is not possible to count by 2s from an odd 
number. During the year, students should learn that skip counting by a 
number starting from zero will also provide a list of multiples for the number. 
In the process of using skip counting to learn multiples, students may become 
confused by numbers that appear on several lists. For example, when numbers 
are counted by threes and fours, the number 12 appears as the fourth number 
on the “multiples of three” list and as the third number on the “multiples of 
four” list. To avoid confusing their students, teachers should provide extensive 
practice with one of these sequences before introducing the next. 

•	 Counting groups of coins. This process requires that students be able to say 
the respective count by series for the value of each coin and be able to answer 
addition fact questions easily, such as 25 + 5, 30 + 10, in which a nickel or 
dime is added to a number ending in 5 or 0. Exercises in counting coins should 
be coordinated with instruction in counting facts so that students have already 
practiced the skill thoroughly before having to apply it. Counting coins should 
be reviewed and extended to include quarters along with dimes, nickels, and 
pennies. A particular fact that some students find difficult to comprehend is 
adding ten to a two-digit number ending in 5 (e.g., 35 + 10). 

•	 Aligning columns. Students may need systematic instruction in rewriting 
problems written as a column problem; practice in rewriting horizontal equa­
tions, such as 304 + 23 =__ or 6 + 345 = ___, in column form; and help in 
lining numbers up for addition or subtraction. In certain situations they can be 
taught to use estimation to check whether their answers are reasonable and, if 
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not, to recheck their work to find their mistakes. As was discussed previously 
in the subsection on elaboration, it is unwise to try to teach students in grade 
two to answer problems that request only an estimate as the answer. Students 
need to become accustomed to obtaining exact answers and using estimation 
only as an aid to check whether the answer is reasonable. 

•	 Understanding associativity. Students are expected to know and use the 
associative attribute of addition and multiplication in the early grades. It is 
already discussed in the second grade Algebra and Functions, Standard 1.1 
(addition), and in the third grade Algebra and Functions, Standard 1.5 
(multiplication). Associativity often helps to simplify mental calculations or 
to verify the correctness of the results and, therefore, its usefulness in those 
grades. 

However, once subtraction and division have been introduced, the teacher 
should demonstrate to the students that associativity does not hold for 
subtraction and division. For example, given the simple subtraction sentence 
9 − 4 − 2, one cannot arbitrarily group the operands because (9 − 4) − 2 
is not equal to 9 − (4 − 2). Similarly, in a division sentence such as 18 ÷ 2 ÷ 3, 
(18 ÷ 2) ÷ 3 is not equal to 18 ÷ (2 ÷ 3). Such demonstrations, not necessarily 
in-depth teaching, should occur no later than in the second grade for subtrac­
tion and in the fourth grade for division. 

•	 Reviewing time equivalencies. Students will need to review time equivalencies 
(e.g., 1 minute equals 60 seconds, 1 hour equals 60 minutes, 1 day equals 24 
hours, 1 week equals 7 days, 1 year equals 12 months). These equivalencies 
need to be practiced and reviewed so that all students are able to commit them 
to memory. 

•	 Understanding money. In the teaching of decimal notation for money, 
teachers must ensure that students can read and write amounts such as $2.05, 
in which there is a zero in the tenths column, and $.65, in which there is no 
dollar amount. By the end of the second grade, students should be able to 
write ten cents as $.10 and ten dollars as $10.00 in decimal notation. 

•	 Telling time. Students can be taught a general 
procedure for telling time. Telling time on an 
analog clock can begin with teaching students 
to tell how many minutes after the hour, to the 
nearest five minutes, are shown on the clock. 
Students need to be proficient in counting by 
fives before time telling is introduced. When 
the students can read the minutes after the hour, 
reading the minutes before the hour can be 
introduced. Students should be taught to express the time  as minutes after 
and as minutes before the hour (e.g., 40 minutes after 1 is the same as 
20 minutes before 2). 
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•	 Understanding fractions. Creating a fraction to represent the parts of a whole 
(e.g., 3

2  of a pie) is significantly different from dividing a set of items into 
subgroups and determining the number of items within some subgroups 
(e.g., 3

2  of 15). A unit divided into parts can be introduced first, and instruc­
tion on that type of fraction should be provided until students can recognize 
and write fractions to represent fractions of a whole; then the more complex 
fractions should be introduced. Students can work with diagrams. Computer 
programs and videos are also available to help with this topic. Students are not 
expected to solve 2

3  of 15 numerically in the second grade, because doing so 
requires them to be able to multiply fractions and convert an improper fraction 
to a whole number. 
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By the end of grade three, students deepen their understanding of place value 
and their understanding of and skill with addition, subtraction, multiplication, 
and division of whole numbers. Students estimate, measure, and describe objects 
in space. They use patterns to help solve problems. They represent number 
relationships and conduct simple probability experiments. 

Number Sense 
1.0 1.1 1.2 1.3 1.4 1.5 

2.0 2.1 2.2 2.3 2.4 2.5 2.6 2.7 2.8 

3.0 3.1 3.2 3.3 3.4 

Algebra and Functions 
1.0 1.1 

2.1 

1.2 1.3 1.4 1.5 

2.0 2.2 

Measurement and Geometry 
1.0 1.1 1.2 1.3 1.4 

2.0 2.1 2.2 2.3 2.4 2.5 2.6 

Statistics, Data Analysis, and Probability 
1.0 1.1 1.2 1.3 1.4 

Mathematical Reasoning 
1.0 1.1 1.2 

2.0 2.1 2.2 2.3 2.4 2.5 2.6 

3.0 3.1 3.2 3.3 

Key Standards 

Number Sense 
In the Number Sense strand, Standards 1.3 and 1.5 are especially important: 

Identify the place value for each digit in numbers to 10,000. 

Use expanded notation to represent numbers 
(e.g., 3,206 = 3,000 + 200 + 6). 

1.3 

1.5 
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For students who show a good conceptual understanding of whole numbers 
(e.g., place value), the second standard should receive special attention. Here, 
Standards 2.1, 2.2, 2.3, and 2.4 are especially important: 

2.1 

2.2 

2.3 

2.4 

Find the sum or difference of two whole numbers between 
0 and 10,000. 

Memorize to automaticity the multiplication table for numbers 
between 1 and 10. 

Use the inverse relationship of multiplication and division 
to compute and check results. 

Solve simple problems involving multiplication of multidigit 
numbers by one-digit numbers (3,671 × 3 = __). 

The foundation that supports Standard 2.1 has been laid in grade two: once 
students become fluent in adding and subtracting three-digit numbers, increasing 
the number of digits offers no real difficulty. The new concept in grade three 
appears in Standard 2.4. Again, the emphasis at the initial stage of teaching the 
multiplication algorithm should be on the simple cases in which “carrying” plays 
no role. For example, 234 × 2 is the same as doubling 200 + 30 + 4, which is 
400 + 60 + 8, which is 468, which is in turn obtained from 234 by multiplying 
each digit by 2. The same reasoning applies to 123 × 3. Once students perceive 
the possibility that the answer to a multidigit multiplication might be assembled 
from the answers to simple single-digit problems, the idea of “carrying” can 
be taught. However, in assembling the answer to such a problem as 234 × 6 = 
200 × 6 + 30 × 6 + 4 × 6, the fact that the answer can be assembled only from 
the single-digit multiplications 2 × 6, 3 × 6, and 4 × 6 should be emphasized; 
this fact makes learning the multiplication table so important. 

The relationship between division and multiplication (Standard 2.3) should be 
emphasized from the beginning. In other words, 39 divided by 3 = 13 is the same 
statement as 39 = 13 × 3. For children in grade three, a constant reminder of this 
fact would seem to be necessary. 

Two topics in the third standard also deserve special attention: 

3.2 

3.3 

Add and subtract simple fractions (e.g., determine that 1 + 3 is 
the same as 1 ). 

8 8 

2 

Solve problems involving addition, subtraction, multiplication, 
and division of money amounts in decimal notation and multiply 
and divide money amounts in decimal notation by using whole-
number multipliers and divisors. 

These are the early introductory elements of arithmetic with fractions and 
decimals—topics that will build over several years. 
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Algebra and Functions 
In the third grade, the Algebra and Functions strand grows in importance: 

1.1 Represent relationships of quantities in the form of mathematical 
expressions, equations, or inequalities. 

Because understanding these concepts can be a very difficult step for students, 
instruction must be presented carefully, and many examples should be given: 
3 × 12 inches in 3 feet, 4 × 11 legs in 11 cats, 2 × 15 wheels in 15 bicycles, 
3 × 15 wheels in 15 tricycles, the number of students in the classroom < 50, 
the number of days in a year > 300, and so forth. 

The next three standards expand on the first and provide examples of what is 
meant by “represent relationships of . . . .” Teachers must be sure that students 
are aware of the power of commutativity and associativity in multiplication as a 
simplifying mechanism and as a means of avoiding overemphasis on pure memo­
rization of the formulas without understanding. 

The second standard is also important and likewise must be treated carefully: 

2.1 Solve simple problems involving a functional relationship 
between two quantities (e.g., find the total cost of multiple 
items given the cost per unit). 

Measurement and Geometry 
In the first Measurement and Geometry standard, Standards 1.2 and 1.3 

should be emphasized: 

1.2 

1.3 

Estimate or determine the area and volume of solid figures by 
covering them with squares or by counting the number of cubes 
that would fill them. 

Find the perimeter of a polygon with integer sides. 

The idea that one cannot talk about area until a square of side 1 has been 
declared to have unit area and is then used to measure everything else is usually 
not firmly established in standard textbooks. Analogies should be constantly 
drawn between length and area. For example, a line segment having a length 3 
means that, compared with the segment L that has been declared to be of length 
1, it can be covered exactly by 3 nonoverlapping copies of L. Likewise, a rectangle 
with sides of lengths 3 and 1 has an area equal to 3 because it can be exactly 
covered by three nonoverlapping copies of the square declared to have length 1. 

In the second Measurement and Geometry standard, Standards 2.1, 2.2, and 
2.3 are the most important. 

2.1 Identify, describe, and classify polygons (including pentagons, 
hexagons, and octagons). 
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2.2 

2.3 

Identify attributes of triangles (e.g., two equal sides for the 
isosceles triangle, three equal sides for the equilateral triangle, 
right angle for the right triangle). 

Identify attributes of quadrilaterals (e.g., parallel sides for the 
parallelogram, right angles for the rectangle, equal sides and 
right angles for the square). 

All these standards can be difficult to master if they are presented too generally. 
A principal difficulty with geometry at all levels is the need for precise definitions 
of geometric concepts. Even students in grade three need a workable definition of 
a polygon, a concept that textbooks usually do not supply. A polygon may be 
defined as a finite number of line segments, joined end-to-end, so that together 
they form the complete boundary of a single planar region. It is strongly recom­
mended that the skills for this grade level be limited to such topics as finding the 
areas of rectangles with integer sides, right triangles with integer sides, and figures 
that can be partitioned into such rectangles and right triangles. A few examples in 
which the sides are not whole numbers should also be provided. Estimation 
should be used for these examples. Implicit in Standards 2.4 and 2.5 is the 
introduction of the concept of an angle. But this topic should not be emphasized 
at this time. 

Statistics, Data Analysis, and Probability 
The most important standards for Statistics, Data Analysis, and Probability are: 

1.2 

1.3 

Record the possible outcomes for a simple event (e.g., tossing 
a coin) and systematically keep track of the outcomes when the 
event is repeated many times. 

Summarize and display the results of probability experiments in 
a clear and organized way (e.g., use a bar graph or a line plot). 

Elaboration 
In the third grade, work with addition and subtraction problems expands to 

problems in which regrouping (i.e., carrying and borrowing) is required in more 
than one column. As noted earlier particularly important and difficult for some 
students are subtraction problems that include zeros; for example, 302 − 25 and 
3002 − 75 (VanLehn 1990). Students need to become skilled in regrouping 
across columns with zeros because such problems are often used with money 
applications; for example, Jerry bought an ice cream for 62 cents and paid for it 
with a ten-dollar bill. How much change will he receive? 

One way to treat 302 − 25 is again through the use of the associative law 
of addition: 302 − 25 = (200 + 102) − 25 = 200 + (102 − 25) = 200 + 
(2 + 100 − 25) = 200 + (2 + 75) = 277. The first equality is exactly what is 
meant by “borrowing in the 100s place.” 



137 

As with addition and subtraction, memorizing the answers to simple multipli­
cation problems requires the systematic introduction and practice of facts. (Refer 
to the recommendations discussed for addition facts in the first-grade section.) 
Some division facts can be incorporated into the sequence for learning multiplica­
tion facts. As with addition and subtraction, symmetric relationships can be used 
to cut down on the need for memorization. These related facts can be introduced 
together (20 divided by 5, 5 times 4). 

Multiplication and division problems with multidigit terms are introduced in 
the third grade (e.g., 36 × 5). The basic facts used in both types of problems 
should have already been committed to memory (e.g., students should have 
already memorized the answer to 6 × 5, a component of the more complex 
problem 36 × 5). Students should already be familiar with the basic structure 
of these problems because of their understanding of how to add a one-digit to 
a two-digit number (e.g., 18 + 4 and 36 + 5, 12 + 6). As with addition and 
subtraction, problems that require carrying (e.g., 36 × 5) will be more difficult 
to solve than will the problems that do not require carrying (e.g., 32 × 4) 
(Geary 1994). 

The goal is to extend the multiplication of whole numbers up to 10,000 by 
single-digit numbers (e.g., 9,345 × 2) so that students gain mastery of the 
standard right-to-left multiplication algorithm with the multiplier being a 
one-digit number. 

Students are expected to work on long division problems in which they divide 
a multidigit number by a single digit. A critical component skill for solving these 
problems is the ability to determine the multiple of the divisor that is just smaller 
than the number being divided. In 28 , the multiple of 5 that is just smaller than

5 
28 is 25. Although the identification of remainders exceeds the level of the third 
grade standard, students need to become aware of the process for division when 
there is a remainder. Practice in determining multiples can be coordinated with 
the practice of multiplication facts. Having basic multiplication facts memorized 
will greatly facilitate students’ ability to solve these division problems. 

Rounding is a critical prerequisite for working estimation problems. Noted 
below is a sequence of exercises that might be followed when introducing round­
ing. Each exercise can be introduced over several days, followed by continued 
practice. Practice sets should include examples that review earlier stages and 
present the current ones, as described in Appendix A, “Sample Instructional 
Profile.” 

• Round a 2-digit number to the nearest 10. 
• Round a 3-digit number to the nearest 10. 
• Round a 3-digit number to the nearest 100. 
• Round a 4-digit number to the nearest 1,000. 
• Round a 4-digit number to the nearest 100. 

The work with fractions in grade three is primarily with diagrams and concrete 
objects. Students should be able to compare fractions in at least two ways. First, 
students should be able to order fractions—proper or improper—with like 
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denominators, initially using diagrams but later realizing that if the denominators 
are equal, then the order depends only on the numerators. Second, students 
should be able to order unit fractions, perhaps only with whole-number denomi­
nators less than or equal to 6. At this point students are not expected to compare 
fractions with unlike denominators except for very simple cases, such as 1

4 and 
3 1 
8 or 2 and 3

4 . Students should compare particular fractions verbally and with the 
symbols <, = , > . 

With regard to multiplying and dividing decimals, care should be taken to 
include exercises in which students have to distinguish between adding and 
multiplying. Work with money can serve as an introduction to decimals. For 
example, the following problem is typical of the types of problems that can serve 
as the introduction of decimal addition: 

Josh had $3. He earned $2.50. How much does he have now? 

Likewise, the next problem typifies the types of problems that can introduce 
decimal multiplication: 

Josh earned $2.50 an hour. He worked 3 hours. How much did he earn? 

The teaching of arithmetic facts can be extended in the third grade to include 
finding multiples and factors of whole numbers; both are critical to students’ 
understanding of numbers and later to simplifying fractions. Because students 
need time to develop this skill, it is recommended that they be given considerable 
instruction on it before they are tested. Only small numbers involving few primes 
should be used. As a rule, “small” means less than 30, with prime factors limited 
to only 2, 3, or 5 (e.g., 20 = 2 × 2 × 5, 18 = 3 × 3 × 2). 

Considerations for Grade-Level Accomplishments 
in Grade Three 

The most important mathematical skills and concepts for children in grade 
three to acquire are described as follows: 

•	 Addition and subtraction facts. Students who enter the third grade without 
addition and subtraction facts committed to memory are at risk of having 
difficulty as more complex mathematics is taught. An assessment of students’ 
knowledge of basic facts needs to be undertaken at the beginning of the school 
year. Systematic daily practice with addition and subtraction facts needs to be 
provided for students who have not yet learned them. 

•	 Reading and writing of numbers. Thousands numbers with zeros in the 
hundreds or tens place or both (4006, 4060, 4600) can be particularly 
troublesome for at-risk students. Systematic presentations focusing on reading 
and writing thousands numbers with one or two zeros need to be provided 
until students can read and write these more difficult numbers. 

•	 Rounding off. Rounding off a thousands number to the nearest ten, hundred, 
and thousand requires a sophisticated understanding of the rounding-off 
process. When rounding to a particular unit, students need to learn at which 
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point to start the rounding process. For example, when rounding off to the 
nearest hundred, the student needs to look at the current digit in the tens 
column to determine whether the digit in the hundreds column will remain 
the same or be increased when rounded off. Practice items need to include a 
variety of types (e.g., round off 2,375 to the nearest hundred and then to the 
nearest thousand). 

•	 Geometry. While many of these geometric concepts are not difficult in 
themselves, students typically have difficulty, becoming confused as new 
concepts and terms are introduced. This problem is solvable through the 
use of a cumulative manner of introduction in which previously introduced 
concepts are reviewed as new concepts are introduced. 

•	 Measurement. The standards call for students to learn a significant number 
of measurement equivalencies. These equivalencies should be introduced so 
that students are not overwhelmed with too much information at one time. 
Adequate practice and review are to be provided so that students can readily 
recall all equivalencies. 

Chapter 3 
Grade-Level 

Considerations 

Grade Three 
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Grade-Level 
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Grade Four Areas of Emphasis 

By the end of grade four, students understand large numbers and addition, 
subtraction, multiplication, and division of whole numbers. They describe and 
compare simple fractions and decimals. They understand the properties of, and 
the relationships between, plane geometric figures. They collect, represent, and 
analyze data to answer questions. 

Number Sense 
1.0 1.1 1.2 1.3 1.4 1.5 1.6 1.7 1.8 1.9 

2.0 2.1 2.2 

3.0 3.1 3.2 3.3 3.4 

4.0 4.1 4.2 

Algebra and Functions 
1.0 1.1 1.2 1.3 1.4 1.5 

2.0 2.1 2.2 

Measurement and Geometry 
1.0 1.1 1.2 1.3 1.4 

2.0 2.1 2.2 2.3 

3.0 3.1 3.2 3.3 3.4 3.5 3.6 3.7 3.8 

Statistics, Data Analysis, and Probability 
1.0 1.1 1.2 1.3 

2.0 2.1 2.2 

Mathematical Reasoning 
1.0 1.1 1.2 

2.0 2.1 2.2 2.3 2.4 2.5 2.6 

3.0 3.1 3.2 3.3 

Key Standards 

Number Sense 
The Number Sense strand for the fourth grade extends students’ knowledge of 

numbers to both bigger numbers (millions) and smaller numbers (two decimal 
places). 
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Up to this point students have been asked to learn to round numbers to the 
nearest tens, hundreds, and thousands, probably without knowing why. It is now 
finally possible to explain why rounding is much more than a mechanical exercise 
and that it is in fact an essential skill in the application of mathematics to under­
standing the world around us. One can use the population figure of the United 
States for this purpose. According to the latest census (conducted in 2000), there 
are 281,421,906 people living in this country. The teacher can explain to students 
that, either in daily conversation or in strategic planning, using the rounded-off 
figure of 280 million instead of the precise figure of 281,421,906 would be more 
sensible, because a project of this size has built-in errors and correctly counting 
all the people in transit, reaching all homeless people, and obtaining total 
participation are impossible. Therefore, rounding to the nearest ten million in 
this case becomes a matter of necessity in discarding unreliable and nonessential 
information. 

Standard 1.5 brings out two facts about fractions that are fundamental for 
students’ understanding of this topic: different interpretations of a fraction and 
the equivalence of fractions. These facts will be discussed one at a time. 

3
The fact that a fraction such as 5  is not only 3 parts of a whole when the 

whole (the unit) is divided into 5 equal parts but also one part of 3 when 3 is 
divided into 5 equal parts is so basic that one often uses it without being aware of 
doing so. For example, if someone is asked in a daily conversation how long one 
of the pieces of a 3-foot rod is when it is cut into 5 pieces of equal length, he or 

3
she would say without thinking that it is 5  of a foot. In so doing that person is 

3
using the second (division) interpretation of 5 . On the other hand, it is impor­
tant to remember that, according to the part-whole definition of a fraction, 3 of a5 
foot is the length of 3 of the pieces when a 1-foot rod is divided into 5 pieces of 
equal length. Students need an explanation of why these two lengths are equal. One 
way to explain is to divide each foot of the 3-foot rod into five equal sections, as 
shown in figure 1. 

Figure 1 

Each section is the result of dividing 1 foot into 5 equal parts, and so by the 
part-whole definition of a fraction, the length of three such sections joined 
together, as shown in figure 2, is 3 of a foot.5 

Figure 2 

Chapter 3 
Grade-Level 
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Grade Four 
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The concept 
of the equivalence 
of fractions lies 
at the core of 
almost every 
mathematical 
consideration 
related to 
fractions. 

But the 15 (= 3 × 5) sections of the 3-foot rod can be grouped to divide the 
3

rod into five equal lengths, as shown in figure 3, and it is evident that 5 of a foot 
is identical to the length of one of the pieces when a 3-foot rod is divided into 
5 equal lengths. 

Figure 3 

Therefore the part-whole and division definitions of a fraction coincide. 
3

This explanation continues to be valid when the fraction 5  is replaced by 
any other fraction b

a . 
The concept of the equivalence of fractions lies at the core of almost every 

mathematical consideration related to fractions. Students should be given every 
2 14 40 a naopportunity to understand why 5 = 35 , why 5

4 = 32 , or why b = nb  for any 
whole number a, b, n (it will always be understood that b ≠ 0 and n ≠ 0). One 
can use a picture to explain why 2 = 14 , provided that the context of the picture 5 35 
is carefully laid out. Let the unit 1 be fixed as the area of the unit square, as 
shown in figure 4. 

Figure 4 

The fraction 5
2  is then 2 parts of the unit square when it is divided into 5 parts 

of equal area. The equidivision is done vertically, as shown in figure 5. 

Figure 5 

Since each vertical strip represents 5
1 , the shaded region represents 2 . The 

14 5 
fraction 35  is, on the other hand, 14 parts of the unit square when it is divided 
into 35 parts of equal area. The desired equidivision into 35 parts can be achieved 
by adding 7 equally spaced horizontal divisions of the unit square to the preced­
ing vertical division, as shown in figure 6. 
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Figure 6 
Grade Four 

The unit square is now divided into 35 small rectangles of the same size, so 
that each small rectangle is 1 

35 
. Since there are 14 of these small rectangles in the 

shaded region, it therefore represents not only 2 
5  but also 14 

35 . 
The preceding reasoning is general, but for fourth graders mentioning a 

b  = na 
nb 

in passing may be enough. What needs special emphasis, however, is the immedi­
ate consequence of the equivalence of a 

b
 and na 

nb 
, namely, that any two fractions 

can be written as two fractions with the same denominator. Thus if a 
b  and c 

d  are 
two given fractions, they can be rewritten as ad 

bd  and bc 
bd 

, which have the same 
denominator bd. This fact has enormous implications when students come to 
the addition of fractions. 

The consideration of why a fraction has a division interpretation, as explained 
previously, also sheds light on the teaching of Standard 1.7. To represent the 
fraction 3 

5
 as a decimal, for example, we divide the given unit into 10 equal parts. 

This concept is best represented on the number line as 9 equidistant markings of 
the line segment from 0 to 1. By taking the second, fourth, sixth, and eighth 
markings, we obtain a division of the unit into 5 equal parts. Since the fraction
3 
5  is 3 of these parts, it is the sixth marking. But the 10 markings represent 
0.1, 0.2, . . . 0.9; therefore, the sixth marking is 0.6. This process shows that 
3 
5

 is 0.6. 
The next standards are basic and new: 

Use concepts of negative numbers (e.g., on a number line, in 
counting, in temperature, in “owing”). 

Identify on the number line the relative position of positive 
fractions, positive mixed numbers, and positive decimals to two 
decimal places. 

These standards can be difficult for students to learn if the required back­
ground material—ordering of whole numbers and comparison of fractions and 
decimals—is not presented carefully. The importance of these standards requires 
that close attention be paid to assessment. Standard 1.9 is about “simple” deci­
mals, that is, decimals up to two decimal places. It is time to note that the 
addition and subtraction of decimals up to two decimal places can be completely Students need to 

modeled through the use of money and can therefore be done informally. To 
prepare to study, in grade five, the arithmetic operations of (finite or terminating) 

know that, formally, 
a finite decimal is a 

fraction whose 
decimals of any number of decimal digits, students need to know that, formally, a denominator is a 

finite decimal is a fraction whose denominator is a power of 10. This awareness is power of 10. 

1.8 

1.9 
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understand prime 
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it easier to 
understand the 
equivalence of 
fractions and to 
multiply and 
divide fractions in 
grades five, six, 
and seven. 

important in the teaching of decimals in grade four. (To develop this aware­
ness, the teacher can describe decimals such as 1.03 verbally as one and 
three-hundredths, not as one point oh three). 

The third topic in the Number Sense strand is also especially important. 
Standard 3.0 and its four substandards involve the use of the standard algorithms 
for addition, subtraction, and multiplication of multidigit numbers and the 
standard algorithm for division of a multidigit number by a one-digit number. 
As with simple arithmetic, mastery of these skills will require extensive practice 
over several grade levels, as described in Chapter 4, “Instructional Strategies.” The 
emphasis in Standard 3.1 is, however, on a formal (mathematical) understanding 
of the addition and subtraction algorithms for whole numbers. Students need to 
see the prominent role that the commutative law and, especially, the associative 
law of addition play in the explanation of these algorithms. The students’ prior 
familiarity with the skill component of these algorithms is essential here because 
if students do not clearly understand the mechanics of these algorithms, they will 
be preoccupied with the mechanics and not be free to appreciate the reasoning 
behind the mechanics. 

Standard 3.2 is about the reasoning that supports the multiplication and 
division algorithms at least in simple situations (two-digit multipliers and one-
digit divisors). Introducing this standard is a bit awkward here because the key 
fact is the distributive law, which is not mentioned until grade five (Algebra and 
Functions, Standard 1.3). However, if the concept is presented carefully and 
patiently, students can learn the distributive law. For the division algorithm there 
is a new element, namely, division-with-remainder: if a and b are whole numbers, 
then there are always whole numbers q and r so that a = qb + r, where r is a whole 
number strictly smaller than the divisor b. The division algorithm can then be 
explained as an iterated, or repeated, application of this division-with-remainder. 

Standard 4.0, “Students know how to factor small whole numbers,” is needed 
for the discussion of the equivalence of fractions. Standard 4.2 contains the 
requirement that students understand what a prime number is. The concept 
of primality is important yet often difficult for students to understand fully. 
Students should also know the prime numbers up to 50. For these reasons the 
preparation for the discussion of prime numbers should begin no later than 
the third grade. Students who understand prime numbers will find it easier to 
understand the equivalence of fractions and to multiply and divide fractions 
in grades five, six, and seven. 
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Algebra and Functions 
In the fourth grade the Algebra and Functions strand continues to grow in 

importance. All five of the subtopics under the first standard are important. 
But the degree to which students need to understand these strands differs. 
The following standards do not need undue emphasis: 

1.2 

1.3 

Interpret and evaluate mathematical expressions that now use 
parentheses. 

Use parentheses to indicate which operation to perform first 
when writing expressions containing more than two terms 
and different operations. 

These standards involve nothing more than notation. The real skill is learning 
how to write expressions unambiguously so that others can understand them. 
However, it would be appropriate at this point to explain carefully to students 
why the associative and commutative laws are significant and why arbitrary sums 
or products, such as 115 + 6 + (−6) + 4792 or 113 × 212 × 31 × 11, do not have 
to be ordered in any particular way, nor do they have to be calculated in any 
particular order. 

Standards 1.4 and 1.5, which relate to functional relationships, are much more 
important theoretically. In particular, students should understand Standard 1.5 
because it takes the mystery out of the topic. 

1.5 Understand that an equation such as y = 3x + 5 is a prescription 
for determining a second number when a first number is given. 

One way to understand an equation such as y = 3x + 5 is to work through 
many pairs of numbers (x, y) to see if they satisfy this equation. For example, 
(1, 8) and (0, 5) do, but (−1, 3) and (2, 10) do not. 

The second algebra standard is, however, basic: 

2.0 Students know how to manipulate equations. 

This standard and the two basic rules that follow, if understood now, will 
clarify much of what happens in mathematics and other subjects from the fifth 
grade through high school. 

2.1 

2.2 

Know and understand that equals added to equals are equal.
 

2 + 1 = 3, and 7 − 2 = 5; therefore, 2 + 1 + 5 = 3 + 7 − 2.
 

Know and understand that equals multiplied by equals are
 
equal.
 

2 + 1 = 3, and 4 × 5 = 20; therefore, (2 + 1) × 20 = 3 × (4 × 5).
 

However, if these concepts are not clear, difficulties in later grades are virtually 
guaranteed. Therefore, careful assessment of students’ understanding of these 
principles should be done here. 

Chapter 3 
Grade-Level 

Considerations 

Grade Four 
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Students need to 
understand that 
zeros in different 
positions 
represent 
different place 
values—tens, 
hundreds, 
thousands, and 
so forth. 

Measurement and Geometry 
The Measurement and Geometry strand for the fourth grade contains a few 

key standards that students will need to understand completely. The first standard 
(1.0) relates to perimeter and area. The students need to understand that the area 
of a rectangle is obtained by multiplying length by width and that the perimeter 
is given by a linear measurement. The intent of most of this standard is that 
students know the reasons behind the formulas for the perimeter and area of a 
rectangle and that they can see how these formulas work when the perimeter and 
area vary as the rectangles vary. 

A more basic standard is the second one: 

2.0	 Students use two-dimensional coordinate grids to represent
 
points and graph lines and simple figures.
 

Although the material in this standard is basic and is not presented in depth, 
this concept must be presented carefully. Again, students who are confused at this 
point will very likely have serious difficulties in the later grades—not just in 
mathematics, but in the sciences and other areas as well. Therefore, careful 
assessment is necessary. Special attention should be given to the need for students 
to understand the graphs of the equations x = c and y = c for a constant c. These 
graphs are commonly called vertical and horizontal lines, respectively. Students 
need to be able to locate some points on these graphs strictly according to the 
definition of the graph of an equation as the set of all points (x, y) whose coordi­
nates satisfy the given equation. Unless this process is painstakingly done, these 
graphs will continue to be nothing but magic throughout the rest of students’ 
schooling. 

In connection with Standard 3.0, teachers should introduce the symbol ⊥  for 
perpendicularity. Incidentally, this is the time to introduce the abbreviated 
notation ab in place of the cumbersome a × b. 

Elaboration 
Knowledge of multiplication and division facts should be reassessed at the 

beginning of the school year, and systematic instruction and practice should be 
provided to enable students to reach high degrees of automaticity in recalling 
these facts. This process is described for addition in grade two (see “Elaboration”). 

Reading and writing thousands and millions numbers with one or more zeros 
in the middle can be particularly troublesome for students (Seron and Fayol 
1994). Therefore, assessment and teaching should be thorough so that students 
are able to read and write difficult numbers, such as 300,200 and 320,000. 
Students need to understand that zeros in different positions represent different 
place values—tens, hundreds, thousands, and so forth—and they need practice in 
working with these types of numbers (e.g., determining which is larger, 320,000 
or 300,200, and translating a verbal label, “one million two hundred thousand,” 
into the Arabic numeral representation, 1,200,000). 
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To be able to apply mathematics in the real world, to understand the way in 
which numbers distribute on the number line, and ultimately to study more 
advanced topics in mathematics, students need to understand the concept of 
“closeness” for numbers. It is probably not wise to push too hard on the notion 
of “close enough” while students are still struggling with the abstract idea of a 
number itself. However, by now they should be ready for this next step. A discus­
sion of rounding should emphasize that one rounds off only if the result of 
rounding is “close enough.” 

Students need to understand fraction equivalencies related to the ordering 
and comparison of decimals. Students must understand, for instance, that 
2 20= , then equate those fractions to decimals.10 100 

The teaching of the conversion of proper and improper fractions to decimals 
should be structured so that students see relationships (e.g., the fraction 7 can be

4 
converted to 4 + 3 , which in turn equals 1 and 3 ). The fourth grade standards 4 4 4 
do not require any arithmetic with fractions; however, practice with addition and 
subtraction of fractions (converting to like denominators) must be continued in 
this grade because these concepts are important in the fifth grade. Students can 
also be introduced to the concept of unlike denominators in preparation for the 
following year. Building students’ skills in finding equivalent fractions is also 
important at this grade level. 

The standards require that students know the definition of prime numbers 
and know that many whole numbers decompose into products of smaller num­
bers in different ways. Using the number 150 as an example, they should realize 
that 150 = 5 × 30 and 30 = 5 × 6; therefore, 150 = 5 × 5 × 6, which can be 
decomposed to 5 × 5 × 3 × 2. Students will be using these factoring skills exten­
sively in the later grades. Even though determining the prime factors of all 
numbers through 50 is a fifth grade standard, practice on finding prime factors 
can begin in the fourth grade. Students should be given extensive practice over an 
extended period of time with finding prime factors so that they can develop 
automaticity in the factoring process (see Chapter 4, “Instructional Strategies”). 
By the end of the fifth grade, students should be able to determine with relative 
ease whether any of the prime numbers 2, 3, 5, 7, or 11 are factors of a number 
less than 200. 

Multiplication and division problems with multidigit numbers are expanded. 
Division problems with a zero in the quotient (e.g., 4233 = .705 5) can be particu­

6 
larly difficult for students to understand and require systematic instruction. 

The Number Sense Standards 3.1 and 3.2 call for “understanding of the 
standard algorithm” (see the glossary). To present this concept, the teacher 
sketches the reasons why the algorithm works and carefully shows the students 
how to use it. (Any such explanation of the multiplication and division algo­
rithms would help students to deepen their understanding and appreciation of 
the distributive law.) The students are not expected to reproduce this discussion 
in any detail, but they are expected to have a general idea of why the algorithm 
works and be able to expand it in detail for small numbers. 

Chapter 3 
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Any such explanation 
of the multiplication 

and division 
algorithms would 

help students 
to deepen their 

understanding 
and appreciation of 
the distributive law. 
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As the students grow older, this experience should lead to increased confidence 
in understanding these and similar algorithms, knowledge of how to construct 
them in other situations, and the importance of verifying their correctness before 
relying on them. For example, the process of writing any kind of program for a 
computer begins with creating algorithms for automating a task and then imple­
menting them on the machine. Without hands-on experience like that described 
previously, students will be ill-equipped to construct correct programs. 

Considerations for Grade-Level Accomplishments 
in Grade Four 

The most important mathematical skills and concepts for students in grade 
four to acquire are described as follows: 

•	 Multiplication and division facts. Students who enter the fourth grade with­
out multiplication facts committed to memory are at risk of having difficulty 
as more complex mathematics is taught. Students’ knowledge of basic facts 
needs to be assessed at the beginning of the school year. Systematic daily 
practice with multiplication and division facts needs to be provided for 
students who have not yet learned them. 

•	 Addition and subtraction. Mentally adding a two-digit number and a one-
digit number is a component skill for working multiplication problems that 
was targeted in the second grade. Students have to add the carried number to 
the product of two factors (e.g., 34 × 3). Students should be assessed on the 
ability to add numbers mentally (e.g., 36 + 7) at the beginning of the school 
year, and systematic practice should be provided for students not able to work 
the addition problems mentally. 

•	 Reading and writing numbers. Reading and writing numbers in the thousands 
and millions with one or more zeros in the middle can be particularly trouble­
some for students. Assessment at the beginning of the fourth grade should test 
students on reading and writing the more difficult thousand numbers, such as 
4,002 and 4,020. When teaching students to read 5- and 6-digit numbers, 
teachers should be thorough so that students can read, write, and distinguish 
difficult numbers, such as 300,200 and 320,000. 

•	 Fractions equal to one. Understanding fractions equal to one (e.g., 8
8  or 4 )

4 
is important for understanding the procedure for working with equivalent 
fractions. Students should have an in-depth understanding of how to construct 
a fraction that equals one to suit the needs of the problem; for example, should 
a fraction be 32 or 17 ? When the class is working on equivalent fraction 

32 17 
problems, the teacher should prompt the students on how to find the equiva­
lent fraction or the missing number in the equivalent fraction. The students 
find the fraction of one that they can use to multiply or divide by to determine 
the equivalent fraction. (This material is discussed in depth in Appendix A, 
“Sample Instructional Profile.”) 
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•	 Multiplication and division problems. Multiplication problems in which 
either factor has a zero are likely to cause difficulties. Teachers should provide 
extra practice on problems such as 20 × 315 and 24 × 308. Division problems 
with a zero in the answer may be difficult for students (e.g., 1521 and 5115 ).

3 5 
Students will need prompting on how to determine whether they have com­
pleted the problem of placing enough digits in the answer. (Students who 
consistently find problems with zeros in the answer difficult to solve may also 
have difficulties with the concept of place value. Help should be provided to 
remedy this situation quickly.) 

•	 Order of operations. In the fourth grade students start to handle problems 
that freely mix the four arithmetic operators, and the order of operation needs 
to be addressed explicitly. Students already need to know the convention of 
order of operations, the precedence of multiplication and division over 
addition and subtraction, and the implied left-to-right order of evaluation. 
Parentheses introduce a new way to modify that convention, and Algebra 
and Functions (AF) Standard 1.2 explicitly addresses this topic. 

The fourth grade is also the time to expose the students to the convenience of 
this convention. Students have already been taught that an equation is a 
prescription to determine a second number when a first number is given 
(AF Standard 1.5) in problems and in number sentences, and the clarity of 
5x + 3 over (5x) + 3 can be easily demonstrated. This is also the proper time to 
start moving students away from using the explicit notation of the multiplica­
tion symbol, comparing such expressions as 5 × A + 3 or 5 ⋅ A + 3 with 
5A + 3. By grade six the topic of order of operations should be mastered. 

A comparison should be made between the associativity of addition and 
multiplication versus the nonassociativity of subtraction and division. A 
demonstration should be given of how replacement of subtraction by the 
equivalent addition of negative numbers, or multiplication with a reciprocal 
instead of division, solves the associativity problem. In other words the 
nonassociativity of the sentence 

(9 − 4) − 2 ≠ 9 − (4 − 2) 

should be compared with the restored associativity when subtraction is
 
replaced with addition of the negative value:
 

[9 + (−4)] + (−2) = 9 + [(−4) + (−2)] 

In a similar fashion, although there is no associativity with division, 

(18 ÷ 2) ÷ 3 ≠ 18 ÷ (2 ÷ 3), 

when the division is replaced with the multiplication by a reciprocal, the
 
associativity returns:
 

 1  1  1 1  

18 ⋅ 

2  
⋅ 

3 
= 18  ⋅ 

 2 
⋅ 

3  
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Now, finally, the student can be exposed to the complete reasoning behind the 
convention of order of operations. The awkward replacement by the inverse 
operations, or the need for parentheses, can be much reduced by the applica­
tion of left-to-right evaluation and the precedence of operators. Is it clearer to 
write 3a2 − 5a + 3 instead of (3 ⋅ (a2)) − (5a) + 3? 

However, students should remember that mathematical writing also serves to 
communicate. Therefore, if an expression is complex and can easily be misinter­
preted, a pair of parentheses may be inserted, even if they are not strictly 
required. Students should be encouraged to write 8 − ((12 ÷ 4) ÷ 2) ⋅ 3 + 3 
instead of 8 − 12 ÷ 4 ÷ 2 ⋅ 3 + 3 because in the first expression, it is less 
tempting to incorrectly divide 4 by 2 or to incorrectly multiply 2 by 3. The 
use of a horizontal fraction line for division, such as b

a instead of the division 
symbol a ÷ b, and the liberal use of spaces, should also be encouraged to 

⋅enhance readability and reduce errors. Surely 8 − 12 3 + 3  is even clearer and less 
4 2⋅ 

error prone than any one of the previous two forms of the same expression. 
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By the end of grade five, students increase their facility with the four basic 
arithmetic operations applied to fractions and decimals and learn to add and 
subtract positive and negative numbers. They know and use common measuring 
units to determine length and area and know and use formulas to determine the 
volume of simple geometric figures. Students know the concept of angle measure­
ment and use a protractor and compass to solve problems. They use grids, tables, 
graphs, and charts to record and analyze data. 

Number Sense 
1.0 1.1 1.2 1.3 1.4 1.5 

2.0 2.1 2.2  2.3 2.4 2.5 

Algebra and Functions 
1.0 1.1 1.2 1.3 1.4 1.5 

Measurement and Geometry 
1.0 1.1 1.2 1.3 1.4 

2.0 2.1 2.2 2.3 

Statistics, Data Analysis, and Probability 
1.0 1.1 1.2 1.3 1.4 1.5 

Mathematical Reasoning 
1.0 1.1 1.2 

2.0 2.1 2.2 2.3 2.4 2.5 2.6 

3.0 3.1 3.2 3.3 

Key Standards 

A significant development in students’ mathematics education occurs in grade 
five. From grades five through seven, a three-year sequence begins that provides 
the mathematical foundation of rational numbers. Fractions and decimals have 
been taught piecemeal up to this point. For example, only decimals with two 
decimal places are discussed in the fourth grade, and only fractions with the same 
denominator (or if one denominator is a multiple of the other) are added or 
subtracted up to grade four. Now both fractions and decimals will be systemati­
cally discussed during the next three years. The demand on students’ ability to 
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A fraction d
c 

is both “c parts 
of a whole 
consisting of d 
equal parts” and 
“the quotient of 
the number c 
divided by the 
number d.” 

reason goes up ever so slightly at this point, and the teaching of mathematics 
must correspondingly reflect this increased demand. 

By the time students have finished the fourth grade, they should have a basic 
understanding of whole numbers and some understanding of fractions and 
decimals. Students at this grade level are expected to have mastered multiplication 
and division of whole numbers. They should also have had some exposure to 
negative numbers. These skills will be enhanced in the fifth grade. An important 
standard focused on enhancing these skills is Number Sense Standard 1.2. 

Number Sense 

1.2	 Interpret percents as a part of a hundred; find decimal and 
percent equivalents for common fractions and explain why they 
represent the same value; compute a given percent of a whole 
number. 

The fact that a fraction d
c is both “c parts of a whole consisting of d equal 

parts” and “the quotient of the number c divided by the number d ” was first 
mentioned in Number Sense Standard 1.5 of grade four. As discussed earlier in 
the section on grade four, this fact must be carefully explained rather than decreed 
by fiat, as is the practice in most school textbooks. The importance of providing 
logical explanations for all aspects of the teaching of fractions cannot be over­
stated because the students’ fear of fractions and the mistakes related to them 
appear to underlie the failure of mathematics education. Once d

c 
is clearly 

understood to be the division of c by d, then the conversion of fractions to 
decimals can be explained logically. 

Students will also continue to learn about the relative positions of numbers on 
the number line, above all, those of negative whole numbers. Negative whole 
numbers are especially important because, for the first time, they play a major 
part in core number-sense expectations. Standard 1.5 is important in this regard. 

1.5	 Identify and represent on a number line decimals, fractions,
 
mixed numbers, and positive and negative integers.
 

The correct placement of positive fractions on the number line implies that 
students will need to order and compare fractions. Identifying numbers as points 
on the real line is an important step in relating students’ concepts of arithmetic to 
geometry. This fusion of arithmetic and geometry, which is ubiquitous in math­
ematics, adds a new dimension to students’ understanding of numbers. 

Inasmuch as the study of mixed numbers is one of the things that terrorize 
elementary school students, the teacher must approach Standard 1.5 carefully. 
First, students should not be made to think of “proper” and “improper” fractions 
as distinct objects; they should be helped to understand that these types of 
fractions are nothing more than different examples of the same concept—namely, 
a fraction. Identifying fractions as points on the number line (so that one point is 
no different from any other point) would go a long way toward eliminating most 
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of this misconception. With that understood, the teacher can now mention that 
for improper fractions, there is an alternate representation. For example, on the 
number line 5 

4 is beyond 1 by the amount of 1 
4 

, so 1 1 
4 is a reasonable alternate 

notation. Similarly, 11 is 2 beyond 3 on the number line, so 3 2 is also a3	 3	 3
11reasonable alternate notation. When a fraction such as 5

4  or 3  is written as 
1 1 

4 or 3 2 
3 

, it is said to be a mixed number. In general, fifth graders should be 
ready for the general explanation of how to write an improper fraction as a mixed 
number through the use of division-with-remainder. For example, if a is an

b 
improper fraction, it can be rewritten as a mixed number in the following way: 
The division of the whole number a by the whole number b is expressed as 
a = qb + r, where q is the quotient and the remainder r is the whole number 
strictly less than b. Then the fraction 

b
a is, by definition, written as the mixed 

number q 
b
r . Notice that b

r is a proper fraction. The important point to empha­
size is that a mixed number is just a clearly prescribed way of rewriting a fraction, 
and no fear needs to be associated with it. 

But the most important aspect of students’ work with negative numbers is 
to learn the rules for doing the basic operations of arithmetic with them, as 
represented in the following standard: 

2.1	 Add, subtract, multiply, and divide with decimals; add with
 
negative integers; subtract positive integers from negative
 
integers; and verify the reasonableness of the results.
 

In the fifth grade students learn how to add negative numbers and how to 
subtract positive numbers from negative numbers. At this point students should 
find it profitable to interpret these concepts geometrically. Adding a positive 
number b shifts the point on the number line to the right by b units, and adding 
a negative number −b shifts the point on the number line to the left by b units, 
and so forth. Multiplication and division of negative numbers should not be 
taken up in the fifth grade because division by negative numbers leads to negative 
fractions, which have not yet been introduced. Although Standard 2.1 is listed 
before Standards 2.3 and 2.4 on the addition and multiplication of fractions, the 
teaching of decimals must rest on the concept of fractions and their arithmetic 
operations. A finite decimal is formally defined as a fraction whose denominator 
is a power of 10. Without this precise definition, it is difficult to explain why 
the addition and subtraction of decimals are reduced to the addition and 
subtraction of whole numbers so that the algorithms of whole numbers can be 
applied. More to the point, without this precise definition, it would be essentially 
impossible to explain the rule regarding the decimal point in the multiplication 
and division of decimals. For example, 2.4 × 0.37 can be computed by 
24 × 37 = 888, and since there are three decimal places in both numbers 
altogether, the usual rule says 2.4 × 0.37 = 0.888. The reason, based on the 
precise definition of a decimal, is that, by definition, 2.4 = 24 and 0.37 = 37 

10 100 
so that 

 24   37  (24 × 37) 8882 4  × 0 37. = × = == ..	 = 0 888. 
 10   100  1000 1000 
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In the fifth grade 
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Chapter 3 
Grade-Level 
Considerations 

Grade Five 

The most essential 
number-sense skills 
that students should 
learn in the fifth 
grade are the 
addition and 
subtraction of 
fractions. 

In many textbooks the arithmetic operations of decimals precedes the discussion 
of fractions, and in general a definition of decimals is not provided. This organi­
zation of content creates difficulty for the classroom teacher. 

The introduction of the general division algorithm is also important, but it 
can be complicated and consequently difficult for many students to master. In 
particular, the skills needed to find the largest product of the divisor with an 
integer between 0 and 9 that is less than the remainder are likely to be demanding 
for fifth grade students. Students should become comfortable with the algorithm 
in carefully selected cases in which the numbers needed at each step are clear. 
Putting such a problem in context may help. For instance, the students might 
imagine dividing 153 by 25 as packing 153 students into a fleet of buses for a 
field trip, with each bus carrying a maximum of 25 passengers. Drawing pictures 
to help with the reasoning, if necessary, can help students to see that it takes six 
buses with three students left over; those three students get to enjoy being in the 
seventh bus with room to spare. But it seems both unnecessary and unwise at this 
stage to extend the concepts beyond what is presented here. The important 
standard for students to achieve is: 

2.2	 Demonstrate proficiency with division, including division with 
positive decimals and long division with multidigit divisors. 

The most essential number-sense skills that students should learn in the fifth 
grade are the addition and subtraction of fractions (Standard 2.3) and, to a lesser 
degree, the multiplication and division of fractions (Standards 2.4 and 2.5). At 
this point of students’ mathematics education, they need to recognize fractions as 
numbers that are similar to whole numbers and can therefore be added, multi­
plied, and so forth. In other words fractions are a special collection of points on 
the number line that include the whole numbers. To add b

a + 
d
c , for example, 

students can look to the addition of whole numbers for a model. Since 3 + 8 is 
the length of the combined segments when a segment of length 3 is concatenated 
with, or linked to, a segment of length 8, likewise b

a + 
d
c can be defined as the 

length of the combined segments when a segment of length b
a is linked to a 

segment of length d
c . The computation of this combined length is complicated 

by the fact that b may be different than d. But the concept of equivalent fractions 
shows how any two fractions can be made to have the same denominator, namely, 
a ad c 1 	 a= and = cb . Therefore, if is the basic unit, then is ad copiesb bd d bd bd b
 
of such a unit, and d

c is bc copies of such a unit. Combining them, therefore,
 
shows that 

b
a + 

d	
c is ad + bc copies of such a unit 

bd 
1 ; that is, a + c (ad + bc ) .= 

b d bd 
This example is a simple way to obtain a formula for adding fractions. But this 

formula is not the definition of adding fractions, which is modeled after the 
addition of whole numbers. The addition of fractions in terms of the least com­
mon multiple of the denominators has struck fear in students for many genera­
tions and should never have been used for the definition of adding fractions. 
Finding the least common multiple is a special skill that should be learned, but it 
is not how students should think of the addition of fractions. 
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Once students have mastered these basic skills with fractions, problems involv­
ing concrete applications can be used to provide practice and to promote stu­
dents’ technical fluency with fractions. 

Two main skills are involved in reducing fractions: factoring whole numbers in 
order to put fractions into reduced forms and understanding the basic arithmetic 
skills involved in this factoring. The two associated standards that should be 
emphasized are: 

1.4	 Determine the prime factors of all numbers through 50
 
and write the numbers as the product of their prime factors
 
by using exponents to show multiples of a factor
 
(e.g., 24 = 2 × 2 × 2 × 3 = 23 × 3).
 

2.3	 Solve simple problems, including ones arising in concrete 
situations involving the addition and subtraction of fractions 
and mixed numbers (like and unlike denominators of 20 or less), 
and express answers in the simplest form. 

The instructional profile with fractions, which appears later in Appendix A, 
gives many ideas on how to approach this topic. Students may profit from the use 
of the Sieve of Eratosthenes (see the glossary) in connection with Standard 1.4. 

Standard 2.4 introduces the multiplication and division of fractions. This topic 
will be taken up in earnest in grade six, but it is important at this point to remind 
students of the meaning of division among whole numbers as an alternate way 
of writing multiplication. In other words if 4 × 7 = 28, then, by definition, 
28 ÷ 7 = 4, or in general, if a × b = c, then c ÷ b = a. Teachers can use drills or 
manipulatives to help students to understand the idea of “division as a different 
expression of multiplication.” Once students have learned this concept, they will 
be ready for the corresponding situation with fractions; that is, if a, b, and c are 
fractions, then again by definition, a × b = c means the same as c ÷ b = a. Using 
simple fractions, such as b = 1 or 1 and c = 6 or 24, and by drawing pictures 

2 3 
if necessary, one can easily illustrate why 12 × 1

2 = 6 is the same as there are 
12 copies of 1

2  in 6 (i.e., 6 ÷ 1
2 = 12) or why 24 × 1 = 8 is the same as there 

3 
are 24 copies of 1

3
 in 8 (i.e., 8 ÷ 1

3 = 24). 

Algebra and Functions 
The Algebra and Functions strand for grade five presents one of the key steps 

in abstraction and one of the defining steps in moving from simply learning 
arithmetic to learning mathematics: the replacement of numbers by variables. 

1.2	 Use a letter to represent an unknown number; write and
 
evaluate simple algebraic expressions in one variable by
 
substitution.
 

The importance of this step, which requires reasoning rather than simple 
manipulative facility, mandates particular care in presenting the material. The 
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Grade Five 

Students need to 
commit to memory 
the formulas for the 
area of a triangle, 
a parallelogram, 
and a rectangle 
and the volume of 
a rectangular solid. 

basic idea that, for example, 3x + 5 is a shorthand for an infinite number of 
sums, 3(1) + 5, 3(2.4) + 5, 3(11) + 5, and so forth, must be thoroughly presented 
and understood by students; and they must practice solving simple algebraic 
expressions. But it is probably a mistake to push too hard here—teachers should 
not overdrill. Instead, they should check for students’ understanding of concepts, 
perhaps providing students with some simple puzzle problems to give them 
practice in writing an equation for an unknown from data in a word problem. 

Again, in the Algebra and Functions strand, the following two standards are 
basic: 

1.4 Identify and graph ordered pairs in the four quadrants of the 
coordinate plane. 

1.5 Solve problems involving linear functions with integer values; 
write the equation; and graph the resulting ordered pairs of 
integers on a grid. 

Measurement and Geometry 
In Measurement and Geometry these three standards should be emphasized: 

1.1 Derive and use the formula for the area of a triangle and of a 
parallelogram by comparing each with the formula for the area 
of a rectangle (i.e., two of the same triangles make a parallelo­
gram with twice the area; a parallelogram is compared with a 
rectangle of the same area by cutting and pasting a right triangle 
on the parallelogram). 

2.1 

2.2 

Measure, identify, and draw angles, perpendicular and parallel 
lines, rectangles, and triangles by using appropriate tools 
(e.g., straightedge, ruler, compass, protractor, drawing software). 

Know that the sum of the angles of any triangle is 180° and the 
sum of the angles of any quadrilateral is 360° and use this 
information to solve problems. 

Students need to commit to memory the formulas for the area of a triangle, 
a parallelogram, and a rectangle and the volume of a rectangular solid. 

The statement that the sum of the angles of a triangle is 180° is one of the 
basic facts of plane geometry, but for students in grade five, convincing them of 
this fact through direct measurements is more important than giving a proof. 

Statistics, Data Analysis, and Probability 
The ability to graph functions is an essential fundamental skill, and there is no 

doubt that linear functions are the most important for applications of mathemat­
ics. As a result, the importance of these topics can hardly be overestimated. 
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Closely related to these standards are the following two standards from the 
Statistics, Data Analysis, and Probability strand: 

1.4	 

1.5	 

Identify ordered pairs of data from a graph and interpret the 
meaning of the data in terms of the situation depicted by the 
graph. 

Know how to write ordered pairs correctly; for example, (x, y). 

These standards indicate the ways in which the skills involved in the Algebra 
and Functions strand can be reinforced and applied. 

Considerations for Grade-Level Accomplishments 
in Grade Five 

At the beginning of grade five, students need to be assessed carefully on their 
knowledge of the core content taught in the lower grades, particularly in the 
following areas: 

–	 Knowledge and fluency of basic fact recall, including addition, subtraction, 
multiplication, and division facts (By this level, students should know all the 
basic facts and be able to recall them instantly.) 

–	 Mental addition—The ability to mentally add a single-digit number to a 
two-digit number 

–	 Rounding off numbers in the hundreds and thousands to the nearest ten, 
hundred, or thousand and rounding off two-place decimals to the nearest 
tenth 

– Place value—The ability to read and write numbers through the millions 

—Knowledge of measurement equivalencies, both customary and metric, for 
time, length, weight, and liquid capacity 

—Knowledge of prime numbers and the ability to determine prime factors of 
numbers up to 50 

–	 Ability to use algorithms to add and subtract whole numbers, multiply a 
two-digit number and a multidigit number, and divide a multidigit number 
by a single-digit number 

–	 Knowledge of customary and metric units and equivalencies for time,
 
length, weight, and capacity
 

All of the topics listed previously need to be taught over an extended period of 
time. A systematic program must be established to enable students to reach high 
rates of accuracy and fluency with these skills. 

Important mathematical skills and concepts for students in grade five to 
acquire are as follows: 

•	 Understanding long division. Long division requires the application of a 
number of component skills. Students must be able to round tens and 
hundreds numbers and work estimation problems, divide a two-digit number 
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Grade Five 

Students often 
become confused 
with operations 
with negative 
numbers because 
too much is 
introduced 
at once. 

into a two- or three-digit number mentally and with paper and pencil, and do 
the steps in the division algorithm. For grade five it suffices to concentrate on 
problems in which the estimations give the correct numbers in the quotient. 
This algorithm needs to be taught efficiently so that excessive amounts of 
instructional time are not required. 

•	 Adding and subtracting fractions with unlike denominators. See the 
instructional profile (Appendix A) on adding and subtracting fractions 
with unlike denominators. 

•	 Working with negative numbers. The standards call for students to add and 
subtract negative numbers. Students must be totally fluent with these two 
operations. Students often become confused with operations with negative 
numbers because too much is introduced at once, and they do not have the 
opportunity to master one type before another type is introduced. This 
material must be presented carefully. 

•	 Ordering fractions and decimal numbers. Students can use fraction equiva­
lence skills for comparing fractions and for converting fractions to decimals. 

75Students need to know that 3
4 = 100 = 0.75 = 75%. 

•	 Working with percents. To compute a given percent of a number, students 
can convert the percent to a decimal and then multiply. Students must know 
that 6% translates to 0.06 (percents under ten percent can be troublesome). 
Students should be assessed on their ability to multiply decimals by whole 
numbers before work begins on this type of problem. 
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Grade Six Areas of Emphasis 

By the end of grade six, students have mastered the four arithmetic operations 
with whole numbers, positive fractions, positive decimals, and positive and 
negative integers; they accurately compute and solve problems. They apply their 
knowledge to statistics and probability. Students understand the concepts of 
mean, median, and mode of data sets and how to calculate the range. They 
analyze data and sampling processes for possible bias and misleading conclusions; 
they use addition and multiplication of fractions routinely to calculate the 
probabilities for compound events. Students conceptually understand and work 
with ratios and proportions; they compute percentages (e.g., tax, tips, interest). 
Students know about π and the formulas for the circumference and area of a 
circle. They use letters for numbers in formulas involving geometric shapes and in 
ratios to represent an unknown part of an expression. They solve one-step linear 
equations. 

Number Sense 

2.1 2.2 

1.1 1.21.0 1.3 1.4 

2.0 2.3 2.4 

Algebra and Functions 
1.0 1.1 1.2 1.3 1.4 

2.0 2.1 2.2 2.3 

3.0 3.1 3.2 

Measurement and Geometry 
1.0 1.1 1.2 1.3 

2.0 2.1 2.2 2.3 

Statistics, Data Analysis, and Probability 
1.0 1.1 1.2 1.3 1.4 

2.0 2.1 2.2 2.3 2.4 2.5 

3.0 3.1 3.2 3.3 3.4 3.5 

Mathematical Reasoning 
1.0 1.1 1.2 1.3 

2.0 2.1 2.2 2.3 2.4 2.5 2.6 2.7 

3.0 3.1 3.2 3.3 
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Grade Six 

The ordering 
of fractions is 
best done 
through the 
use of the 
cross-multiplication 
algorithm. 

Key Standards and Elaboration
 

Number Sense 
Most of the standards in the Number Sense strand for the sixth grade are 

very important. These standards can be organized into four groups. The first is 
the comparison and ordering of positive and negative fractions (i.e., rational 
numbers), decimals, or mixed numbers and their placement on the number line: 

1.1 Compare and order positive and negative fractions, decimals, 
and mixed numbers and place them on a number line. 

The ordering of fractions is best done through the use of the cross-multiplication 
algorithm, which says b

a = d
c exactly when ad = bc, and b

a < d
c 

exactly when 
ad < bc. Students not only must be fluent in the use of this algorithm but also 
must understand why it is true. The reason for the latter goes back to the previous 
observation in the sections for grades four and five that any two fractions can be 
rewritten as two fractions with the same denominator. Thus b

a and d
c can be 

rewritten as ad and bc . The cross-multiplication algorithm now becomes bd bd 
obvious. 

Of particular importance is the students’ understanding of the positions of the 
negative numbers and the geometric effect on the numbers of the number line 
when a number is added or subtracted from them. 

The second group is represented by the next three standards, all of which refer 
to ratios and percents: 

1.2 

1.3 

Interpret and use ratios in different contexts (e.g., batting 
averages, miles per hour) to show the relative sizes of two 
quantities, using appropriate notations (a/b, a to b, a:b). 

Use proportions to solve problems (e.g., determine the value 
of N if 4

7 
= 

21 
N , find the length of a side of a polygon similar to 

a known polygon). Use cross-multiplication as a method for 
solving such problems, understanding it as the multiplication 
of both sides of an equation by a multiplicative inverse. 

1.4 Calculate given percentages of quantities and solve problems 
involving discounts at sales, interest earned, and tips. 

Although Standards 1.2 and 1.3 precede Standard 2.1, they need to be taught 
after students know all about Standard 2.1; that is, after they have learned about 
the multiplication and division of fractions. (An example of the need to follow 
this order is that Standard 1.3 explicitly uses the language of “multiplicative 
inverse”). Once students have learned these concepts, they can be taught the 
definition of a ratio as the division of one number by another; for example, the 
ratio of miles traveled to hours traveled (miles per hour), the ratio of the weights 
of two bags of potatoes, and so forth. While presenting Standard 1.4, the teacher 
must be sure to explain why the concept of percent is useful: it standardizes the 
comparison of magnitudes and, in most situations, facilitates computations. For 
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example, one can imagine the confusion that would arise if the sales tax of one 
17	 4

state is and that of another state is . Which state has a higher sales tax? 
200	 45 

By agreeing to express the tax as a percent, the two states would normalize their 
taxes to approximately 8.5% and 8.9%, respectively. Then one can tell at a glance 
that the second tax rate is higher. Of course, the expression in terms of percent 
makes the computation of sales tax relatively easy: an 8.5% tax on an article 
costing $25.50 is 25.50 × 0.085 = $2.17. 

The third group includes the remaining Number Sense standards, all of which 
relate to fractions: 

2.0	 Students calculate and solve problems involving addition,
 
subtraction, multiplication, and division.
 

Because of the slight ambiguity of the language in Standard 2.0, the teacher 
should clarify that this standard deals with the four arithmetic operations of positive 
fractions and with positive and negative integers. The arithmetic operations of all 
rational numbers, that is, positive and negative fractions, are left to grade seven. 

Since the addition and subtraction of fractions have been taught in grade five 
(Number Sense Standard 2.3), the main emphasis of sub-Standards 2.1 and 2.2 
is on the multiplication and division of positive fractions. A common mistake is 
to launch immediately into the formula a × c = ac without first giving meaningb d bd 

×to the product of fractions b
a 

d
c . One can define the fractions b

a ×
d
c  as the area 

of a rectangle with side lengths b
a and d

c (in which case the whole of which the 
product measures a part is the area of the unit square) or as the fraction which is a 
parts of d

c when d
c is divided into b equal parts. Both interpretations are useful in 

problem solving, and the relationship between the two should be clearly explained. 
From the explanation of grade five Standard 2.4 (Number Sense) in this 

chapter, the division of fractions is now straightforward: the expression 
a 
b = m 
c n 
d 

means the same thing as b
a = m

n ×
d
c . From grade four Standard 2.2 (Algebra and 

Functions), students know that the equation will hold if both sides are multiplied 
d m	 c dby d 

c ; and therefore, a × =  × × . The product of the last two fractions is 
m a d b c n d c 

just 1, so = × , and the invert-and-multiply rule for division of fractions is n b c 
shown to be valid. 

Standard 2.1 calls for solving problems that make use of multiplication and 
division of fractions. It is important that students know why the invert-and­
multiply rule is sufficient for these applications. 

It was mentioned in the section for grade five in this chapter that the concept 
of least common multiple plays a role in the teaching of fractions. The following 
standard makes this point explicit: 

2.4	 Determine the least common multiple and the greatest common 
divisor of whole numbers; use them to solve problems with 
fractions (e.g., to find a common denominator to add two 
fractions or to find the reduced form for a fraction). 
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Grade-Level 
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Grade Six 

For the first time, 
students are asked 
to be completely 
fluent with the 
arithmetic of 
negative integers. 

The use of the least common multiple (LCM) in fractions should be carefully 
qualified. On the one hand, a knowledge of LCM does lead to simplifications in 
some situations; for example, 

3 − 1 = (3 3) − (1 × 2) = 7 , 
× 

16 24 48 48 

in which the LCM of 16 and 24 is 48. Using the LCM is obviously simpler than 
using the denominator 16 × 24. On the other hand, finding the LCM of the 
denominators can be computationally intensive. For example, is it faster, when 
adding 2 + 3 , to determine the LCM of the denominators (which is 285) or 57 95 
simply to use their product as a common denominator? 

2 3 (2 95  ) + (3 × 57  ) 361 361× 
+  as 	 = = 

57 95 57 × 95 57 × 95 5415 

361 1 
Reducing the fraction 5415 to 15 may be more difficult than finding the LCM 

first and then reducing 19 to 1 . Therefore, the decision on whether to use the 
285 15 

LCM should be based on an estimate of which method is more straightforward 
and whether there is a need to generate a reduced form of the sum. 

The fourth group stands alone because it consists of only one standard: 

2.3	 Solve addition, subtraction, multiplication, and division problems, 
including those arising in concrete situations, that use positive 
and negative integers and combinations of these operations. 

For the first time, students are asked to be completely fluent with the 
arithmetic of negative integers. Students find this concept difficult because the 
reasons for some of the more basic rules seem obscure to them. The addition of 
positive integers may not be an issue, but if one of a and b is negative in a + b, 
then how should a student evaluate this sum? The most important thing to 
remember is that for any integer a, −a is the number satisfying a + (−a) = 0. 
Students can now see how to add two negative numbers: 

(−3) + (−5) = −(3 +  5), 

because the number [(−3) + (−5)] satisfies [(−3) + (−5)] + (3 +  5) = (−3) + 3 + 
(−5) + 5 = 0 + 0 = 0 (where the associative and commutative laws were 
employed), so that [(−3) + (−5)] + [3 +  5] = 0, which means [(−3) + (−5)] = 
−(3 + 5). In general, if a and b are positive integers, then 

(−a) + (−b) = −(a + b). 

This is because [(−a) + (−b)] + (a + b) = (−a) + a + (−b) + b = 0 + 0 = 0 
(where again the associative and commutative laws were used), so that 
[(−a) + (−b)] + (a + b) = 0, which then implies (−a) + (−b) = −(a + b). If a and b 
are positive integers and a < b, then a + (−b) can be computed in the following 
way: let c be a positive integer so that a + c = b, then 

a + (−b) = −c. 
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Here is why. It has just been shown that −b = −(a + c) = (−a) + (−c), and so 
a + (−b) = a + (−a) + (−c) = 0 + (−c) = −c, as claimed. In like manner, it can be 
shown that if a + c = b for positive integers a, b, c, then 

(−a) + b = c, 
because (−a) + b = (−a) + a + c = c. This explanation shows how to add any two 
integers. 

The multiplication of integers is discussed next. We first observe that 
(−3) × 5 = −(3 × 5). It is sufficient to show, by the usual reasoning, that 
[(−3) × 5] + [3 × 5] = 0. This is so because we make use of the distributive law 
and obtain [(−3) × 5] + [3 × 5] = [(−3) + 3] × 5 = 0 × 5 = 0. More generally, and 
by the same reasoning, if a and b are any two integers, then 

(−a) × b = −(a × b). 

It similarly follows that (−a) × (−b) = −(a × (−b)) = −(−(a × b)) = (−1 × −1) × 
(a × b). It remains to be shown that 

(−1) × (−1) = 1. 

It is enough to show that {(−1) × (−1)} + (−1) = 0 because a number that gives 
0 when added to (−1) must be 1. By the distributive law, {(−1) × (−1)} + (−1) = 
{(−1) × (−1)} + {(−1) × 1} = (−1) × {(−1) + 1} = (−1) × 0 = 0, which is to be 
proved. To sum up, (−a) × (−b) = (−1 × −1) × (a × b) = 1 × (a × b) = a × b. 

Algebra and Functions 
In the Algebra and Functions strand, the important standards are 1.1 and 2.2. 

The standard that follows is an expansion of the discussion of linear equations 
that was begun in the fifth grade: 

1.1	 Write and solve one-step linear equations in one variable. 

Students in the sixth grade should understand and be able to solve simple 
one-variable equations that are critically important for all applied areas of 
mathematics. At a more advanced grade level, students will be required to solve 
systems of linear equations. In grade six they should be able to justify each step 
in evaluating linear equations as cited in Standard 1.3 (Algebra and Functions). 
This skill is critical to the algebraic reasoning that is to follow and to the 
development of carefully applied logic at each step of the process. 

Standard 1.1 is closely related to the standards for ratio and percent in the 
Number Sense strand (Standards 1.2 and 1.4). 

2.2	 Demonstrate an understanding that rate is a measure of one 
quantity per unit value of another quantity. 

Standard 2.2 emphasizes the importance of understanding the meaning of the 
concepts of rate and ratio. Rate and ratio are merely different interpretations in 
different contexts of dividing one number by another. This standard is also closely 
related to the problems of rates, average speed, distance, and time that are intro­
duced in Standard 2.3. 
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Measurement and Geometry 
The following core standards are a part of the Measurement and Geometry 

strand: 

1.1 Understand the concept of a constant such as π; know the 
formulas for the circumference and area of a circle. 

2.2 Use the properties of complementary and supplementary 
angles and the sum of the angles of a triangle to solve problems 
involving an unknown angle. 

One can define π in many different ways. The recommendation here is to 
define it as the area of the unit circle rather than as the ratio of the circumference 
to diameter. The latter is built on two concepts relatively new to students, ratio 
and length of a curve (circumference), whereas the former uses only the concept 
of area. Moreover, the area of the unit circle can be approximated directly by 
the use of (good) grid papers, and students have a good chance of getting 
π = 3.14 ± 0.05. This demonstration would not only create a strong impression 
on students but also deepen their understanding of both the number π and the 
concept of area. 

Standard 1.3 is also important, and students should know that the volumes of 
three-dimensional figures can often be found by dividing and combining them 
into figures whose volumes are already known. 

Statistics, Data Analysis, and Probability 
The study of statistics is more important in the sixth grade than in the earlier 

grades. One of the major objectives of studying this topic in the sixth grade is 
to give students some tools to help them understand the uses and misuses of 
statistics. The core standards for Statistics, Data Analysis, and Probability that 
focus on these goals are: 

2.2 

2.3 

Identify different ways of selecting a sample (e.g., convenience 
sampling, responses to a survey, random sampling) and which 
method makes a sample more representative for a population. 

Analyze data displays and explain why the way in which the 
question was asked might have influenced the results obtained 
and why the way in which the results were displayed might have 
influenced the conclusions reached. 

2.4 

2.5 

Identify data that represent sampling errors and explain why the 
sample (and the display) might be biased. 

Identify claims based on statistical data and, in simple cases, 
evaluate the validity of the claims. 

For example, if a study of computer use is focused solely on students from 
Fresno, the class might try to determine how valid the conclusions might be for 



165 

the students in the entire state. Again, how valid would the conclusion of a study 
that interviewed 23 teachers from all over the state be for all the teachers in the 
state? These questions represent major applications of the type of precise and 
critical thinking that mathematics is supposed to facilitate in students. 

In the sixth grade, students are also expected to become familiar with some of 
the more sophisticated aspects of probability. They start with the following 
standard: 

3.1	 Represent all possible outcomes for compound events in an 
organized way (e.g., tables, grids, tree diagrams) and express 
the theoretical probability of each outcome. 

This strand is challenging but vitally important, not only for its use in statistics 
and probability but also as an illustration of the power of attacking problems 
systematically. 

The concepts in probability Standards 3.3 and 3.5 may be difficult for 
students to understand: 

3.3	 Represent probabilities as ratios, proportions, decimals between 
0 and 1, and percentages between 0 and 100 and verify that 
the probabilities computed are reasonable; know that if P is the 
probability of an event, 1-P is the probability of an event not 
occurring. 

3.5	 Understand the difference between independent and dependent 
events. 

The topics in both standards need to be carefully introduced, and the terms 
must be defined. Both the concept that probabilities are measures of the likeli­
hood that events might occur (numerical values for probabilities are usually 
expressed as numbers between 0 and 1) and the distinction between dependent 
and independent events are important for students to understand. If students 
can grasp the meaning of the terms, they can understand the basic points of 
these standards. This knowledge can help students reach accurate conclusions 
about statistical data. 

Considerations for Grade-Level Accomplishments 
in Grade Six 

At the beginning of grade six, students need to be assessed carefully on their 
knowledge of the core content taught in the early grades, which is described at 
the beginning of the section for grade five, and on the following content from 
grade five: 

–	 Increased fluency with the long-division algorithm 

–	 Conversion of percents, decimals, and fractions, including examples that 
represent a value over 1 (e.g., 2.75 = 2 34 = 275%) 

–	 Use of exponents to show the multiples of a single factor 
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–	 Addition, subtraction, multiplication, and division with decimal numbers 
and negative numbers 

–	 Addition of fractions with unlike denominators and multiplication and 
division of fractions 

All of these topics require teaching over an extended period of time. A system­
atic program must be established so that students can reach high rates of accuracy 
and fluency with these skills. 

All topics delineated in the grade six standards, and in particular the key 
strands, should be assessed regularly throughout the sixth grade. Once the skills 
have been taught and mastery demonstrated through assessment, teachers need 
to continue to review and maintain the students’ skills. Mental mathematics, 
warm-up activities, and additional questions on tests can be used to accomplish 
this task. 

Important mathematical skills and concepts for students in grade six to acquire 
are as follows: 

•	 The least common multiple and the greatest common divisor. Students can 
become confused by the concepts of the least common multiple (LCM) and 
the greatest common divisor (GCD). The least common multiple of two 
numbers includes examples in which one multiple is in fact the least common 
multiple (e.g., 2 and 8; the LCM is 8); the least common multiple is the 
product of the two numbers (e.g., 4 and 5; the LCM is 20); and the least 
common multiple is a number that fits into neither of the two first categories 
(6 and 8; the LCM is 24). The teaching sequence should include examples of 
all three types. Finding the LCM becomes much more difficult with large 
numbers (e.g., finding the LCM of 36 and 48). One way to determine the 
answers is with prime factors, 36 = 2 × 2 × 3 × 3 and 48 = 2 × 2 × 2 × 2 × 3. 
The LCM is 2 × 2 × 2 × 2 × 3 × 3, or 144. The process for finding the LCM 
can be confused with the process for finding the greatest common divisor 
(what is the GCD of 12 and 16?) because both deal with multiples of prime 
factors of numbers. Students should also be told that when a number is very 
large (e.g., 250 digits), finding its prime factorization is impractical, even 
with the help of the most powerful computers now available. There are other 
methods besides finding their prime factorization to determine the GCD 
and LCM. 

•	 Discounts, interest, and tips. Within this realm are problems that range from 
simple one-step problems to more complex multistep problems. Programs 
must be organized so that easier problems are introduced first, followed by 
a thorough teaching of significantly more difficult problems. An example of 
a simple discount problem is, A dress cost 50 dollars. There is a 10 percent 
discount. How many dollars will the discount be? This problem is solved by 
performing the calculation for 10 percent of 50. If the problem asks, How 
much will the dress cost with the discount? the students would have to subtract 
the discount from the original price. A much more complex problem would 
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be, The sale price of a dress is 40 dollars. The discount was 20 percent. What was 
the original cost of the dress? The problem might be solved through several 
procedures, all of which would involve the application of many more skills 
than those called for in the first problem. To work the third problem, the 
student has to know that the original price equates with 100 percent and the 
sales price is 80 percent of the original price. One way of solving the problem 
is for the student to write the equation 0.80 N = 40, with N representing the 

40original price. Thus N = 0 80  = 50. This way of solving the problem focuses . 
on the increased emphasis on the use of variables in the Algebra and Functions 
strand. The computation skills needed to solve for N obviously need to be 
taught before this type of problem is introduced. 

The treatment of interest at this grade is meant to deal with simple interest in 
one accrual period. It is not intended to extend to compound interest over 
several accrual periods in which the time is expressed as an exponent, as is the 
case for the normal computation formula for compound interest. 

•	 Multiplication and division of fractions. Students should learn why and how 
fractions are multiplied and divided. Students must understand why the 
second fraction in a division problem is inverted, if that process is used. 
Students need to know when to use multiplication or division in application 
problems. For example, There are 24 students in our class. Two-thirds of them 
passed the test. How many students passed the test? is solved through multiplying; 
while the problem, A piece of cloth that is 12 inches long is going to be cut into 
strips that are 2

3  of an inch long. How many strips can be made? is solved 
through division. Structured systematic teaching must be done to help 
students determine which procedure to use in solving different problems. 
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By the end of grade seven, students are adept at manipulating numbers and 
equations and understand the general principles at work. Students understand 
and use factoring of numerators and denominators and properties of exponents. 
They know the Pythagorean theorem and solve problems in which they compute 
the length of an unknown side. Students know how to compute the surface area 
and volume of basic three-dimensional objects and understand how area and 
volume change with a change in scale. Students make conversions between 
different units of measurement. They know and use different representations 
of fractional numbers (fractions, decimals, and percents) and are proficient at 
changing from one to another. They increase their facility with ratio and 
proportion, compute percents of increase and decrease, and compute simple 
and compound interest. They graph linear functions and understand the idea 
of slope and its relation to ratio. 

Number Sense 
1.0 1.1 1.2 1.3 1.4 1.5 1.6 1.7 

2.0 2.1 2.2  2.3 2.4 2.5 

Algebra and Functions 
1.0 1.1 1.2 1.3 1.4 1.5 

2.0 2.1 2.2 

3.0 3.1 3.2 3.3 3.4 

4.0 4.1 4.2 

Measurement and Geometry 
1.0 1.1 1.2 1.3 

2.0 2.1 2.2 2.3 2.4 

3.0 3.1 3.2 3.3 3.4 3.5 3.6 

Statistics, Data Analysis, and Probability 
1.0 1.1 1.2 1.3 

Mathematical Reasoning 
1.0 1.1 1.2 1.3 

2.0 2.1 2.2 2.3 2.4 2.5 2.6 2.7 2.8 

3.0 3.1 3.2 3.3 
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Key Standards and Elaboration
 

Number Sense 
The first basic standard for the Number Sense strand is: 

1.2	 Add, subtract, multiply, and divide rational numbers (integers, 
fractions, and terminating decimals) and take positive rational 
numbers to whole-number powers. 

At this point the students should understand arithmetic involving rational 
numbers. Negative fractions are formally introduced and studied for the first 
time. Students should know the difference between rational and irrational 
numbers (Standard 1.4) and be aware that numbers such as the square root 
of two are not rational. Here, teachers should take care not to misinform the 
students. For example, some textbooks assert that the square root of 2 is not a 
rational number and then “prove” that assertion by producing a calculator-
generated representation of 2 to perhaps 15 decimal places and state that the 
decimal is not repeating. That is unacceptable. It is better to use the facts in the 
standard (Standard 1.5) to construct an explicit nonrepeating decimal: 

1.5	 Know that every rational number is either a terminating or a 
repeating decimal and be able to convert terminating decimals 
into reduced fractions. 

One can construct a nonrepeating decimal, for example, by putting zeros in all 
the places past the decimal point except for putting ones in (1) the first, second, 
fourth, and eighth places and, generally, the places marked by each power of 2: 

0.110100010000000100000000000000010000 . . . ; 

or perhaps (2) the first, third, sixth, tenth, and generally, the places marked by 
n n + 1) :( 


2 


0.101001000100001000001000000100 . . . . 

In this way students will see how to construct vast quantities of irrational 
numbers. At this point it might be possible to challenge the advanced students by 
showing them that a specific number (such as 2  ) is, in fact, irrational. They 
then can learn that while there are vast quantities of both rational and irrational 
numbers, it is often very difficult to show that specific numbers are in one set or 
the other. But this sophisticated material should not be emphasized for the class 
as a whole. In particular, at this stage it is probably not wise to attempt any kind 
of a proof of the facts in Standard 1.5. The students can be told that this basic 
awareness of irrationality is sufficiently important to be discussed at this point 
even though its justification will have to be deferred until they take a more 
advanced course. 

By now the students should have enough skill with factoring integers so that 
they can use factoring to find the smallest common multiple of two whole 
numbers (Standard 2.2). Teachers should emphasize, once again, that the correct 

Chapter 3 
Grade-Level 

Considerations 

Grade Seven 

Negative fractions 
are formally 

introduced and 
studied for the 

first time. 



170 

Chapter 3 
Grade-Level 
Considerations 

Grade Seven 

Computing 
interest is a skill 
that can mean the 
difference between 
students managing 
their money and 
other resources 
well or not at all. 

formula for the sum of two fractions is 

 a   c  (ad + bc )= 
 b  

+
 d  bd 

and that the usual algorithm using factoring to find the smallest common 
denominator is but a refinement of this formula. (See the discussion of Number 
Sense Standard 2.2 for the fifth grade.) For the purpose of finding smallest 
common denominators, students should become more familiar with the basic 
exponent rules (Standard 2.3), which will have direct applications in the main 
seventh grade application of compound interest. 

The last topic in the first standard of the Number Sense strand (Standard 1.7) 
is also one of the high points of the entire strand: 

1.7	 Solve problems that involve discounts, markups, commissions, 
and profit and compute simple and compound interest. 

This is a major topic, which should come toward the end of the year and 
should be a major highlight of the kindergarten through grade seven mathemati­
cal experience. It provides one of the most important applications of mathematics 
in students’ everyday life, a skill that can mean the difference between students 
managing their money and other resources well or not at all. Mastery of this 
standard requires a good grasp of the concept of percent, the laws of exponents, 
and the distributive law. 

Standard 2.5, the last standard in the Number Sense strand, on absolute value 
should receive some emphasis. This topic is usually slighted in middle schools and 
high schools; however, students should acquire some facility with this concept as 
early as possible. The students need to understand that the correct way to express 
the statement “two numbers x and y are close to each other” is “|x–y| is small.” 
The concept of two numbers being “close” was introduced in grade four in 
connection with rounding off (see “Elaboration” in grade four). 

Algebra and Functions 
Familiarity with the distributive law, the associative law, and the commutative 

rule for addition and multiplication of whole numbers has been mentioned at 
several points previously in the Algebra and Functions standards in grades five 
and six. For these standards in grade seven, the concepts are taken a step further 
with the following: 

1.3	 Simplify numerical expressions by applying the properties of 
rational numbers (e.g., identity, inverse, distributive, associative, 
commutative) and justify the process used. 

This is a critical step because it shows the power of abstract thinking in helping 
to make sense of complex situations and to derive the basic properties of rational 
numbers. 
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One of the most basic topics in applications of mathematics is systems of linear 
equations. A clear understanding of even something as simple as systems of two 
linear equations in two unknowns is crucial to understanding more advanced 
topics, such as calculus and analysis. The first major steps are taken toward this 
goal when the study of a single linear equation is initiated in these four standards: 

3.3	 Graph linear functions, noting that the vertical change (change 
in y-value) per unit of horizontal change (change in x-value) is 
always the same and know that the ratio (“rise over run”) is 
called the slope of a graph. 

3.4	 Plot the values of quantities whose ratios are always the same 
(e.g., cost to the number of an item, feet to inches, circumfer­
ence to diameter of a circle). Fit a line to the plot and understand 
that the slope of the line equals the ratio of the quantities. 

4.1	 Solve two-step linear equations and inequalities in one variable 
over the rational numbers, interpret the solution or solutions in 
the context from which they arose, and verify the reasonable­
ness of the results. 

4.2	 Solve multistep problems involving rate, average speed,
 
distance, and time or a direct variation.
 

Again, the connection of the second standard with the Measurement and 
Geometry Standard 1.3 should be noted. These topics provide excellent problems 
to test the students’ understanding of the techniques for solving linear equations. 

Students at this stage of algebraic development should be able to understand 
a clarification of the somewhat subtle concepts of ratio and direct proportion 
(sometimes called direct variation). The “ratio between two quantities” is nothing 
more or less than a particular interpretation of “one quantity divided by another 
in the sense of numbers.” Of course, thus far students know only how to divide 
rational numbers. The teacher should tell the students that the division between 
irrational numbers will also be explained to them in more advanced courses; 
therefore, this definition of ratio will still apply. Direct variation can be explained 
in terms of linear functions: “A varies directly with B” means that “for a fixed 
constant c, A = cB.” Teachers and textbooks commonly try to “explain” the 
meanings of both terms in abstruse language, resulting in confusion among 
students and even teachers. No explanation is necessary: ratio and direct variation 
are mathematical terms, and they should be clearly defined once the students 
have been taught the necessary facts and techniques. 
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Measurement and Geometry 
The first major emphasis in the Measurement and Geometry strand is for the 

students to develop an increased sense of spatial relations. This topic is reflected 
in these two standards: 

3.4	 Demonstrate an understanding of conditions that indicate two 
geometrical figures are congruent and what congruence means 
about the relationships between the sides and angles of the 
two figures. 

3.6	 Identify elements of three-dimensional geometric objects
 
(e.g., diagonals of rectangular solids) and describe how two
 
or more objects are related in space (e.g., skew lines, the
 
possible ways three planes might intersect).
 

A critical part of understanding this material is that the students know the 
general definition of congruence—two figures are congruent if a succession of 
reflections, rotations, and translations will make one coincide with the other— 
and understand that properties of congruent figures, such as angles, edge lengths, 
areas, and volumes, are equal. The concepts of reflections, rotations, and transla­
tions in the plane can be made more accessible by tracing identical geometric 
figures on two transparencies and then allowing one to move against the other. 

The next basic step is contained in the following standard: 

3.3	 Know and understand the Pythagorean theorem and its 
converse and use it to find the length of the missing side of a 
right triangle and the lengths of other line segments and, in 
some situations, empirically verify the Pythagorean theorem 
by direct measurement. 

The Pythagorean theorem is probably the first true theorem that the students 
will have seen. It should be emphasized that students are not expected to prove 
this result. But the better students should be able to understand the proof given 
by cutting, in two different ways, a square with the edges of length a + b (where 
a and b are the lengths of the legs of the right triangle). However, everyone is 
expected to understand what the theorem and its converse mean and how to use 
both. The applications can include understanding the formula that the square 
root of x 2 + y 2 is the length of the line segment from the origin to the point (x, y) 
in the plane and that the shortest distance from a point to a line not containing 
the point is the length of the line segment from the point perpendicular to the 
line. 

Although the following topics are not as basic as the preceding ones, they 
should also be covered carefully. Seventh grade students should memorize the 
formulas for the volumes of cylinders and prisms (Standard 2.1). Students at this 
point should understand the discussion that began in the sixth grade concerning 
the volume of “generalized cylinders.” More precisely, they should think of a right 
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circular cylinder as the solid traced by a circular disc as this disc moves up a line 
segment L perpendicular to the disc itself. More generally, the disc is replaced 
with a planar region of any shape, and the line segment L is no longer required to 
be perpendicular to the planar region. Then, as the planar region moves up along 
L, always parallel to itself, it traces out a solid called a generalized cylinder. 
The formula for the volume of such a solid is still (height of the generalized 
cylinder) × (area of the planar region). Height now refers to the vertical distance 
between the top and bottom of the generalized cylinder. 

The final topic to be emphasized in seventh grade Measurement and Geometry 
is as follows: 

1.3	 Use measures expressed as rates (e.g., speed, density) and 
measures expressed as products (e.g., person-days) to solve 
problems; check the units of the solutions; and use dimensional 
analysis to check the reasonableness of the answer. 

This standard interacts well with the demands of the algebra standards, 
particularly in solving linear equations. Typically, the main difficulty in 
understanding problems of this kind is keeping the definitions and the physical 
significance of the various measures straight; therefore, care should be taken to 
emphasize the meanings of the terms in the various problems. 

Statistics, Data Analysis, and Probability 
The most important of the three seventh grade standards in Statistics, 

Data Analysis, and Probability is this: 

1.3	 Understand the meaning of, and be able to compute, the 
minimum, the lower quartile, the median, the upper quartile, 
and the maximum of a data set. 

These are useful measures that students need to know well. Care should be 
taken to ensure that all students know the definitions, and many examples should 
be given to illustrate them. 

Chapter 3 
Grade-Level 

Considerations 

Grade Seven 



174 

Chapter 3 
Grade-Level 
Considerations 

However 
mathematics 
courses are 
organized, all 
academic standards 
for achievement 
must be the same. 

Preface to Grades Eight 
Through Twelve 

The standards for grades eight through twelve are organized differently 
from those for kindergarten through grade seven. (A complete descrip­
tion of this organization is provided on page 78, “Introduction to Grades 

Eight Through Twelve.”) In grades eight through twelve, the mathematics studied 
is organized according to disciplines such as algebra and geometry. Local educa­
tional agencies may choose to teach high school mathematics in a traditional sequence 
of courses (Algebra I, geometry, Algebra II, and so forth) or in an integrated fashion in 
which some content from each discipline is taught each year. 

However mathematics courses are organized, the core content of these subjects 
must be covered by the end of the sequences of courses, and all academic stan­
dards for achievement must be the same. The core content and the areas of 
emphasis are delineated in the discussions of the individual disciplines presented 
in this section. 

What follows in this preface is a discussion of key standards and discipline-
level emphases for Algebra I, geometry, Algebra II, and probability and statistics. 
These same disciplines will be tested under the statewide Standardized Testing 
and Reporting (STAR) program, which will offer both traditional discipline-
based versions and integrated versions of its test. The following section describes 
standards for the academic content by discipline, along with the areas of emphasis 
in each discipline; it is not an endorsement of a particular choice of structure for 
courses or a particular method of teaching the mathematical content. The addi­
tional advanced subjects of mathematics covered in the standards (linear algebra, 
advanced placement probability and statistics, and calculus) are not discussed in 
this section because many of these advanced subjects are not taught in every 
middle school or high school. Schools and districts may combine the subject 
matter of these various disciplines. Many combinations of these subjects are 
possible, and this framework does not prescribe a single instructional approach. 

By the eighth grade, students’ mathematical sensitivity should be sharpened. 
Students should start perceiving logical subtleties and appreciating the need for 
sound mathematical arguments before making conclusions. As students progress 
in the study of mathematics, they learn to understand the meaning of logical 
implication; test general assertions; realize that one counterexample is enough to 
show that a general assertion is false; conceptually understand that the truth of a 
general assertion in a few cases does not allow the conclusion that it is true in all 
cases; distinguish between something being proven and a mere plausibility 
argument; and identify logical errors in chains of reasoning. 
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From kindergarten through grade seven, these standards have impressed on the 
students the importance of logical reasoning in mathematics. Starting with grade 
eight, students should be ready for the basic message that logical reasoning is the 
underpinning of all mathematics. In other words, every assertion can be justified 
by logical deductions from previously known facts. Students should begin to 
learn to prove every statement they make. Every textbook or mathematics lesson 
should try to convey this message and to convey it well. 

Mathematical Proofs 
A misapprehension in mathematics education is that proofs occur only in 

Euclidean geometry and that elsewhere one merely learns to solve problems and do 
computations. Problem solving and symbolic computations are nothing more than 
different manifestations of mathematical proofs. To illustrate this point, the 
following discussion shows how the usual computations leading to the solution 
of a simple linear equation are nothing but the steps of a well-disguised proof 
of a theorem. 

Consider the problem of solving this equation: 

x − 1 (3x − 1) = 2x − 5
4
 

Multiply both sides by 4 to get:
 

4x − (3x − 1) = 8x − 20 

Then simplify the left side to get: 

x + 1 = 8x − 20 

Transposing x from left to right yields: 

1 = 7x − 20 

One more transposition, and a division, gives the result x = 3. 

This would seem to be an entirely mechanical procedure that involves no proof 
because both the hypothesis and conclusion are hidden. 

Closer examination reveals that what is really being stated is a mathematical 
theorem: 

A number x satisfies x − 1
4 (3x − 1) = 2x − 5 

when and only when x = 3. 

That x = 3 satisfies the equation is easy to see. The less trivial part of the 
preceding theorem is the assertion that if a number x satisfies x − 1

4 (3x − 1) = 
2x − 5, then x is necessarily equal to 3. A proof of this fact is presented next in a 
two-column format: 

1. x − 4 
1 (3x − 1) =  2x − 5 1. Hypothesis 

2. 4(x − 1 (3x − 1)) = 4(2x − 5) 2. a = b implies ca = cb for all
 
4
 numbers a, b, c. 

3. 4x − 4( 14 (3x − 1)) =  4(2x) − 20 3. Distributive law 
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4. 4x − (4 ⋅ 1
4 )(3x − 1) = (4 ⋅ 2)x − 20 4. Associative law for multiplication 

5. 4x − (3x − 1) = 8x − 20 5. 1 ⋅ a = a for all numbers a. 

6. 4x + (−3x + 1) = 8x − 20 6. −(a − b) = (−a + b) for all numbers 
a, b. 

7. (4x + (−3x)) + 1 = 8x − 20 7. Associative law for addition 

8.	 x + 1 = 8x − 20 8. 4x + (−3x) = (4 + (−3))x, by the
 
distributive law.
 

9. −x + (x + 1) = −x + (8x − 20) 9. Equals added to equals are equal. 

10. (−x + x) + 1 = (−x + 8x) − 20 10. Associative law for addition 
0 + 1 = 1. 

11. 1 = 7x − 20 11. −x + 8x = (−1 + 8)x, by the 
distributive law. 

12. 1 + 20 = (7x − 20) + 20 12. Equals added to equals are equal. 

13. 21 = 7x + [(−20) + 20] 13. Associative law for addition 

14. 21 = 7x 14. −a + a =  0 for all a; b + 0 = b 
for all b. 

15. 3 = x 15. Multiply (14) by 1 
7 and apply the 

associative law and multiplicative 
inverse to 1 (7x).7 

16. x = 3.	 16. a = b implies that b = a Q.E.D. 

The purpose of giving this proof is by no means to suggest that, in school 
mathematics, linear equations should ever be solved in this tedious fashion. 
Rather, the intention is to show that even certain standard procedures that 
students tend to take for granted are nevertheless mathematical proofs in disguise. 
Furthermore, without the realization that such a mathematical proof is lurking 
behind the well-known formalism of solving linear equations, an author of an 
algebra textbook or a teacher in a classroom would most likely emphasize the 
wrong points in the presentation of beginning algebra. 

The preceding proof clearly exposes the need for generality in the presentation 
of the associative laws and distributive law. In these standards these laws are 
taught starting with grade two, but it is probably difficult to convince students 
that such seemingly obvious statements deserve discussion. For example, if one 
has to believe that 3(5 + 11) = 3 ⋅ 5 + 3 ⋅ 11, all one has to do is to expand both 
sides: clearly, 3 ⋅ 16 = 15 + 33 because both sides are equal to 48. However, one 
look at the deduction of step 3 from step 2 in the preceding mathematical 
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demonstration would make it clear that the hands-on approach to the distributive 
law is useless in this situation. Begin with the right-hand side of the equation: 

4(2x − 5) = 4(2x) − 4 ⋅ 5. 

Here x is an arbitrary number, so we are not saying that 

4(2 ⋅ 17 − 5) = 4(2 ⋅ 17) − 4 ⋅ 5 

or that 

4(2 ⋅ 172 − 5) =  4(2 ⋅ 172) − 4 ⋅ 5. 

Were that the case, the equality could again have been verified by expanding both 
expressions. Rather, the assertion is that, although we do not know what number x 
is, nevertheless it is true that 4(2x − 5) = 4(2x) − 4 ⋅ 5. There is no alternative 
except to justify this general statement by using a general rule: the distributive 
law. The same comment applies to the other applications of the associative laws 
and the distributive law in the preceding proof. 

It must be recognized that some proofs may not be accessible until the later 
grades, such as the reason for the formula of the circumference of a circle, 
C = 2πr. Nevertheless, every technique taught in mathematics is nothing but 
proofs in disguise. The validity of this statement can be revealed by considering 
a special case, such as this word problem for grade eight: 

Jan had a bag of marbles. She gave one-half to James and then one-third 
of the marbles still in the bag to Pat. She then had 6 marbles left. How 
many marbles were in the bag to start with? (TIMSS, gr. 7–8, N-16) 

The solution to the problem follows: 

Suppose Jan had n marbles to start with. If she gave one-half to James, then 
she had n 

2  marbles left. According to the problem, she then gave one-third 
of what was left to Pat (i.e., she gave ( 13 ) ⋅ ( 

1
2 )n to Pat). Thus she gave 

( 6
1 )n marbles to Pat, and what she had left was ( 1 

2 )n − ( 6
1 )n = ( 3

1 )n. But the 
problem states that Jan had “6 marbles left.” So ( 1 )n = 6, and n = 18. 

3 
Therefore, Jan had 18 marbles to begin with. 

The next step is to analyze in what sense the preceding solution masks a proof. 
First, the usual solution as presented previously can be broken into two distinct 
steps: 

1. Setting up the equation: If n is the number of marbles Jan had to begin with, 
then the given data imply:
 

(n − ( 12 )n) − ( 1
3 

)(n − ( 12 )n) = 6.
 

2. Solving the equation: This step requires the proof of the following theorem: 

n satisfies the equation ( 1 )n − ( 1 )( 1 )n = 6 when and only when n = 18.2 3 2 

Step 1 and step 2 exemplify the two components of mathematics in grades 
eight through twelve: teaching the skills needed to transcribe sometimes untidy 
raw data into mathematical terms and teaching the skills needed to draw precise 
logical conclusions from clearly stated hypotheses. Neither can be slighted. 
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proofs are the 
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of mathematics. 

Misconceptions in Mathematics Problems 
It should be pointed out, however, that the built-in uncertainty and indetermi­

nacy of step 1—which can lead to the setting up of several distinct equations and 
hence several distinct solutions—has led to the view of mathematics as an impre­
cise discipline in which a problem may have more than one correct answer. This 
lack of understanding of the sharp distinction between step 1 and step 2 has had the 
deleterious effect of downgrading the importance of obtaining a single correct 
answer and jettisoning the inherent precision of mathematics. As a result the rigor 
and precision needed for step 2 have been vigorously questioned. Such a 
misconception of mathematics would never have materialized had the process 
of transcription been better understood. This level of rigor and precision is 
embedded in the standards and is essential so that all students can develop 
mathematically to the level required in the Mathematics Content Standards. 

The following is an extreme example of the kind of misconception discussed 
earlier: 

The 20 percent of California families with the lowest annual earnings 
pay an average of 14.1 percent in state and local taxes, and the middle 
20 percent pay only 8.8 percent. What does that difference mean? 
Do you think it is fair? What additional questions do you have? 

Any attempt to solve this problem would require a missing definition in 
mathematical terms of how to decide what is “fair,” and consideration of much 
unspecified information about taxes and society. Since it is impossible to tran­
scribe the problem as stated into mathematics, step 1 (setting up the equation) 
cannot be carried out, and so there can be no step 2 (solving the equation). This 
example is therefore not a mathematical problem. Hence, the fact that it has 
no single correct answer can in no way lend credence to the assertion that 
mathematics is uncertain or imprecise. 

The preceding discussion explains that mathematical proofs are the underpin­
ning of all of mathematics. Beginning with grade eight, students must deepen 
their understanding of the essential foundations for reasoning provided by 
mathematical proofs. It would be counterproductive to force every student to 
write a two-column proof at every turn, and it would be equally foolish to require 
all mathematics instructional materials to be as pedantic about giving such details 
as the two-column proof shown earlier in this preface. Nevertheless, the message 
that proofs underlie everything being taught should be clear in the instructional 
material and mathematical lessons taught in grades eight through twelve. In 
particular, all instructional materials—not just those for geometry, but especially 
those for algebra and trigonometry—should carefully present proofs of math­
ematical assertions when the situation calls for them. For example, an algebra 
textbook which asserts that a polynomial p(x) satisfying p(a) = 0 for some number 
a must contain x − a as a factor, but which does not offer a detailed proof beyond 
a few concrete examples for corroboration, is not presenting material compatible 
with the standards. 
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Algebra I 

In algebra, students learn to reason symbolically, and the complexity and 
types of equations and problems that they are able to solve increase dramati­
cally as a consequence. The key content for the first course, Algebra I, 

involves understanding, writing, solving, and graphing linear and quadratic 
equations, including systems of two linear equations in two unknowns. Quadratic 
equations may be solved by factoring, completing the square, or applying the 
quadratic formula. Students should also become comfortable with operations on 
monomial and polynomial expressions. They learn to solve problems employing 
all of these techniques, and they extend their mathematical reasoning in many 
important ways, including justifying steps in an algebraic procedure and checking 
algebraic arguments for validity. 

Transition from Arithmetic to Algebra 
Perhaps the fundamental difficulty for many students making the transition 

from arithmetic to algebra is their failure to recognize that the symbol x stands for 
a number. For example, the equation 3(2x − 5) + 4(x − 2) = 12 simply means 
that a certain number x has the property that when the arithmetic operations 
3(2x − 5) + 4(x − 2) are performed on it as indicated, the result is 12. The 
problem is to find that number (solution). Teachers can emphasize this point by 
having students perform a series of arithmetic computations (using pen and 
paper) starting with x = 1, x = 2, x = 3, x = 4, and so forth, thereby getting 
−13, −3, 7, 17, and so forth. These computations show that none of 1, 2, 3, 4 
can be that solution. Going from x = 3 to x = 4, the value of the expression 
changes from 7 to 17; therefore, it is natural to guess that the solution would be 
between 3 and 4. More experimentation eventually gives 3.5 as the solution. 

Working backwards, since 3(2(3.5) − 5) + 4((3.5) − 2) = 12, one can apply the 
distributive law and commutative and associative laws to unwind the expression, 
intentionally not multiplying out 2(3.5), 4(3.5), and so forth, to get: 

12 + 3 5 ( )  .( )  + 2 4 
3 5  =. 

3 2  + 4( )  

But this is exactly the principle of solving the equation 3(2x −  5) + 4(x − 2) = 
12 for the number x: 

12 + 3 5 ( )  ( )  + 2 4 
x = . 

3 2( )  + 4
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One can bring closure to such a lesson by stressing the similarity between the 
handling of the algebraic equation and the earlier simple arithmetic operations. 

Basic Skills for Algebra I 
The first basic skills that must be learned in Algebra I are those that relate to 

understanding linear equations and solving systems of linear equations. In Algebra 
I the students are expected to solve only two linear equations in two unknowns, 
but this is a basic skill. The following six standards explain what is required: 

4.0 

5.0 

6.0 

Students simplify expressions before solving linear equations and 
inequalities in one variable, such as 3(2x − 5) + 4(x − 2) = 12. 

Students solve multistep problems, including word problems, 
involving linear equations and linear inequalities in one variable 
and provide justification for each step. 

Students graph a linear equation and compute the x- and y-
intercepts (e.g., graph 2x + 6y = 4). They are also able to sketch 
the region defined by linear inequalities (e.g., they sketch the 
region defined by 2x + 6y < 4). 

7.0 

9.0 

Students verify that a point lies on a line, given an equation of 
the line. Students are able to derive linear equations by using 
the point-slope formula. 

Students solve a system of two linear equations in two variables 
algebraically and are able to interpret the answer graphically. 
Students are able to solve a system of two linear inequalities in 
two variables and to sketch the solution sets. 

15.0 Students apply algebraic techniques to solve rate problems, 
work problems, and percent mixture problems. 

Each of these standards can be a source of difficulty for students, but they all 
reflect basic skills that must be understood so that students can advance to the 
next level in their understanding of mathematics. Moreover, modern applications 
of mathematics rely on solving systems of linear equations more than on any other 
single technique that students will learn in kindergarten through grade twelve 
mathematics. Consequently, it is essential that they learn these skills well. 

Point-Slope Formula 
Perhaps the most perplexing difficulty that students have is with Standard 7.0. 

It often seems very hard for them to understand this point. But it is one of the 
most critical skills in this section. In particular, the following idea must be clearly 
understood before the students can progress further: A point lies on a line given 
by, for example, the equation y = 7x + 3 if and only if the coordinates of that point 
(a, b) satisfy the equation when x is replaced with a and y with b. One way of 
explaining this idea is to emphasize that the graph of the equation y = 7x + 3 is 
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precisely the set of points (a, b) for which replacing x by a and y by b gives a true 
statement. (For example, (3, 2) is not on the graph because replacing x with 3 and 
y with 2 gives the statement 2 = 23, which is not true.) Thus, the graph consists 
of all points of the form (a, 7a +  3). It also follows from these considerations 
that the root r of the linear polynomial 7x + 3 is the x-intercept of the graph 
of y = 7x + 3 because (r, 0) is on the graph. 

An additional comment about Standard 7.0 is that, although it singles out the 
point-slope formula, it is understood that students also have to know how to 
write the equation of a line when two of its points are given. However, the fact 
that the slope of a line is the same regardless of which pair of points on the line 
are used for its definition depends on the considerations of similar triangles. 
(This fact is first mentioned in Algebra and Functions Standard 3.3 for grade 
seven.) This small gap in the logical development should be made clear to 
students, with the added assurance that they will learn the concept in geometry. 
The same comment applies also to the fact that two nonvertical lines are 
perpendicular if and only if the product of their slopes is −1 (Standard 8.0). 

Quadratic Equations 
The next basic topic is the development of an understanding of the structure 

of quadratic equations. Here, one repeats the considerations involved in linear 
equations, such as graphing and understanding what it means for a point (x, y) to 
be on the graph. In particular, the graphical interpretation of finding the zeros of 
a quadratic equation by identifying the x-intercepts with the graph is very impor­
tant and, as was the case with linear equations, is also a source of serious diffi­
culty. Equally important is the recognition that if a, b are the roots of a quadratic 
polynomial, then up to a multiplicative constant, it is equal to (x − a)(x − b). 

When the discriminant of a quadratic polynomial is negative, the quadratic 
formula yields no information at this point because students have not yet been 
introduced to complex numbers. This deficiency will be remedied in Algebra II. 
The following standards show which skills students in a first-year algebra course 
need for solving quadratic equations. Among these, Standards 14.0 and 19.0 on 
the use of completing the square to prove the quadratic formula are basic. 

14.0 

19.0 

20.0 

21.0 

23.0 

Students solve a quadratic equation by factoring or completing 
the square. 

Students know the quadratic formula and are familiar with its 
proof by completing the square. 

Students use the quadratic formula to find the roots of a 
second-degree polynomial and to solve quadratic equations. 

Students graph quadratic functions and know that their roots 
are the x-intercepts. 

Students apply quadratic equations to physical problems, such 
as the motion of an object under the force of gravity. 
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Additional Comments 
Students should be carefully guided through the solving of word problems 

by using symbolic notations. Many students may be so overwhelmed by the 
symbolic notation that they start to manipulate symbols carelessly, and word 
problems become incomprehensible. Teachers and publishers need to be sensitive 
to this difficulty. In addition to Standard 15.0, cited previously, the other relevant 
standards for solving word problems using symbolic notations are: 

10.0 

13.0 

Students add, subtract, multiply and divide monomials and 
polynomials. Students solve multistep problems, including 
word problems, by using these techniques. 

Students add, subtract, multiply, and divide rational expressions 
and functions. Students solve both computationally and 
conceptually challenging problems by using these techniques. 

Among the word problems of this level, those involving direct and inverse 
proportions occupy a prominent place. These concepts, which are often mired 
in the language of “proportional thinking,” need clarification. A quantity P is said 
to be proportional to another quantity Q if the quotient 

Q
P  is a fixed constant k. 

This k is then called the constant of proportionality. Students should be made 
aware that this is a mathematical definition, and there is no need to look for 
linguistic subtleties concerning the phrase “to be proportional to.” Similarly, P is 
said to be inversely proportional to Q if the product PQ is equal to a fixed nonzero 
constant h. 

In Standard 13.0 the emphasis should be on formal rational expressions in a 
number x instead of on rational functions. Many of these formal techniques will 
become increasingly important in Algebra II and trigonometry. The rules of 
exponents, for example, are fundamental to an understanding of the exponential 
and logarithmic functions. Many students fail to cope with the latter topics 
because their understanding of the rules of (fractional) exponents is weak. The 
skills in the following standards need to be emphasized in a first-year algebra 
course: 

2.0	 Students understand and use such operations as taking the 
opposite, finding the reciprocal, taking a root, and raising 
to a fractional power. They understand and use the rules of 
exponents. 

12.0	 Students simplify fractions with polynomials in the numerator 
and denominator by factoring both and reducing them to the 
lowest terms. 

The gist of Standards 16.0 through 18.0 is to introduce students to a precise 
concept of functions in the language of ordered pairs. Introducing this concept 
needs to be done gently because students at this stage of their mathematical 
development may not be ready for this level of abstraction. However, during a 
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first-year algebra course is the stage at which students should see and use the 
functional notation f(x) for the first time. 

In Standard 24.0 students begin to learn simple logical arguments in algebra. 
They can be taught the proof that square roots of prime numbers are never 
rational, thereby solidifying to a certain extent their understanding of rational 
and irrational numbers (grade seven, Number Sense Standard 1.4). In Standard 
3.0 students are taught to solve equations and inequalities involving absolute 
values, but it is not necessary to introduce the interval notation [a, b], (a, b), 
[a, b), and so forth at this point. However, they should be introduced to the set 
notation {a, b, c, . . .} and {x:x satisfies property P } and to the empty set φ in, 
for example, Standard 17.0. Finally, students should become familiar with the 
terminology “solution set” of Standard 9.0—meaning the set of all solutions. 
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Geometry 

The main purpose of the geometry curriculum is to develop geometric 
skills and concepts and the ability to construct formal logical arguments 
and proofs in a geometric setting. Although the curriculum is weighted 

heavily in favor of plane (synthetic) Euclidean geometry, there is room for placing 
special emphasis on coordinated geometry and its transformations. 

The first standards introduce students to the basic nature of logical reasoning in 
mathematics: 

1.0 

3.0 

Students demonstrate understanding by identifying and giving 
examples of undefined terms, axioms, theorems, and inductive 
and deductive reasoning. 

Students construct and judge the validity of a logical argument 
and give counterexamples to disprove a statement. 

Starting with undefined terms and axioms, students learn to establish the 
validity of other assertions through logical deductions; that is, they learn to prove 
theorems. This is their first encounter with an axiomatic system, and experience 
shows that they do not easily adjust to the demand of total precision needed for 
the task. In general, it is important to impress on students from the beginning that 
the main point of a proof is the mathematical correctness of the argument, not the 
literary polish of the writing or the adherence to a particular proof format. 

Inductive Reasoning 
Standard 1.0 also calls for an understanding of inductive reasoning. Students 

are expected to recognize that inductive reasoning by itself does not prove any­
thing in mathematics, but that it fosters the kind of intuition that is indispensable 
for finding proofs. To this end students should be encouraged to draw many 
pictures to develop a geometric sense and to amass a wealth of geometric data in 
the process. Many students—including high-achieving ones—complete a course 
in geometry with so little geometric intuition that, given three noncollinear 
points, they cannot even begin to visualize what the circumcircle of these points 
must be like. One way to develop this geometric sense is to have the students 
become familiar with the basic straightedge-compass constructions, as illustrated 
in the following standard: 

16.0 Students perform basic constructions with a straightedge and 
compass, such as angle bisectors, perpendicular bisectors, and 
the line parallel to a given line through a point off the line. 
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It would be desirable to introduce students to these constructions early in the 
course and leave the proofs of their validity to the appropriate place of the logical 
development later. 

Geometric Proofs 
The subject then turns to geometric proofs in earnest. The foundational results 

of plane geometry are embodied in the following standards: 

2.0 

4.0 

7.0 

12.0 

21.0 

Students write geometric proofs, including proofs by 
contradiction. 

Students prove basic theorems involving congruence and 
similarity. 

Students prove and use theorems involving the properties of 
parallel lines cut by a transversal, the properties of quadrilater­
als, and the properties of circles. 

Students find and use measures of sides and of interior and 
exterior angles of triangles and polygons to classify figures 
and solve problems. 

Students prove and solve problems regarding relationships 
among chords, secants, tangents, inscribed angles, and 
inscribed and circumscribed polygons of circles. 

It has become customary in high school geometry textbooks to start with 
axioms that incorporate real numbers. Although doing geometric proofs with real 
numbers runs counter to the spirit of Euclid, this approach is a good mathemati­
cal compromise in the context of school mathematics. However, the parallel 
postulate occupies a special place in geometry and should be clearly stated in the 
traditional form: Through a point not on a given line L, there is exactly one line 
parallel to L. Because this postulate played a fundamental role in the development 
of mathematics up to the nineteenth century, the significance of the postulate 
should be discussed. And because there always exists at least one parallel line 
through a point to a given line, the import of this postulate lies in the uniqueness 
of the parallel line. A discussion of this postulate provides a natural context to 
show students the key concept of uniqueness in mathematics—a concept that 
experience indicates students usually find difficult. 

One should soft-pedal the early theorems that are the immediate deductions 
from the axioms, regardless of which axiomatic system is used. These deceptively 
simple theorems are in fact conceptually difficult and pedagogically deadly. It is 
better to proceed to the proofs of more advanced, and therefore more substantive, 
theorems. (See Appendix C, “Resource for Secondary School Teachers: Circum­
center, Orthocenter, and Centroid.”) It is also recommended that the topics of 
circles and similarity be taught as early as possible. Once those topics have been 
presented, the course enters a new phase not only because of the interesting 
theorems that can now be proved but also because the concept of similarity 
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expands the applications of algebra to geometry. These applications might include 
determining one side of a regular decagon on the unit circle through the use of the 
quadratic formula as well as the applications of geometry to practical problems. 

It is often not realized that theorems for circles can be introduced very early in a 
geometry course. For instance, the remarkable theorem that inscribed angles on a 
circle which intercept equal arcs must be equal can in fact be presented within 
three weeks after the introduction of axioms. All it takes is to prove the following 
two theorems: 

1. Base angles of isosceles triangles are equal. 
2. The exterior angle of a triangle equals the sum of opposite interior angles. 

At this point it is necessary to deal with one of the controversies in mathematics 
education concerning the format of proofs. It has been argued that the traditional 
two-column format is stultifying for students and that the format for proofs in the 
mathematics literature is always paragraph proofs. While the latter observation is 
true, teachers should be aware that a large part of the reason for using paragraph 
proofs is the expense of typesetting more elaborate formats, not that paragraph 
proofs are intrinsically better or clearer. In fact, neither of these claims of superi­
ority for paragraph proofs is actually valid. Furthermore, it appears that for 
beginners to learn the precision of argument needed, the two-column format is 
best. After the students have shown a mastery of the basic logical skills, it would 
be appropriate to relax the requirements on form. But the teacher should never relax 
the requirement that all arguments presented by the students be precise and correct. 

Pythagorean Theorem 
One of the high points of elementary mathematics, in fact of all of mathemat­

ics, is the Pythagorean theorem: 

14.0 Students prove the Pythagorean theorem. 

This theorem can be proved initially by using similar triangles formed by the 
altitude on the hypotenuse of a right triangle. Once the concept of area is intro­
duced (Standard 8.0), students can prove the Pythagorean theorem in at least two 
more ways by using the familiar picture of four congruent right triangles with legs 
a and b nestled inside a square of side a + b. 

8.0 

10.0 

Students know, derive, and solve problems involving the perim­
eter, circumference, area, volume, lateral area, and surface area 
of common geometric figures. 

Students compute areas of polygons, including rectangles, 
scalene triangles, equilateral triangles, rhombi, parallelograms, 
and trapezoids. 

For rectilinear figures in the plane, the concept of area is simple because every­
thing reduces to a union of triangles. However, the course must deal with circles, 
and here limits must be used and the number π defined. The concept of limit can 
be employed intuitively without proofs. If the area or length of a circle is defined 
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as the limit of approximating, inscribing, or circumscribing regular polygons, 
then π is either the area of a disk of unit radius or the ratio of circumference to 
diameter, and heuristic arguments (see the glossary) for the equivalence of these 
two definitions would be given. 

The concept of volume, in contrast with that of area, is not simple even for 
polyhedra and should be touched on only lightly and intuitively. However, the 
formulas for volumes and surface areas of prisms, pyramids, cylinders, cones, and 
spheres (Standard 9.0) should be memorized. 

An important aspect of teaching three-dimensional geometry is to cultivate 
students’ spatial intuition. Most students find spatial visualization difficult, which 
is all the more reason to make the teaching of this topic a high priority. 

The basic mensuration formulas for area and volume are among the main 
applications of geometry. However, the Pythagorean theorem and the concept of 
similarity give rise to even more applications through the introduction of trigono­
metric functions. The basic trigonometric functions in the following standards 
should be presented in a geometry course: 

18.0 Students know the definitions of the basic trigonometric func­
tions defined by the angles of a right triangle. They also know 
and are able to use elementary relationships between them. 
For example, tan(x) = sin(x)/cos(x), (sin(x))2 + (cos(x))2 = 1. 

19.0 Students use trigonometric functions to solve for an unknown 
length of a side of a right triangle, given an angle and a length 
of a side. 

Finally, the Pythagorean theorem leads naturally to the introduction of rectan­
gular coordinates and coordinate geometry in general. A significant portion of the 
curriculum can be devoted to the teaching of topics embodied in the next two 
standards: 

17.0 

22.0 

Students prove theorems by using coordinate geometry, 
including the midpoint of a line segment, the distance formula, 
and various forms of equations of lines and circles. 

Students know the effect of rigid motions on figures in the 
coordinate plane and space, including rotations, translations, 
and reflections. 

The Connection Between Algebra and Geometry 
These standards lead students to the next level of sophistication: an algebraic 

and transformation-oriented approach to geometry. Students begin to see how 
algebraic concepts add a new dimension to the understanding of geometry and, 
conversely, how geometry gives substance to algebra. Thus straight lines are no 
longer merely simple geometric objects; they are also the graphs of linear equa­
tions. Conversely, solving simultaneous linear equations now becomes finding 
the point of intersection of straight lines. Another example is the interpretation 
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of the geometric concept of congruence in the Euclidean plane as a correspon­
dence under an isometry of the coordinate plane. Concrete examples of 
isometries are studied: rotations, reflections, and translations. It is strongly 
suggested that the discussion be rounded off with at least the precise statement 
of the structure theorem: Every isometry of the coordinate plane is a translation 
or the composition of a translation and a rotation or the composition of a 
translation, a rotation, and a reflection. 

Special attention should be given to the fact that a gap in Algebra I must be filled 
here. Standards 7.0 and 8.0 of Algebra I assert that: 

1. The graph of a linear equation is a straight line. 
2. Two straight lines are perpendicular if and only if their slopes have a product 

of −1.
 

These facts should now be proved.
 

Additional Comments and Cautionary Notes 
This section provides further comments and cautions in presenting the mate­

rial in geometry courses. 
Introduction to proofs. An important point to make to students concerning 

proofs is that while the written proofs presented in class should serve as models 
for exposition, they should in no way be a model of how proofs are discovered. The 
perfection of the finished product can easily mislead students into thinking that 
they must likewise arrive at their proofs with the same apparent ease. Teachers 
need to make clear to their students that the actual thought process is usually full 
of false starts and that there are many zigzags between promising leads and dead 
ends. Only trial and error can lead to a correct proof. 

This awareness of the nature of solving mathematical problems might lead to a 
deemphasis of the rigid requirements on the writing of two-column proofs in 
some classrooms. 

Students’ perceptions of proofs. The first part of the course sets the tone for 
students’ perceptions of proofs. With this in mind, it is advisable to discuss, 
mostly without proofs, those first consequences of the axioms that are needed for 
later work. A few proofs should be given for illustrative purposes; for example, the 
equality of vertical angles or the equality of the base angles of an isosceles triangle 
and its converse. There are two reasons for the recommendation to begin with 
only a few proofs. The foremost is that a complete logical development is neither 
possible nor desirable. This has to do with the intrinsic complexity of the struc­
ture of Euclidean geometry (see Greenberg 1993, 1–146). A second reason is the 
usual misconception that such elementary proofs are easy for beginners. Working 
on the level of axioms is actually more difficult for beginners than working with 
the theorems that come a little later in the logical development. This difficulty 
occurs because, on the one hand, working with axioms requires a heavy reliance 
on formal logic without recourse to intuition—in fact often in spite of one’s 
intuition. On the other hand, working on the level of axioms does not usually 
have a clear direction or goal, and it is difficult to convince students to learn 
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something without a clearly stated goal. If one so desires, students can always be 
made to go back to prove the elementary theorems after they have already devel­
oped a firm grasp of proof techniques. 

Structured work with proofs. Students’ first attempts at proofs need to be 
structured with care. At the beginning of the development of this skill, instead of 
asking students to do many trivial proofs after showing them the proofs of two or 
three easy theorems, it might be a good strategy to proceed as follows: 

1. As early as possible, the students might be shown a generous number of proofs 
of substantive theorems so that they can gain an understanding of what a proof 
is before they write any proofs themselves. 

2. As a prelude to constructing proofs themselves, the students might provide 
reasons for some of the steps in the sample (substantive) proofs instead of 
constructing extremely easy proofs on their own. 

3. After an extended exposure to nontrivial proofs, students might be asked to 
give proofs of simple corollaries of substantive theorems. 

The reason for steps 2 and 3 is to make students, from the beginning, associate 
proofs with real mathematics rather than perform a formal ritual. This goal can 
be accomplished with the use of local axiomatics; that is, if the proof of a theorem 
makes use of facts not previously proved, let these facts be stated clearly before the 
proof. These facts need not be previously proven but should ideally be sufficiently 
plausible even without a proof. Extensive use of local axiomatics would make 
possible, sufficiently early in the course, the presentation of interesting but 
perhaps advanced theorems. In Appendix C the ideas in steps 2 and 3 are put to use 
to demonstrate how they might work. 

Development of geometric intuition. The following geometric constructions are 
recommended to develop students’ geometric intuition. (In this context construc­
tion means “construction with straightedge and compass.”) It is understood that 
all of them will be proved at some time during the course of study. The construc­
tions that students should be able to do are: 

•	 Bisecting an angle 
•	 Constructing the perpendicular bisector of a line segment 
•	 Constructing the perpendicular to a line from a point on the line and from 

a point not on the line 
•	 Duplicating a given angle 
•	 Constructing the parallel to a line through a point not on the line 
•	 Constructing the circumcircle of a triangle 
•	 Dividing a line segment into n equal parts 
•	 Constructing the tangent to a circle from a point on the circle 
•	 Constructing the tangents to a circle from a point not on the circle 
•	 Locating the center of a given circle 
•	 Constructing a regular n-gon on a given circle for n = 3, 4, 5, 6 

Use of technology. This is the place to add a word about the use of technology. 
The availability of good computer software makes the accurate drawing of 
geometric figures far easier. Such software can enhance the experience of making 
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the drawings in the constructions described previously. In addition, the ease 
of making accurate drawings encourages the formulation and exploration of 
geometric conjectures. For example, it is now easy to convince oneself that the 
intersections of adjacent angle trisectors of the angles of a triangle are most likely 
the vertices of an equilateral triangle (Morley’s theorem). If students do have 
access to such software, the potential for a more intense mathematical encounter 
is certainly there. In encouraging students to use the technology, however, one 
should not lose sight of the fact that the excellent visual evidence thus provided 
must never be taken as a replacement for understanding. For example, software 
may give the following heuristic evidence for why the sum of the angles of a 
triangle is 180°. When any three points on the screen are clicked, a triangle with 
these three points as vertices appears. When each angle is clicked again, three 
numbers will appear that give the angle measurement of each angle. When these 
numbers are added, 180° will be the answer. Furthermore, no matter the shape 
of the triangle, the result will always be the same. 

While such exercises may boost one’s belief in the validity of the theorem 
about the sum of the angles, it must be recognized that these angle measurements 
have added nothing to one’s understanding of why this theorem is true. Further­
more, if one really wants to have a hands-on experience with angle measurements 
in order to check the validity of this theorem, the best way is to do it painstak­
ingly by hand on paper. Morley’s theorem, mentioned earlier, is another 
illustration of the same principle: evidence cannot replace proofs. The computer 
program would not reveal the reason the three points are always the vertices 
of an equilateral triangle. 

Introduction to the coordinate plane. Students should know that the coordi­
nate plane provides a concrete example that satisfies all the axioms of Euclidean 
geometry if the lines are defined as the graphs of linear equations ax + by = c, 
with at least one of a and b not equal to zero. Lines a1 x + b1 y = c1 and 
a2 x + b2 y = c2 are defined as parallel if (a

1
, b

1
) is proportional to (a2, b2), but 

(a1, b1, c1) is not proportional to (a2, b2, c2). The verification of the axioms is 
straightforward. 
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Algebra II 

Algebra II expands on the mathematical content of Algebra I and geom­
etry. There is no single unifying theme. Instead, many new concepts and 
techniques are introduced that will be basic to more advanced courses in 

mathematics and the sciences and useful in the workplace. In general terms the 
emphasis is on abstract thinking skills, the function concept, and the algebraic 
solution of problems in various content areas. 

Absolute Value and Inequalities 
The study of absolute value and inequalities is extended to include simulta­

neous linear systems; it paves the way for linear programming—the maximization 
or minimization of linear functions over regions defined by linear inequalities. 
The relevant standards are: 

1.0 

2.0 

Students solve equations and inequalities involving absolute 
value. 

Students solve systems of linear equations and inequalities 
(in two or three variables) by substitution, with graphs, or 
with matrices. 

The concept of Gaussian elimination should be introduced for 2 × 2 matrices 
and simple 3 × 3 ones. The emphasis is on concreteness rather than on generality. 
Concrete applications of simultaneous linear equations and linear programming 
to problems in daily life should be brought out, but there is no need to emphasize 
linear programming at this stage. While it would be inadvisable to advocate the 
use of graphing calculators all the time, such calculators are helpful for graphing 
regions in connection with linear programming once the students are past the 
initial stage of learning. 

Complex Numbers 
At this point of students’ mathematical development, knowledge of complex 

numbers is indispensable: 

5.0 

6.0 

Students demonstrate knowledge of how real and complex 
numbers are related both arithmetically and graphically. In 
particular, they can plot complex numbers as points in the plane. 

Students add, subtract, multiply, and divide complex numbers. 

Chapter 3 
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From the beginning it is important to stress the geometric aspect of complex 
numbers; for example, the addition of two complex numbers can be shown in 
terms of a parallelogram. And the key difference between real and complex 
numbers should be pointed out: The complex numbers cannot be linearly 
ordered in the same way as real numbers are (the real line). 

Polynomials and Rational Expressions 
The next general technique is the formal algebra of polynomials and rational 

expressions: 

3.0 

4.0 

7.0 

Students are adept at operations on polynomials, including long 
division. 

Students factor polynomials representing the difference of 
squares, perfect square trinomials, and the sum and difference 
of two cubes. 

Students add, subtract, multiply, divide, reduce, and evaluate 
rational expressions with monomial and polynomial denomina­
tors and simplify complicated rational expressions, including 
those with negative exponents in the denominator. 

The importance of formal algebra is sometimes misunderstood. The argument 
against it is that it has insufficient real-world relevance and it leads easily to an 
overemphasis on mechanical drills. There seems also to be an argument for 
placing the study of exponential function ahead of polynomials in school math­
ematics because exponential functions appear in many real-world situations 
(compound interest, for example). There is a need to affirm the primacy of 
polynomials in high school mathematics and the importance of formal algebra. 
The potential for abuse in Standard 3.0 is all too obvious, but such abuse would 
be realized only if the important ideas implicit in it are not brought out. These 
ideas all center on the abstraction and hence on the generality of the formal 
algebraic operations on polynomials. Thus the division algorithm (long division) 
leads to the understanding of the roots and factorization of polynomials. The 
factor theorem, which states that (x−a) divides a polynomial p(x) if and only if 
p(a) = 0, should be proved; and students should know the proof. The rational 
root theorem could be proved too, but only if there is enough time to explain it 
carefully; otherwise, many students would be misled into thinking that all the 
roots of a polynomial with integer coefficients are determined by the divisibility 
properties of the first and last coefficients. 

It would be natural to first prove the division algorithm and the factor theorem 
for polynomials with real coefficients. But it would be vitally important to revisit 
both and to point out that the same proofs work, verbatim, for polynomials with 
complex coefficients. This procedure not only provides a good exercise on complex 
numbers but also nicely illustrates the built-in generality of formal algebra. 

Two remarks about Standard 7.0 are relevant: (1) a rational expression should 
be treated formally, and its function-theoretic aspects (the domain of definition, 
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for example) need not be emphasized at this juncture; and (2) fractional expo­
nents of polynomials and rational expressions should be carefully discussed here. 

Quadratic Functions 
The first high point of the course is the study of quadratic (polynomial) 

functions: 

8.0	 Students solve and graph quadratic equations by factoring, 
completing the square, or using the quadratic formula. Students 
apply these techniques in solving word problems. They also 
solve quadratic equations in the complex number system. 

9.0	 Students demonstrate and explain the effect that changing a 
coefficient has on the graph of quadratic functions; that is, 
students can determine how the graph of a parabola changes 
as a, b, and c vary in the equation y = a(x−b)2 + c. 

10.0	 Students graph quadratic functions and determine the maxima, 
mimima, and zeros of the function. 

What distinguishes Standard 8.0 from the same topic in Algebra I is the 
newly acquired generality of the quadratic formula: It now solves all equations 
ax2 + bx + c = 0 with real a, b, and c regardless of whether or not b2 − 4ac < 0, 
and it does so even when a, b, and c are complex numbers. Again it should be 
stressed that the purely formal derivation of the quadratic formula makes it valid 
for any object a, b, and c as long as the usual arithmetic operations on numbers 
can be applied to them. In particular, it makes no difference whether the numbers 
are real or complex. This premise illustrates the built-in generality of formal 
algebra. Students need to know every aspect of the proof of the quadratic for­
mula. They should also be made aware (1) that with the availability of complex 
numbers, any quadratic polynomial ax2 + bx + c = 0 with real or complex 
a, b, and c can be factored into a product of two linear polynomials with complex 
coefficients; (2) that c is the product of the roots and −b is their sum; and 
(3) that if a, b, and c are real and the roots are complex, then the roots are a 
conjugate pair. 

Standard 9.0 brings the study of quadratic polynomials to a new level by 
regarding them as a function. This new point of view leads to the exact location 
of the maximum, minimum, and zeros of this function by use of the quadratic 
formula (or, more precisely, by completing the square) without recourse to 
calculus. The practical applications of these results are as important as the theory. 

Another application of completing the square is given in Standard 17.0, 
through which students learn, among other things, how to bring a quadratic 
polynomial in x and y without an xy term to standard form and recognize 
whether it represents an ellipse or a hyperbola. 
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Logarithms 
A second high point of Algebra II is the introduction of two of the basic 

functions in all of mathematics: ex and log x. 

11.0	 Students prove simple laws of logarithms. 

11.1	 Students understand the inverse relationship between 
exponents and logarithms and use this relationship to 
solve problems involving logarithms and exponents. 

11.2	 Students judge the validity of an argument according 
to whether the properties of real numbers, exponents, 
and logarithms have been applied correctly at each step. 

12.0	 

15.0	 

Students know the laws of fractional exponents, understand
 
exponential functions, and use these functions in problems
 
involving exponential growth and decay.
 

Students determine whether a specific algebraic statement
 
involving rational expressions, radical expressions, or
 
logarithmic or exponential functions is sometimes true,
 
always true, or never true.
 

The theory should be done carefully, and students are responsible for the 
proofs of the laws of exponents for am where m is a rational number and of the 
basic properties of log

a
x : log

a
 (x

1 
x

2
) = log

a
x

1 
+ log

a
x

2
, log

a
 ( 1 

x ) = −log
a

x, and 
log

a 
x r = r log

a
x, where r is a rational number (Standard 15.0). The functional 

relationships log
a
 (ax) = x and alog(t) = t, where a is the base of the log function in 

the second equation, should be taught without a detailed discussion of inverse 
functions in general, as students are probably not ready for it yet. Practical 
applications of this topic to growth and decay problems are legion. 

Arithmetic and Geometric Series 
A third high point of Algebra II is the study of arithmetic and geometric series: 

23.0	 Students derive the summation formulas for arithmetic series 
and for both finite and infinite geometric series. 

The geometric series, finite and infinite, is of great importance in mathematics 
and the sciences, physical and social. Students should be able to recognize this 
series under all its guises and compute its sum with ease. In particular, they should 
know by heart the basic identity that underlies the theory of geometric series: 

xn − yn = (x − y)(xn–1+ xn–2 y + ⋅ ⋅ ⋅ + xyn–2 + yn–1). 

This identity gives another example of the utility of formal algebra, and the 
identity is used in many other places as well (the differentiation of monomials, 
for example). It should be mentioned that while it is tempting to discuss the 
arithmetic and geometric series using the sigma notation 

n 

∑ , 
i =1 
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it would be advisable to resist this temptation so that the students are not 
overburdened. 

Binomial Theorem 
Students should learn the binomial theorem and how to use it: 

20.0 

18.0 

19.0 

Students know the binomial theorem and use it to expand 
binomial expressions that are raised to positive integer powers. 

Students use fundamental counting principles to compute 
combinations and permutations. 

Students use combinations and permutations to compute 
probabilities. 

In this context the applications almost come automatically with the theory. 
Finally, Standards 16.0 (geometry of conic sections), 24.0 (composition of 

functions and inverse functions), and 25.0 may be taken up if time permits. 
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Trigonometry 

Trigonometry uses the techniques that students have previously learned 
from the study of algebra and geometry. The trigonometric functions 
studied are defined geometrically rather than in terms of algebraic 

equations, but one of the goals of this course is to acquaint students with a more 
algebraic viewpoint toward these functions. 

Students should have a clear understanding that the definition of the trigono­
metric functions is made possible by the notion of similarity between triangles. 

A basic difficulty confronting students is one of superabundance: There are six 
trigonometric functions and seemingly an infinite number of identities relating to 
them. The situation is actually very simple, however. Sine and cosine are by far 
the most important of the six functions. Students must be thoroughly familiar 
with their basic properties, including their graphs and the fact that they give the 
coordinates of every point on the unit circle (Standard 2.0). Moreover, three 
identities stand out above all others: sin2 x +  cos2 x = 1 and the addition formulas 
of sine and cosine: 

3.0 Students know the identity cos2(x) + sin2(x) = 1: 

3.1. Students prove that this identity is equivalent to the 
Pythagorean theorem (i.e., students can prove this identity 
by using the Pythagorean theorem and, conversely, they 
can prove the Pythagorean theorem as a consequence 
of this identity). 

3.2. Students prove other trigonometric identities and simplify 
others by using the identity cos2(x) + sin2(x) = 1. 
For example, students use this identity to prove that 
sec2(x) = tan2(x) + 1. 

10.0	 Students demonstrate an understanding of the addition 
formulas for sines and cosines and their proofs and can use 
those formulas to prove and/or simplify other trigonometric 
identities. 

Students should know the proofs of these addition formulas. An acceptable 
approach is to use the fact that the distance between two points on the unit circle 
depends only on the angle between them. Thus, suppose that angles a and b 
satisfy 0 < a < b, and let A and B be points on the unit circle making angles 
a and b with the positive x-axis. Then A = (cos a, sin a), B = (cos b, sin b), 
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and the distance d(A, B) from A to B satisfies the equation: 

d(A, B)2 = (cos b − cos a)2 + (sin b − sin a)2. 

On the other hand, the angle from A to B is (b − a), so that the distance from 
the point C = (cos(b − a), sin(b − a)) to (1, 0) is also d(A, B) because the angle 
from C to (1, 0) is (b − a) as well. Thus: 

d(A, B)2 = (cos(b − a) − 1)2 + sin2(b − a). 

Equating the two gives the formula: 

cos(b − a) = cos a cos b + sin a sin b. 

From this formula both the sine and cosine addition formulas follow easily. 
Students should also know the special cases of these addition formulas in the 

form of half-angle and double-angle formulas of sine and cosine (Standard 11.0). 
These are important in advanced courses, such as calculus. Moreover, the addi­
tion formulas make possible the rewriting of trigonometric sums of the form 
A sin(x) + B cos(x) as C sin(x + D) for suitably chosen constants C and D, thereby 
showing that such a sum is basically a displaced sine function. This fact should be 
made known to students because it is important in the study of wave motions in 
physics and engineering. 

Students should have a moderate amount of practice in deriving trigonometric 
identities, but identity proving is no longer a central topic. 

Of the remaining four trigonometric functions, students should make a special 
effort to get to know tangent, its domain of definition ( − π 

2 , π 
2 ), and its graph 

(Standard 5.0). The tangent function naturally arises because of the standard: 

7.0	 Students know that the tangent of the angle that a line makes 
with the x-axis is equal to the slope of the line. 

Because trigonometric functions arose historically from computational needs 
in astronomy, their practical applications should be stressed (Standard 19.0). 
Among the most important are: 

Students know the law of sines and the law of cosines 
and apply those laws to solve problems. 

Students determine the area of a triangle, given one angle 
and the two adjacent sides. 

13.0 

14.0 

These formulas have innumerable practical consequences. 
Complex numbers can be expressed in polar forms with the help of trigono­

metric functions (Standard 17.0). The geometric interpretations of the multipli­
cation and division of complex numbers in terms of the angle and modulus 
should be emphasized, especially for complex numbers on the unit circle. 
Mention should be made of the connection between the nth roots of 1 and the 
vertices of a regular n-gon inscribed in the unit circle: 

18.0	 Students know DeMoivre’s theorem and can give nth roots 
of a complex number given in polar form. 
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Mathematical Analysis 

This discipline combines many of the trigonometric, geometric, and 
algebraic techniques needed to prepare students for the study of calculus 
and other advanced courses. It also brings a measure of closure to some 

topics first brought up in earlier courses, such as Algebra II. The functional 
viewpoint is emphasized in this course. 

Mathematical Induction 
The eight standards are fairly self-explanatory. However, some comments on 

four of them may be of value. The first is mathematical induction: 

3.0	 Students can give proofs of various formulas by using the
 
technique of mathematical induction.
 

This basic technique was barely hinted at in Algebra II; but at this level, to 
understand why the technique works, students should be able to use the tech­
nique fluently and to learn enough about the natural numbers. They should also 
see examples of why the step to get the induction started and the induction step 
itself are both necessary. Among the applications of the technique, students 
should be able to prove by induction the binomial theorem and the formulas for 
the sum of squares and cubes of the first n integers. 

Roots of Polynomials 
Roots of polynomials were not studied in depth in Algebra II, and the key 

theorem about them was not mentioned: 

4.0	 Students know the statement of, and can apply, the fundamental 
theorem of algebra. 

This theorem should not be proved here because the most natural proof 
requires mathematical techniques well beyond this level. However, there are 
“elementary” proofs that can be made accessible to some of the students. In a 
sense this theorem justifies the introduction of complex numbers. An application 
that should be mentioned and proved on the basis of the fundamental theorem of 
algebra is that for polynomials with real coefficients, complex roots come in 
conjugate pairs. Consequently, all polynomials with real coefficients can be 
written as the product of real quadratic polynomials. The quadratic formula 
should be reviewed from the standpoint of this theorem. 
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Conic Sections 
The third area is conic sections (see Standard 5.0). Students learn not only the 

geometry of conic sections in detail (e.g., major and minor axes, asymptotes, and 
foci) but also the equivalence of the algebraic and geometric definitions (the latter 
refers to the definitions of the ellipse and hyperbola in terms of distances to the 
foci and the definition of the parabola in terms of distances to the focus and 
directrix). A knowledge of conic sections is important not only in mathematics 
but also in classical physics. 

Limits 
Finally, students are introduced to limits: 

8.0	 Students are familiar with the notion of the limit of a sequence 
and the limit of a function as the independent variable 
approaches a number or infinity. They determine whether 
certain sequences converge or diverge. 

This standard is an introduction to calculus. The discussion should be intuitive 
and buttressed by much numerical data. The calculator is useful in helping 
students explore convergence and divergence and guess the limit of sequences. 
If desired, the precise definition of limit can be carefully explained; and students 
may even be made to memorize it, but it should not be emphasized. For example, 
students can be taught to prove why for linear functions f x  , lim f x  = f a for( )

x a 	  
( )  ( )

→ 
any a, but it is more likely a ritual of manipulating ε’s and δ’s in a special situation 
than a real understanding of the concept. The time can probably be better spent 
on other proofs (e.g., mathematical induction). 
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Mastery of this 
academic content 
will provide students 
with a solid 
foundation in 
probability and 
facility in processing 
statistical information. 

Probability and Statistics 

This discipline is an introduction to the study of probability, interpreta­
tion of data, and fundamental statistical problem solving. Mastery of this 
academic content will provide students with a solid foundation in 

probability and facility in processing statistical information. 
Some of the topics addressed review material found in the standards for the 

earlier grades and reflect that this content should not disappear from the curricu­
lum. These topics include the material with respect to the common concepts of 
mean, median, and mode and to the various display methods in common use, 
as stated in these standards: 

6.0 

8.0 

Students know the definitions of the mean, median, and mode 
of a distribution of data and can compute each in particular 
situations. 

Students organize and describe distributions of data by using 
a number of different methods, including frequency tables, 
histograms, standard line and bar graphs, stem-and-leaf 
displays, scatterplots, and box-and-whisker plots. 

In the early grades students also receive an introduction to probability at a 
basic level. The next topic will expand on this base so that students can find 
probabilities for multiple discrete events in various combinations and sequences. 
The standards in Algebra II related to permutations and combinations and 
the fundamental counting principles are also reflective of the content in these 
standards: 

1.0 Students know the definition of the notion of independent events 
and can use the rules for addition, multiplication, and comple­
mentation to solve for probabilities of particular events in finite 
sample spaces. 

2.0 

3.0 

Students know the definition of conditional probability and use it 
to solve for probabilities in finite sample spaces. 

Students demonstrate an understanding of the notion of discrete 
random variables by using them to solve for the probabilities of 
outcomes, such as the probability of the occurrence of five 
heads in 14 coin tosses. 
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The most substantial new material in this discipline is found in Standard 4.0: 

4.0 Students are familiar with the standard distributions (normal, 
binomial, and exponential) and can use them to solve for events 
in problems in which the distribution belongs to those families. 

Instruction typically flows from the counting principles for discrete binomial 
variables to the rules for elaborating probabilities in binomial distributions. The 
fact that these probabilities are simply the terms in a binomial expansion provides 
a strong link to Algebra II and the binomial theorem. From this base, basic 
probability topics can be expanded into the treatment of these standard distribu­
tions. In the binomial case students should now be able to define the probability 
for a range of possible outcomes for a set of events based on a single-event prob­
ability and thus to develop better understanding of probability and density 
functions. 

The normal distribution, which is the limiting form of a binomial distribution, 
is typically introduced next. Students are not to be expected to integrate this 
distribution, but they can answer probability questions based on it by referring 
to tabled values. Students need to know that the mean and the standard deviation 
are parameters for this distribution. Therefore, it is important to understand 
variance, based on averaged squared deviation, as an index of variability and its 
importance in normal distributions, as stated in these standards: 

5.0 

7.0 

Students determine the mean and the standard deviation 
of a normally distributed random variable. 

Students compute the variance and the standard deviation 
of a distribution of data. 

Standard 4.0 also includes exponential distributions with applications, for 
example, in lifetime of service and radioactive decay problems. Including this 
distribution acquaints students with probability calculations for other types of 
processes. Here, students learn that the distribution is defined by a scale param­
eter, and they learn simple probability computations based on this parameter. 
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No single method of instruction is the best or most appropriate in all 
situations. Teachers have a wide choice of instructional strategies for 
any given lesson. Teachers might use, for example, direct instruction, 

investigation, classroom discussion and drill, small groups, individualized for­
mats, and hands-on materials. Good teachers look for a fit between the material 
to be taught and strategies to teach it. They ask, What am I trying to teach? What 
purposes are served by different strategies and techniques? Who are my students? 
What do they already know? Which instructional techniques will work to move 
them to the next level of understanding? Drawing on their experience and 
judgment, teachers should determine the balance of instructional strategies most 
likely to promote high student achievement, given the mathematics to be taught 
and their students’ needs. 

The Mathematics Content Standards and this framework include a strong 
emphasis on computational and procedural competencies as a component of the 
overall goals for mathematics proficiency. The teaching of computational and 
procedural skills has its hazards, however. First, it is possible to teach computa­
tional and procedural skills in the absence of understanding. This possibility must 
be precluded in an effective mathematics program. A conceptual understanding 
of when the procedure should be used, what the function of that procedure is, 
and how the procedure manipulates mathematical information provides necessary 
constraints on the appropriate use of procedures and for detecting when proce­
dural errors have been committed (Geary, Bow-Thomas, and Yao 1992; Ohlsson 
and Rees 1991). 

Students gain a greater appreciation of the essence of mathematics if they are 
taught to apply mathematical skills to the solution of problems. They may start to 
solve problems when armed with a small number of addition facts, and they need 
not wait to master all addition facts as a prerequisite to problem solving. 

In a standards-based curriculum, good lessons are carefully developed and are 
designed to engage all members of the class in learning activities focused on 
student mastery of specific standards. Such lessons connect the standards to the 
basic question of why mathematical ideas are true and important. Central to the 
Mathematics Content Standards and this framework is the goal that all students 
will master all strands of the standards. Lessons will need to be designed so that 
students are constantly being exposed to new information while practicing skills 
and reinforcing their understanding of information introduced previously. The 
teaching of mathematics does not need to proceed in a strict linear order, requir­
ing students to master each standard completely before being exposed to the next, 
but it should be carefully sequenced and organized to ensure that all standards are 
taught at some point and that prerequisite skills form the foundation for more 
advanced learning. Practice leading toward mastery can be embedded in new and 
challenging problems. 

A particular challenge that the standards present to educators and publishers is 
the instruction of grade-level topics for students who have not yet mastered the 
expected content for earlier grades. One approach is to focus on the more impor­
tant standards, as noted in Chapter 3, “Grade-Level Considerations.” Bringing 
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students up to grade-level expectations for those areas of emphasis will likely 
require (1) additional classroom time for mathematics, including time before, 
during, or after the instructional day; (2) the identification of the component 
skills that comprise each of the areas of emphasis; and (3) a reliable and valid 
means of assessing the degree to which individual students have mastered the 
component skills. 

Instructional resources that help teachers to identify easily where these compo­
nent skills were introduced in previous grades and that allow teachers to adapt 
these earlier-grade-level units into “refresher” lessons will be helpful. The develop­
ment of such resources might require the development of a master guide on the 
organization of instructional units across grade levels. To achieve the goal of 
bringing students up to grade-level expectations requires that instructional 
materials be well integrated across grade levels. For example, instructional materi­
als for fourth grade students should be written not only to address the fourth 
grade standards but also to prepare the foundation for mastery of later standards. 

Organization of This Chapter 
To guide educators in designing instructional strategies, this chapter is orga­

nized into three main sections: 

1. “Instructional Models: Classroom Studies” provides an overview of research on 
student learning in classroom settings. In this section Table 1, “Three-Phase 
Instructional Model,” provides a simple, research-based approach to instruc­
tion that all teachers may use. 

2. “Instructional Models: View from Cognitive Psychology” provides a descrip­
tion of the research in cognitive psychology on the mechanisms involved in 
learning. 

3. “General Suggestions for Teaching Mathematics” describes ways in which to 
organize the teaching of mathematics in kindergarten through grade twelve. 
Table 2, “Outline for Instruction of School-Based Mathematics,” provides a 
convenient summary of the most important considerations for developing 
good lesson plans. 

Instructional Models: Classroom Studies 
Although the classroom teacher is ultimately responsible for delivering instruc­

tion, research on how students learn in classroom settings can provide useful 
information to both teachers and developers of instructional resources. This 
section provides an overview of student learning in classroom settings. 

In conjunction with the development of this framework and the Mathematics 
Content Standards, the California State Board of Education contracted with the 
National Center to Improve the Tools of Educators, University of Oregon, in 
Eugene, to conduct a thorough review of high-quality experimental research in 
mathematics (Dixon et al. 1998). The principal goal of the study was to locate 
high-quality research about achievement in mathematics, review that research, 



205 

and synthesize the findings to provide the basis for informed decisions about 
mathematics frameworks, content standards, and mathematics textbook 
adoptions. 

From a total of 8,727 published studies of mathematics education in elemen­
tary and secondary schools, the research team identified 956 experimental studies. 
Of those, 110 were deemed high-quality research because they met tests of 
minimal construct and internal and external validity. The test of minimal con­
struct looked at whether or not the study used quantitative measurements of 
mathematics achievement to report the effects of an instructional approach. To 
meet the internal validity criterion, the study had to use a true experimental 
design, have sufficient information to compute effect sizes, have equivalencies of 
groups at pretest, and use a representative and unbiased sample. External validity 
looked at whether or not the approach was implemented in settings representative 
of actual instructional conditions. The original report that the research team 
presented to the State Board of Education contained reviews of 77 of the qualify­
ing studies; the most recent report includes information from all 110. 

The reviewers cautioned readers about what their review did not do. Although 
a goal of the study was to find experimental support for the scope of instruction 
and the sequence of instructional topics, none of the high-quality experimental 
research studies addressed these important aspects of mathematics instruction. 
Instead, they looked only at findings relating to mathematics achievement. In 
addition, the review did not address such areas as improved attitudes toward 
mathematics or preferences for one mode of instruction over another. 

Studies that met the high-quality review criteria indicated clear and positive 
gains in achievement from some types of instructional strategies. Perhaps most 
important, the review indicated marked differences in the effects of “conventional 
mathematics instruction” contrasted with interventions associated with high 
student achievement. 

Two-Phase Model 

As defined in the review, conventional mathematics instruction followed a 
two-phase model. In the first phase the teacher demonstrated a new concept, 
algorithm, or mathematical strategy while the students observed. In the second 
phase the students were expected to work independently to apply the new infor­
mation, often completing work sheets, while the teacher might (or might not) 
monitor the students’ work and provide feedback. This two-phase model, the 
researchers noted, was characterized by an abrupt shift in which students were 
expected “to know and independently apply the information newly taught 
moments earlier” (Dixon et al. 1998). 

Three-Phase Model 

More effective strategies may incorporate a variety of specific techniques, but 
they generally follow a clear three-phase pattern, as shown in Table 1. 

Chapter 4 
Instructional 

Strategies 

Effective 
strategies may 
incorporate a 

variety of specific 
techniques, but 
they generally 
follow a clear 

three-phase 
pattern. 



206 

Chapter 4 
Instructional 
Strategies 

One way or another, 
all students must be 
involved actively in 
the introduction of 
new material. 

The first phase. In the first phase the teacher introduces, demonstrates, or 
explains the new concept or strategy, asks questions, and checks for understand­
ing. The students are actively involved in this phase instead of simply observing 
the teacher’s lecture or demonstration. Actively involved should be thought of as a 
necessary but not sufficient characteristic of the first phase of effective mathemat­
ics instruction. (It is easy to imagine students actively involved in initial instruc­
tional activities that do not directly address the skills, concepts, knowledge, 
strategies, problem-solving competence, and understanding specified in the 
Mathematics Content Standards.) One way or another, all students must be 
involved actively in the introduction of new material. The corollary is that no 
student should be allowed to sit passively during the introduction of new mate­
rial. The understanding demonstrated by a few students during this phase of 
instruction does not guarantee that all students understand. Teachers’ classroom 
management and instructional techniques and the clarity and comprehensibility 
of initial instruction contribute to the involvement of all students. At the very 
least, active participation requires that the student attend to, think about, and 
respond to the information being presented or the topic being discussed. 

The second phase. The second phase is an intermediate step designed to result 
in the independent application of the new concept or described strategy. This 
second step—the “help phase”—occurs when the students gradually make the 
transition from “teacher-regulation” to “self-regulation” (Belmont 1989). The 
details and specific instructional techniques of this phase vary considerably, 
depending on the level of student expertise and the type of material being taught. 
These techniques include any legitimate forms of prompting, cueing, or coaching 
that help students without making them dependent on pseudo-help crutches that 
do indeed help students but are not easily discarded. During this phase teachers 
also informally, but steadfastly, monitor student performance and move more 
slowly or more quickly toward students’ independent, self-regulated achievement 
according to what the monitoring reveals about the students’ progress. 

The third phase. In the third phase students work independently. In contrast 
with conventional lessons, however, the third phase is relatively brief instead of 
taking up most of the lesson time. This phase often serves in part as an assessment 
of the extent to which students understand what they are learning and how they 
will use their knowledge or skills in the larger scheme of mathematics. 

This three-phase model is not rigid. If students do not perform well during the 
guided phase of instruction, then teachers should go back and provide additional 
clear and comprehensible instruction. If students do not perform well when they 
work independently, they should receive more guided practice and opportunities 
for application. And finally, if students perform well on a given topic indepen­
dently but later display weaknesses with respect to that topic, then teachers 
should return to further guided instruction. This method is particularly critical 
when the topic at hand is clearly a prerequisite to further mathematics instruction 
and skill. 

The table that follows shows each phase of the three-phase instructional 
model. 
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Table 1. Three-Phase Instructional Model 

Phase 1 Phase 2 Phase 3 

Teachers demonstrate, Teachers, individual Teachers assess
 
explain, question, and/or peers, and/or groups of students’ individual
 
conduct discussions. peers provide students abilities to apply
 

with substantial help that	 knowledge to new 
is gradually reduced.	 problems. Assessments 

can vary from informal 
to formal, depending on 
the immediate situation 
and goal of the particu­
lar lesson or lessons. 
The teacher should also 
review the goals of the 
lesson with students and 
tie goals back to the 
standard or standards. 

Students are actively Students receive feedback Students demonstrate 
involved through on their performance, their ability to work 
answering questions, correction, additional independently, general-
discussing topics, and/or explanations, and other ize, and transfer their 
attending to and thinking forms of assistance. Once knowledge. 
about the teacher’s the concept or procedure 
presentation. is understood, it is impor­

tant for students to practice 
the material; otherwise, 
they are not likely to 
retain the just-learned 
information for long. 

This three-phase model is framed by a beginning point (central focus) and by 
an ending point (closure), both of which are discussed next. 

Central focus. In planning their lessons, teachers need to begin by identifying 
a central focus—the lesson’s specific mathematical content and the goal of the 
lesson or sequence of lessons. Teachers also need to address the following 
concerns: 

•	 The lesson or series of lessons should be focused on a clear instructional goal 
that is related to the mathematical content of the standards. 

•	 The goal will typically be focused on fostering students’ computational and 
procedural skills, conceptual understanding, mathematical reasoning, or some 
combination of these. 

•	 The focus of a lesson or series of lessons is not simply to “cover” the required 
material but to build on previous knowledge and to prepare for future learn­
ing. Ultimately, the goals of any lesson are understood in the context of their 
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relation to grade-level content, content covered in earlier grades, and content 
to be covered in later grades. 

Closure. Closure of a lesson may take many forms. At the end of each lesson or 
series of lessons, students should not be left unsure of what has been settled and 
what remains to be determined. Whether the topic is covered within a single 
lesson or many, each lesson should contain closure that ties the mathematical 
results of the activities to the central goal of the lesson and to the goals of the 
overall series of lessons. 

While current and confirmed research such as that reported in the Dixon 
study provides a solid basis on which to begin to design instruction, research 
from cognitive psychology provides insights into when and how children develop 
mathematical thinking. 

Instructional Models: View from Cognitive 
Psychology 

Initial competencies for natural abilities are built into the mind and brain of 
the child. These competencies develop during the child’s natural social and play 
activities. Academic learning involves training the brain and mind to do what 
they were not designed by nature to do without help. 

Natural Learning 

The development of oral language is one example of natural learning. Young 
children naturally learn to speak as they listen to the speech around them. By the 
time they are five years old, they understand and can use approximately 6,000 
to 15,000 words; they speak in coherent sentences using the basic conventions 
of the spoken language around them; and they can communicate effectively. 
Another example of natural learning is the early development of understanding 
about numbers. Starkey (1992) tested young children to determine their early 
understanding of arithmetic. He put up to three balls into a “search box” 
(a nontransparent box into which things are dropped and retrieved). At the age 
of twenty-four months (and sometimes younger), children would drop three balls 
into the box and then retrieve exactly three balls and stop looking for other balls 
in the box, showing that they were able to represent the number three mentally. 
They did this task without verbalizing, suggesting that a basic understanding 
of arithmetic is probably independent of language skills (Geary 1994, 41). 

Certain features of geometry appear to have a natural foundation (Geary 
1995). People know how to get from one place to another; that is, how to 
navigate in their environment. Being able to navigate and develop spatial 
representations, or cognitive maps, of familiar environments is a natural ability 
(e.g., picturing the location of the rooms in a house and the furniture in them). 
Without effort or even conscious thought, people automatically develop rough 
cognitive maps of the location of things in familiar environments, both small-
scale environments, such as their house, and large-scale environments, such as a 
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mental representation of the wider landscape (in three dimensions). Children’s 
play, such as hide-and-seek, often involves spatial-related activities that allow 
children to learn about their environment without knowing they are doing so 
(Matthews 1992). 

The brain and cognitive systems that allow us to navigate include an implicit 
understanding of basic Euclidean geometry. For example, we all implicitly know 
that the fastest way to get from one place to another is to “go as the crow flies”; 
that is, in a straight line. This is an example of natural conceptual knowledge. 
It is also sometimes taken as the first postulate of Euclidean geometry in school 
textbooks: A straight line can be drawn between any two points. 

Academic Learning 

The human brain and mind are biologically prepared for an understanding 
of language and basic numerical concepts. Without effort, children automatically 
learn the language they are exposed to, they develop a general sense of space and 
proportion, and they understand basic addition and subtraction with small 
numbers. Their natural social and play activities ensure that they get the types 
of experiences they need to acquire these fundamental skills. Not all cognitive 
abilities develop in this manner, however. In fact, most academic, or school-
taught, skills do not develop in this manner because they are in a sense “unnatu­
ral” or formally learned skills (Geary 1995). As societies become more technically 
complex, success as an adult, especially in the workplace and also at home 
(e.g., managing one’s money), involves more academic learning—skills that the 
brain and mind are not prewired to learn without effort. It is in those societies 
that academic schooling first emerged. 

Schools organize the activities of children in such a way that they learn skills 
and knowledge that would not emerge as part of their natural social and play 
activities (Geary et al. 1998). If this were not the case, schooling would be 
unnecessary. But schooling is necessary, and it is important to understand why. 
Schooling is not necessary for the development of natural learning but is abso­
lutely essential for academic learning. This is why teaching becomes so important. 
Teachers and instructional materials provide the organization and structure for 
students to develop academic skills, which include most academic domains; 
whereas nature provides for natural abilities. For academic domains this organiza­
tion often requires explicit instruction and an explicit understanding of what the 
associated goals are and how to achieve them. 

There are important differences in the source of the motivation for engaging in 
the activities that will foster the development of natural and academic abilities 
(Geary 1995). Children are biologically motivated to engage in activities, such as 
social discourse and play, that will automatically—without effort or conscious 
awareness—flesh out natural abilities, such as language. The motivation to engage 
in the activities that foster academic learning, in contrast, comes from the increas­
ingly complex requirements of the larger society, not from the inherent interests 
of children. Natural play activities, or natural curiosity, of school-age students 
cannot be seen as sufficient means for acquiring academic abilities, such as 
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reading, writing, and much of mathematics. The interests, likes, and dislikes of 
children are not a reliable guide to what is taught and how it is taught in school, 
although the interests of children probably can be used in some instructional 
activities. Once basic academic abilities are developed, natural interests can be 
used to motivate further engagement in some, but probably not all, academic 
activities. 

Also relevant is intellectual curiosity, an important dimension of human 
personality (Goldberg 1992). People with a high degree of intellectual curiosity 
will seek out novel information and will often pursue academic learning on their 
own. Nevertheless, there are large individual differences in curiosity and, in fact, 
all other dimensions of personality. Some students will be highly curious and will 
actively seek to understand many things; others will show very little curiosity 
about much of anything; and most will be curious about some things and not 
others. If the goal is that all students meet or exceed specific content standards, 
then teachers cannot rely on natural curiosity to motivate all children to engage 
in academic learning. 

In summary, natural mathematical abilities include the ability to determine 
automatically and quickly the number of items in sets of three to four items 
and a basic understanding of counting and very simple addition and subtraction; 
for example, that adding increases quantity (Geary 1995). These skills are evident 
in human infants and in many other species. Certain features of geometry, and 
perhaps statistics, also appear to have a natural foundation, although indirectly 
(Brase, Cosmides, and Tooby 1998). 

Much of the content described in the Mathematics Content Standards is, 
however, academic. Mastering this content is essential for full participation in 
our technologically complex society; but students are not biologically prepared 
to learn much of this material on their own, nor will all of them be inherently 
motivated to learn it. That is why explicit and rigorous standards, effective 
teaching, and well-developed instructional materials are so important. The 
Mathematics Content Standards, teachers, and well-designed textbooks must 
provide for students’ mathematical learning; that is, an understanding of the 
goals of mathematics, its uses, and the associated procedural and conceptual 
competencies. 

General Suggestions for Teaching Mathematics 
A general outline for approaching the instruction of school-based mathematics 

is presented in Table 2, “Outline for Instruction of School-Based Mathematics.” 
Here, the teaching of mathematical units is focused on fostering the student’s 
understanding of the goals of the unit and the usefulness of the associated 
competencies and on fostering general procedural and conceptual competence. 

It is important to tell students the short-term goals and sketch the long-term 
implications of the mathematics they are expected to learn and the contexts 
within which the associated competencies, when developed, can be used. The 
short-term goals usually reflect the goal for solving a particular class of problem. 
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For example, one goal of simple addition is to “find out the sum of two groups 
when they are put together.” Knowing the goal of problem solving appears to 
facilitate the development of procedural and conceptual problem-solving compe­
tencies (Siegler and Crowley 1994). 

Students should also be told some of the longer-term goals of what they are 
learning. This might include (1) stating what the students will be able to do at 
the end of the unit, semester, or academic year in relation to the mathematics 
standards; and (2) clarifying how current learning relates to the mathematics 
students will learn in subsequent years. It is also helpful to point out some of the 
practical uses of the new skills and knowledge being learned by linking them to 
careers and personal situations. Studies of high school students indicate that making 
the utility of mathematics clear increases the student’s investment in mathematical 
learning; that is, increases the number of mathematics courses taken in high school 
(Fennema et al. 1981). 

Table 2. Outline for Instruction of School-Based Mathematics 

Stating Goals 
and Uses 

1. Explicitly state the goal, or end-point, when a topic is first
 
introduced.
 

2.	 State the immediate goal (e.g., the goal for this type of 
problem is to determine which pairs of numbers satisfy 
the equation) and, as appropriate, the long-term goal 
(e.g., this skill is used in many different types of applications, 
including . . . and is an essential part of mathematics 
because . . . ). 

Teaching 
Procedures 

1. Provide practice until the procedure is automatic; that is, 
until the student can use it without having to think about it. 
Automaticity will often require practice extending over many 
school years. 

2.	 Provide practice in small doses (e.g., 20 minutes per day) 
over an extended period of time; practice on a variety of 
problem types mixed together. 

3.	 Once automaticity is reached, include some additional 
practice of the procedure as part of review segments for 
more complex material. This practice form of review 
facilitates the long-term retention of the procedure. 

Teaching 
Concepts 

1. When possible, present the material (e.g., word problems)
 
in contexts that are meaningful to the student.
 

2.	 Solve some problems in more than one way. This exercise 
would typically be done after students have developed 
competence in dealing with the problem type. 

3.	 Discuss errors in problem solving; use errors to diagnose 
and correct conceptual misunderstandings. 
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The usefulness of newly developing competencies might also be illustrated by 
having students use their skills in real-world simulations or projects; for example, 
figuring out how much four items cost at a store or using measurement and 
geometry to design a tree house. Assigning projects would not be the usual route 
to developing these competencies but would be a means of demonstrating their 
usefulness and providing practice. Projects might be used to introduce a difficult 
concept or to engage students in the unit. Using projects to stimulate interest and 
involvement must be weighed against the time they require and the extent of the 
mathematics learning. Long projects with limited mathematical content and learning 
should be avoided. 

Procedural and Conceptual Competencies in Mathematics 

Chapter 1, “Guiding Principles and Key Components of an Effective Math­
ematics Program,” notes that the development of mathematical proficiency 
requires both procedural skills and conceptual knowledge and that these two 
components of mathematical competency are interrelated. It is now understood 
that the same activities—such as solving problems—can foster the acquisition 
of procedural skills and conceptual knowledge and can lead to the use of increas­
ingly sophisticated problem-solving strategies (Siegler and Stern 1998; Sophian 
1997). At the same time research in cognitive psychology suggests that different 
types of instructional activities will favor the development of procedural compe­
tencies more than conceptual knowledge, and other types of instructional activi­
ties will favor the development of conceptual knowledge more than procedural 
competencies (Cooper and Sweller 1987; Sweller, Mawer, and Ward 1983; 
Geary 1994). (See figure 1, “The Components of Conceptual, Procedural, and 
Reasoning Skills.”) 

Fostering procedural competencies. The learning of mathematical procedures, 
or algorithms, is a long, often tedious process (Cooper and Sweller 1987). To 
remember mathematical procedures, students must practice using them. Students 
should also practice using the procedure on all the different types of problems for 
which the procedure is typically used. Practice, however, is not simply solving 
the same problem or type of problem over and over again. Practice should be 
provided in small doses (about 20 minutes per day) and should include a variety 
of problems (Cooper 1989). 

These arguments are based on studies of human memory and learning that 
indicate that most of the learning occurs during the early phases of a particular 
practice session (e.g., Delaney et al. 1998). In other words, for any single practice 
session, 60 minutes of practice is not three times as beneficial as 20 minutes. 
In fact, 60 minutes of practice over three nights is much more beneficial than 
60 minutes of practice in a single night. 

Moreover, it is important that the students not simply solve one type of 
problem over and over again as part of a single practice session (e.g., simple 
subtraction problems, such as 6 − 3, 7 − 2). This type of practice seems to 
produce only a rote use of the associated procedure. One result is that when 
students attempt to solve a somewhat different type of problem, they tend to use, 
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Figure 1.	 The Components of Conceptual, Procedural, 
and Reasoning Skills 

Goals to Be Achieved 

Conceptual Procedural Mathematical 
Competence Competence Reasoning 

Knowing what Knowing how 
Competence 

to do to do it Knowing where 

An implicit Behaviors that and when 
understanding act on the to do it 
of how to achieve environment An implicit 
the goal to actually achieve understanding 
(Constraints are the goal of the contexts 
placed on the within which 
types of procedures conceptual and 
used to achieve procedural 
the goal.) competencies can 

be expressed 

in a rote manner, the procedure they have practiced the most, whether or not it is 
applicable. For example, one of the most common mistakes young students make 
in subtraction is to subtract the smaller number from the larger number regard­
less of the position of the numbers. The problem shown below illustrates this type 
of error, which will be familiar to most elementary school teachers: 

42 
−7 

45 

Practicing the solving of simple subtraction problems (e.g., 7 − 2) is important 
in and of itself. Unthinking or rote application of the procedure is not the only 
cause of this type of error. In fact, this type of error should be a red flag for the 
teacher because it probably reflects the student’s failure to understand regrouping. 

One way to reduce the frequency of such procedural errors is to have the 
students practice problems that include items requiring different types of 
procedures (e.g., mixing subtraction and addition problems and, if appropriate, 
simple and complex problems). This type of practice provides students with an 
opportunity to understand better how different procedures work by making them 
think about which is the most appropriate procedure for solving each problem. 
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Ultimately, students should be able to use the procedure automatically on 
problems for which the procedure is appropriate. Automatically means that the 
procedure is used quickly and without errors and without the students having to 
think about what to do. Extensive practice, distributed over many sessions across 
many months or even years, might be needed for students to achieve automaticity 
for some types of mathematical algorithms. 

Research indicates that long-term (over the life span) retention of mathemati­
cal competencies (and competencies in other areas) requires frequent refreshers 
(i.e., overviews and practice) at different points in the students’ mathematical 
instruction (Bahrick and Hall 1991). One way to provide such a refresher is 
through a brief overview of related competencies when the students are moving 
on to a more complex topic. 

In general, refreshers should focus on those basic or component skills needed 
to successfully solve new types of problems. For example, skill at identifying equal 
fractions, along with a conceptual understanding of fractions, will make learning 
to reduce fractions to their lowest terms much easier. These refreshers will provide 
the distributed practice necessary to ensure the automatic use of procedures for 
many years after the students have left school. 

Fostering conceptual competencies. Fostering students’ conceptual understand­
ing of a problem or class of problems is just as important as developing students’ 
computational and procedural competencies. Without conceptual understanding, 
students often use procedures incorrectly. More specifically, they tend to use 
procedures that work for some problems on problems for which the procedures 
are inappropriate. 

Conceptual competency has been achieved when students understand the basic 
rules or principles that underlie the items in the mathematics unit. Students with 
this level of competency no longer solve problems according to the superficial 
features of the problem but by understanding the underlying principles. Students 
with a good conceptual understanding of the material are more flexible in their 
problem-solving approaches, see similarities across problems that involve the same 
rule or principle, make fewer procedural errors, and can use these principles to 
solve novel problems. 

A number of teaching techniques can be used to foster students’ conceptual 
understanding of problems (Cooper and Sweller 1987; Sweller, Mawer, and Ward 
1983): 

•	 First, when possible, the teacher should try to illustrate the problem by using 
contexts that are familiar and meaningful to students. In addition to fostering 
the students’ conceptual understanding, familiar contexts will help students to 
remember what has been presented in class. Word problems, for example, 
should be presented in such contexts as home, school, sports, or careers. 

•	 Second, after the students have developed some skill in solving this type of 
problem, the teacher should present a few problems that are good examples of 
the type of problem being covered and have the students solve the problems in 
a variety of ways. Psychological studies have shown that solving a few problems 



215 

in many different ways is much more effective in fostering conceptual under­
standing of the problem type than is solving multiple problems in the same 
way. Solving problems in different ways can be done either as individual 
assignments or by the class as a whole. In the latter case, different students or 
groups of students might present suggestions for solving the problem. The 
students should be encouraged to explain why different methods work and to 
identify some of the similarities and differences among them. 

•	 Third, for some problems, the teacher might have to teach one approach 
explicitly and then challenge the class to think of another way to solve the 
problem. Another approach is to have a student explain to the teacher why the 
teacher used a certain method to solve a problem (Siegler 1995). Having 
students explain what someone else was thinking when he or she solved a 
problem facilitates their conceptual understanding of the problem and 
promotes the use of more sophisticated procedures during problem solving. 

Errors should not simply be considered mistakes to be corrected but an oppor­
tunity to understand how the student understands the problem. Extensive studies 
of mathematical problem-solving errors indicate that most are not trivial but are 
systematic (VanLehn 1990). Generally, errors result from confusing the problem 
at hand with related problems, as in stating 3 + 4 = 12 (confusing multiplication 
and addition), or from a poor conceptual understanding of the problem. 

Typically, errors will result from confusion of related topics, such as addition 
and multiplication, a common memory retrieval error even among adults (Geary 
1994). For other problems the error will reflect a conceptual misunderstanding, 
such as confusing the rules for solving one type of problem with those for solving 
a related type. For example, when students are first learning to solve simple 
subtraction problems, they are asked to subtract the smaller number from the 
bigger number (e.g., 6 − 3) so that all of the differences are positive. From these 
problems, many students form the habit of taking the smaller number away from 
the larger number when subtracting. This rule works with simple problems but is 
often inappropriately applied to more complex problems; for example, those with 
a negative difference, such as 3 − 6, or those that require borrowing, as in 42 − 7. 
(Appendix B provides a sample East Asian mathematics lesson that can be used in 
staff development activities to stimulate a more extensive discussion about 
different ways of teaching mathematics.) 

Having students provide several different ways to solve a problem and then 
spending time focusing on conceptual errors that might occur during this process 
can take up a significant portion of a lesson, but this method of instruction is 
usually worth the time. Students can practice using the associated procedures as 
part of their homework, or practice can occur in school, with a focus on practice 
and problem solving occurring on alternate days. A good policy is to be sure that 
the students have a conceptual understanding of the problem before they are 
given extensive practice on the associated procedures. 

One way to monitor conceptual development is to ask students periodically to 
explain their reasoning about a particular mathematical concept, procedure, or 
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solution. These explanations may be given either verbally or in writing. They 
provide a window for viewing the development of the students’ understanding. 
During the early stages, for example, a student may be able to demonstrate a 
rudimentary grasp of a mathematical concept. At an intermediate stage the 
student may be able to give an appropriate mathematical formula. Students at 
advanced stages may be able to present a formal proof. Young students will not 
always have at their command the correct mathematical vocabulary or symbols, 
but as they progress, they should be encouraged to use the appropriate math­
ematical language. 

For example, in the following problem students are asked to find the sum of 
the first n consecutive odd numbers. First one sees a pattern and conjectures at 
the general formula. The pattern is: 

1 = 1 = 12 

1 + 3 = 4 = 22 

1 + 3 + 5 = 9 = 32 

1 + 3 + 5 + 7 = 16 = 42 

and so forth 

Young students might explain this pattern in a number of ways. An older 
student might describe it as a formula. Students at the level of Algebra II might 
prove it by mathematical induction. (This is just one example of a problem that 
can be used to assess a student’s development of mathematical reasoning.) 

Overview and General Teaching Scheme 

Figure 2, “General Framework for Teaching a Mathematics Topic,” presents a 
flowchart that might be useful in preparing mathematics lessons for standards-
based instruction. It should not be interpreted as a strict prescription of how 
standards-based instruction should be approached but as an illustration of many 
possible sequences of events, although most lessons or series of lessons should 
attempt to address most of these issues. 

First, it is important to introduce the goals and specific mathematics content 
to be covered, along with some discussion of the different ways in which this type 
of mathematics is useful. For some topics the mathematics will be directly used in 
many jobs and even at home (e.g., shopping for the best price), or it might be a 
building block for later topics. 

The next step is to present a brief overview (perhaps one part of a lesson) of 
the component skills needed to solve the problems to be introduced (e.g., review 
counting for lessons on addition, review simple addition in preparation for 
lessons on more complicated addition, and so forth). As part of this review, 
homework assignments that provide practice in these basic component skills 
would be useful. In this way the students will receive the extended and distrib­
uted practice necessary for them to retain mathematical procedures over the long 
term. At the same time this refresher will provide continuity from one unit to the 
next. 
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It is probably better to teach the conceptual features of the topic before giving 
the students extensive practice on the associated procedures. This instruction 
might be provided in three steps, although the number of steps used and the 
order in which they are presented will vary from one topic to the next. The first 
step is to introduce the basic concepts (e.g., trading or base-10 knowledge) 
needed to understand the topic. The second step is to design several lessons that 
involve solving a few problems in multiple ways and analyzing errors—this step 
will occur after the students understand the basic concepts and have some compe­
tence in solving the class of problem. The third step is to present an overview of 
the conceptual features of the topic, focusing on those areas where errors were 
most frequent. Once the initial class discussions of the topic have begun, the 
students can begin homework assignments (or alternating class assignments) in 
which they practice solving problems. Portions of these homework assignments 
can also be used as part of the refresher material for later lessons. 

Homework 

Student achievement will not improve much without study beyond the class­
room. Homework should begin in the primary grades and increase in complexity 
and duration as students progress through school. To be an effective tool, home­
work must be a productive extension of class work. Its purpose and connection to 
class work must be clear to the teacher, student, and parents. The effective use of 
homework comes into play in Phase 2 of the three-phase instructional model 
outlined in Table 1. If the teacher chooses to allocate class time to discussion and 
feedback to students, he or she should ensure that this is productive instructional 
time for the class, a time when students are analyzing their errors and building 
their mathematical understanding. Instructional time is precious and should be 
used wisely. Using substantial portions of the class period for homework is not an 
effective use of instructional time. Using instructional time to review and correct 
common misconceptions evident from the teacher’s analysis of the completed 
homework or using the last few minutes of a period to make sure that students 
understand the homework assignments, and how to complete them, can be 
effective uses of instructional time. 

Several types of productive homework are outlined in Table 3, “Types of 
Homework.” 

Homework should increase in complexity and duration as students mature. 
Students studying for the Advanced Placement or International Baccalaureate 
examinations in mathematics will need additional study. 
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Exercises	 Practice on skills is provided. It may involve 
practice problems similar to those worked in 
class or puzzles, games, or activities in which the 
skill is embedded. At advanced levels a single 
difficult problem can challenge students for an 
hour or more. 

Lesson development	 The student is involved in conceptual learning
 
integral to classroom mathematics lessons.
 

Problem solving	 Students get experience in solving problems and
 
writing solutions. This activity is for individual
 
work, but a student may use other persons as a
 
resource.
 

Projects	 Longer-term investigation and reporting in
 
mathematics are provided, perhaps researching
 
and describing an application of mathematics in
 
the real world.
 

Study	 Studying for understanding and preparing for
 
exams are involved. This activity may be assigned
 
or undertaken independently.
 

Source: Adapted from A. Holz. 1996. Walking the Tightrope: Maintaining Balance for Student Achievement 
in Mathematics. San Luis Obispo: California Polytechnic State University, Central Coast Mathematics 
Project. 
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Inherent in the legislation that established the mathematics content standards 
is the explicit goal that every student will master or exceed world-class 
standards. The mathematics content standards set many learning goals that 

were previously viewed as being for only the most advanced students. Such 
ambitious goals demand a reexamination of the structures and assumptions that 
have driven the organization of kindergarten through grade eight mathematics 
programs and high school courses. To achieve world-class standards, each student 
must be continually challenged and given the opportunity to master increasingly 
complex and higher-level mathematical skills. 

One problem associated with these goals is how best to detect and intervene 
with students who are at risk of falling behind or with those who can easily 
exceed grade-level standards. Optimally, no student should be allowed to slip 
behind for an entire semester or school year and, conversely, no student should be 
held back from progressing further just because the next level of learning is 
targeted for the next grade level. 

Regular and accurate assessment of student progress in mastering grade-level 
standards will be essential to the success of any instructional program based on 
the mathematics content standards and this framework. Ideally, assessment and 
instruction are inextricably linked. The purposes of assessment that are the most 
crucial to achieving the standards are as follows: 

•	 Entry-level assessment. Do students possess crucial prerequisite skills and 
knowledge? Do students already know some of the material that is to be 
taught? 

•	 Progress monitoring. Are students progressing adequately toward achieving the 
standards? 

•	 Summative evaluation. Have students achieved the goals defined by a given 
standard or a group of standards? 

Taken together, these forms of assessment will provide a road map that leads 
students to mastery of the essential mathematical skills and knowledge described 
in the Mathematics Content Standards. 

Entry-level assessment identifies what the student already knows and helps the 
teacher place the student at the most efficient starting point for his or her learn­
ing. A properly placed student will not waste time reviewing material he or she 
has already mastered. Nor will that student find himself or herself lost in instruc­
tion that is far beyond the student’s current understanding. 

Assessment that monitors student progress helps steer instruction in the right 
direction. It signals when alternative routes need to be taken or when the student 
needs to backtrack to gain more forward momentum. 

Summative evaluation, which has characteristics similar to those of entry-level 
assessment, is done to determine whether the student has achieved at an accept­
able level the goals defined in a standard or group of standards. Summative 
evaluation answers questions such as these: Does the student know and under­
stand the material? Can he or she apply it? Has he or she reached a sufficiently 
high level of mastery to move on? 
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Similarities in Types of Assessments 
Across Grade Levels 

All three types of assessment can guide instruction, and all three share critical 
characteristics across grade levels. 

The exact purpose of each assessment item should be clear. Each item should 
be a reliable indicator of whether the student has the necessary prerequisite skills 
to move forward in mastering the standards. Some entry-level assessment items 
should measure mastery of the immediately preceding sets of standards. Others 
should measure the degree to which the student already has mastered some 
portion, if any, of what is to be learned next. 

Entry-Level Assessment 
Entry-level assessment needs to have a range and balance of items, some of 

which reach back to measure where students are, while others reach forward to 
identify those students who may already know the new material. 

If entry-level assessments are used to compare the performance of students in 
the class or are used to establish a baseline for evaluating later growth, they must 
adhere to basic psychometric principles. That is, they must be: 

1. Administered in the same conditions 
2. Administered with the same directions 
3. Scaled in increments small enough to detect growth 

Progress Monitoring 
In standards-based classrooms, progress monitoring becomes a crucial compo­

nent of instruction for every student. It is only through such monitoring that 
teachers can continually adjust instruction so that all students are constantly 
progressing. No student should languish and be left behind because of a failure to 
recognize the need to provide him or her with extra help or a different approach. 
Similarly, students should not spend time practicing standards already mastered 
because of a failure to recognize that they need to move on. 

In a sense everything students do during instruction is an opportunity for 
progress monitoring. Teachers should continually look for indicators among 
student responses and in student work. Monitoring can be as simple as checking 
for understanding or checking homework, or it may be a more formal type of 
assessment. Whatever form monitoring takes, it should occur regularly. In 
addition to regular monitoring to determine students’ achievement of particular 
standards, more general monitoring should be done at least every six weeks. 

Another form of monitoring is to make short, objective assessments to 
ensure that assessment of student learning is consistent for the entire class. 
Such measures must: 

1. Use standardized administration procedures and tasks. 
2. Document performance. 
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3. Be linked to items currently being taught. 
4. Help teachers make instructional decisions and adjustments based on docu­

mented performance. 
5. Indicate when direct interventions are needed for students who are struggling 

to master the standards. 

The importance of using performance data as the basis for making well-
informed adjustments to instruction cannot be overstated. Teachers need a solid 
basis for answering such questions as these: 

•	 Should I move ahead or spend more time on the current phase of instruction? 
•	 Are students able to practice what they have learned through independent 

activities, or do I need to provide additional instruction? 
•	 Can I accelerate the planned instruction for some or all students and, if so, 

what is the best way to do that? 

Summative Evaluation 
Summative evaluation measures on a more formal basis the progress students 

have made toward meeting the standards. Typically, it comes at the end of a 
chapter or unit or school year. The most critical aspect of summative evaluation is 
that it measures the ability of students to transfer what they have learned to 
related applications. If one summative evaluation in the early grades is a test of 
computation, some or all of the problems should be new to the students; that is, 
problems that have not been used extensively during previous instruction. 

This characteristic of summative evaluations addresses the concern many 
teachers have about “teaching to the test.” Summative evaluations did not guide 
the development of the mathematics content standards; the standards provide the 
basis for developing summative evaluations. Further, summative evaluations are 
not mere reflections of retained knowledge but are the most valid and reliable 
indicator of depth of understanding. 

Each of the three distinct types of assessment described in this chapter— 
entry-level assessment, progress monitoring, and summative evaluation—can 
help to guide effective instruction. Progress monitoring, in particular, can play 
a key role in developing and delivering curricula and instruction that lead to 
student achievement of the mathematics standards. Because this framework places 
substantial emphasis on integrating an assessment system with curricula and 
instruction, it is critically important for assessment and instruction to be closely 
interrelated in ways that minimize any loss of instructional time while maximiz­
ing the potential of assessment to advance meaningful learning. 

Special Considerations in Mathematics 
Assessment 

A feature unique to mathematics instruction is that new skills are built almost 
entirely on previously learned skills. If students’ understanding of the emphasis 
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topics from previous years or courses is faulty, then it will generally be impossible 
for students to understand adequately any new topic that depends on those skills. 
For example, problems with the concept of large numbers as introduced in 
kindergarten and the first grade may well go unnoticed until the fifth grade, 
when they could cause students severe difficulty in understanding fractions. The 
biggest problem facing mathematics assessment is, therefore, how to devise 
comprehensive methods to detect the mastery of these basic learned skills. 

There are many methods for assessment in mathematics, some of which will be 
mentioned in the next section. But certain methods, like timed tests, play a more 
basic role in mathematics assessment than they do in other areas of the curricu­
lum in measuring understanding and skills and in checking whether students 
have an adequate knowledge base—whether they understand the material with 
the ease required for future success. 

One of the key requirements for instructional materials discussed in Chapter 
10 is that the materials provide teachers with resources and suggestions for 
identifying the basic prerequisite skills needed for the current courses and assess­
ment material and suggestions that will help the teachers measure those skills. It 
is also recommended that this material include suggestions on how best to handle 
the most common types of difficulties that students will have. 

Methods of Assessment in the Mathematics 
Curriculum 

Many methods of assessment are available for testing knowledge in mathemat­
ics. Recently, one of the most commonly used methods, timed tests, has been the 
subject of intense scrutiny. A timed test requires that a certain number of items be 
completed within a fixed time limit. The following statement from the 1989 
National Council of Teachers of Mathematics (NCTM) standards illustrates some 
of the issues: 

Students differ in their perceptions and thinking styles. An assessment method that 
stresses only one kind of task or mode of response does not give an accurate indication 
of performance, nor does it allow students to show their individual capabilities. For 
example, a timed multiple-choice test that rewards the speedy recognition of a correct 
option can hamper the more thoughtful, reflective student, whereas unstructured 
problems can be difficult for students who have had little experience in exploring or 
generating ideas. An exclusive reliance on a single type of assessment can frustrate 
students, diminish their self-confidence, and make them feel anxious about, or 
antagonistic toward, mathematics (NCTM 1989, 202). 

There is certainly an element of truth in this statement and, as is also advo­
cated in the same document, other methods of assessment besides timed tests are 
appropriate in mathematics instruction. 

Many assessment techniques are available, including multiple-choice, short-answer, 
discussion, or open-ended questions; structured or open-ended interviews; homework; 
projects; journals; essays; dramatizations; and class presentations. Among these 
techniques are those appropriate for students working in whole-class settings, in small 
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groups, or individually. The mode of assessment can be written, oral, or computer-
oriented (NCTM 1989, 192). 

All of these techniques can provide the teacher and the student with valuable 
information about their knowledge of the subject. However, they also represent a 
serious misunderstanding of what mathematics is and what it means to under­
stand mathematical concepts. Assessment methods such as timed tests play an essential 
role in measuring understanding—especially for the basic topics, the ones that must be 
emphasized. If students are not able to answer questions in these areas relatively 
quickly, then their understanding of these topics is too superficial, has not been 
adequately internalized, and will not suffice as a basis for further development. The 
conduct of ordinary life and success in algebra and higher mathematics presup­
pose that students can perform basic calculations to the point of automaticity. 

Again, the unique aspect of mathematics that was discussed previously must be 
emphasized. Mastery of almost all the material at each level depends on mastery of 
all the basic material at all previous levels. This requirement does not allow for 
superficial understanding, and the most efficient and reliable method for distin­
guishing between these levels of understanding remains the timed test. 

The level of knowledge of basic topics needed for students to advance further 
requires that the topics be mastered to the level of automaticity. Consequently, 
the best method for assessing the basic topics is timed tests. 

Students who do not have extensive experience during the school year with 
standardized, timed tests will be at a marked disadvantage in taking these types of 
tests; for example, those from the Standardized Testing and Reporting (STAR) 
Program, SAT, and ACT. 

Readiness for Algebra 
The step from grade seven mathematics to the discipline of algebra, which is 

one of the largest in the curriculum, can be more difficult to bridge than the 
previous steps from one grade level to the next. Moreover, the current recommen­
dation that algebra be taught at the eighth grade, whereas it was previously taught 
at the ninth or even the tenth grade, makes this step even greater. 

Algebra I is a gateway course. Without a strong background in the fundamen­
tals of algebra, students will not succeed in more advanced mathematics courses 
such as calculus. Nor will they be able to enter many high-technology and high-
paying fields after graduation from high school (Paglin and Rufolo 1990). It is 
therefore essential that the readiness of all students to take eighth-grade algebra be 
assessed at the end of the seventh grade, using reliable and valid assessment measures. 

One purpose of a seventh-grade assessment, as described previously, is to 
determine the extent to which students are mastering prealgebraic concepts and 
procedures. Another is to identify those students who lack the foundational skills 
needed to succeed in eighth-grade algebra and who need further instruction and 
time to master those skills. This additional instruction may be provided through 
tutoring, summer school, or an eighth-grade prealgebra course leading to algebra 
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in the ninth grade. The needs for such additional instruction will vary among the 
students, and it follows that proper assessment at this level is crucial. 

Those students who have mastered foundational skills, as indicated by success­
ful performance on the algebra readiness test, would take algebra in the eighth 
grade. 

The algebra readiness test should assess students’ understanding of numbers 
and arithmetic, including knowledge of prime numbers and factoring, the rules 
for operating on integers (e.g., order of operations and associative and commuta­
tive properties), exponents, and roots. A thorough grounding in fractions, deci­
mals, and percents, and the ability to convert easily from one to the other, is the 
fundamental algebra readiness skill. Testing students’ readiness for algebra implies 
that options will be required for instructional materials at grade eight to accom­
modate students who are not ready to take the algebra course. 

Students in grade eight or higher who are not prepared to take the algebra 
course will require instructional materials that give extensive attention to funda­
mentals in the seventh grade standards and thereby improve the likelihood of 
students’ success in algebra. (See “Algebra Readiness Program (Grade Eight or 
Above)” in Appendix E.) These instructional materials, by concentrating on a 
focused subset of the standards, should offer students the opportunity for cover­
age in depth and for distributed practice on these more challenging areas. Instruc­
tional materials should also provide teachers with detailed diagnostic assessments 
so that students’ difficulties with foundational concepts and skills can be readily 
identified and addressed. 

Statewide Pupil Assessment System 
A major component of California’s statewide testing system is the Standardized 

Testing and Reporting (STAR) Program. For mathematics STAR is the statewide 
system for summative assessment. This group of assessments is designed for the 
evaluation of programs, schools, and districts. Although individual student scores 
are reported to parents, teachers, and schools, those scores are not normally 
available until after the end of the school year. Obviously, a clear distinction must 
be made between the types of formative classroom assessments necessary for 
teachers to focus their instruction to ensure that all students achieve the standards 
for their grade level and the summative, large-scale assessments that form the 
basis of California’s accountability system and the accountability requirements of 
the 2002 federal No Child Left Behind Act. 

Standardized Testing and Reporting Program 

STAR now consists of four components: (1) the California Standards Tests 
(CSTs), standardized, criterion-referenced tests written specifically for California 
and aligned with the mathematics content standards; (2) a standardized, norm-
referenced test; (3) a standardized, norm-referenced primary language assessment; 
and (4) an alternate assessment for children with severe cognitive disabilities who 
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cannot take part in general statewide assessment programs. Characteristics of the 
STAR Program are that it: 

•	 Requires the assessment of all students in English with a test approved by the 
State Board of Education 

•	 Assesses achievement in reading, spelling, written expression, and mathematics 
in grades two through eight; science in grade five; history–social science in 
grades eight, ten, and eleven; and reading, writing, mathematics, and science in 
grades nine through eleven 

•	 Requires testing of academic achievement in the primary language for English 
learners enrolled for fewer than 12 months (optional thereafter) 

•	 Generates the results of testing for individual students and reports to the 
public the results for schools, school districts, counties, and the state 

•	 Disaggregates the results by grade level, gender, economic disadvantage, major 
racial and ethnic groups, students with disabilities, and English learners for 
reports to the public 

•	 Provides both criterion-referenced (standards-based) and norm-referenced 
results 

The State Board of Education has adopted the following performance levels 
to be used in reporting the results of the California Standards Tests: advanced, 
proficient, basic, below basic, and an additional level designated as far below 
basic. The first four levels correspond with those used by the National Assessment 
of Educational Progress; the level far below basic is used to provide additional 
information. The California Standards Tests address all the categories of the 
mathematics content standards. 

Finally, California established the California High School Exit Examination 
(CAHSEE) to “. . . significantly improve pupil achievement in high school and 
to ensure that pupils who graduate from high school can demonstrate grade-level 
competency in reading, writing, and mathematics . . .” (Senate Bill 2, Section 
1[b][O’Connell, 1999]; codified in Education Code Section 60850[a]). Beginning 
in the 2005–06 school year, in addition to meeting the district’s requirements for 
graduation, high school students must pass the CAHSEE to receive a public high 
school diploma. 
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Chapter 6 
Universal AccessThe diversity of California students presents unique opportunities and 

significant challenges for instruction. Students come to California 
schools with a wide variety of skills, abilities, and interests and with 

varying proficiency in English and other languages. The wider the variation of the 
student population in each classroom, the more complex the teacher’s role 
becomes in organizing instruction in mathematics and ensuring that each student 
has access to high-quality mathematics instruction appropriate to the student’s 
current level of achievement. The ultimate goal of mathematics programs in 
California is to ensure universal access to high-quality curriculum and instruction 
so that all students can meet or exceed the state’s mathematics content standards. 
To reach that goal, teachers need assistance in designing instruction to meet the 
needs of all students. Through careful planning for modifying their curriculum, 
instruction, grouping, assessment techniques, or other variables, teachers can be 
well prepared to adapt to the diversity in their classrooms. 

This chapter refers frequently to students with special needs, a primary con­
cern in considering the issue of universal access. Students in this category, who are 
discussed in this chapter, are special education pupils, English learners, students 
at risk of failing mathematics, and advanced learners. 

Procedures that may be useful in planning for universal access are as follows: 

•	 Assess each student’s understanding at the start of instruction and continue to 
do so frequently as instruction progresses, and use the results of assessment for 
student placement and program planning. 

•	 Diagnose the nature and severity of a student’s difficulty and intervene quickly 
when students have trouble with mathematics. 

•	 Engage in careful organization of resources and instruction and planning for 
adapting to individual needs. Be prepared to employ a variety of good teaching 
strategies, depending on the situation. 

•	 Differentiate curriculum or instruction or both, focusing on the mathematics 
content standards and the key concepts within the standards that students 
must understand to move on to the next grade level. 

• 	Use  flexible grouping strategies according to the students’ needs and achieve­
ment and the instructional tasks presented. (Examples of these strategies are 
homogeneous, semi-homogeneous, heterogeneous, large group, and small 
group. Individual learning is also an option.) 

•	 Enlist help from others, such as mathematics specialists, mathematicians, 
special education specialists, parents, aides, other teachers, community mem­
bers, administrators, counselors, and diagnosticians, when necessary, and 
explore the use of technology or other instructional devices as a way to respond 
to students’ individual needs. 

Alignment of Instruction with Assessment 
One of the first tasks required of a school district is to determine its students’ 

current achievement levels in mathematics so that each student or group of 
students can be offered a structured mathematics program leading to the 
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attainment of all the content standards. What the student already knows in 
mathematics should form the basis for further learning and study. 

Assessment is the key to ensuring that all students are provided with math­
ematics instruction designed to help them progress at an appropriate pace from 
what they already know to higher levels of learning. Knowing which standards 
the students have mastered, teachers and administrators can better plan the 
instructional program for each student or for groups of students with similar 
needs. Regardless of whether students are grouped according to their level of 
achievement in mathematics or some other factor, such as grade level, proficiency 
in English, or disability, assessment can be used to determine (1) which math­
ematical skills and understanding the student has already acquired; and (2) what 
the student needs to learn next. Regrouping can occur either within the classroom 
or across classrooms to place together students who are working on attaining a 
common set of mathematics standards. 

Assessment of special needs students often reveals gaps in their learning. These 
gaps can be discovered through assessment, and instruction can be designed to 
remediate specific weaknesses without slowing down the students’ entire math­
ematics program. 

Successful Diagnostic Teaching 
Students who have trouble in mathematics are at risk of failing to meet the 

standards, becoming discouraged, and eventually dropping out of mathematics 
altogether. The teacher should try to determine the cause of the challenges, which 
may develop for a variety of reasons. Often a student placed in a class or program 
lacks the foundational skills and understanding necessary to complete new 
assignments successfully. If a student does not speak fluent English, for example, 
language barriers may be the cause of depressed mathematics scores. Sometimes a 
student may have a persistent misunderstanding of mathematics, or the student 
may have practiced an error so much that it has become routine. These problems 
may affect his or her ability to understand and complete assignments. Confusing, 
inadequate, or inappropriate instructional resources or instruction might be a 
contributing factor. A teacher can use the results of assessment and classroom 
observations to determine which interventions should be tried in the classroom 
and whether to refer the student to a student study team or to seek assistance 
from specialists. 

Most challenges to learning can be corrected with good diagnostic teaching 
that combines repetition of instruction, focus on the key skills and understand­
ing, and practice. For some students modification of curriculum or instruction 
(or both) may be required to accommodate differences in communication modes, 
physical skills, or learning abilities. Occasionally, in spite of persistent and system­
atic assistance, a student will continue to slip further behind or will show gaps 
and inconsistencies in mathematical skills that cannot be easily explained or 
remedied. For this small group of students, special assistance is a must. 
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To plan appropriate strategies for helping students who are experiencing 
difficulty in mathematics, teachers should consider the degree of severity of the 
challenges according to the three major groups described next (Kame’enui and 
Simmons 1998). Intervention strategies will differ depending on the degree of 
severity. 

1. Benchmark Group 

Students in the benchmark group are generally making good progress toward 
the standards but may be experiencing temporary or minor difficulties. Although 
these students’ needs are not intensive, they must be addressed quickly to prevent 
the students from falling behind. Often, the teacher can reteach a concept in a 
different way to an individual or a group of students or schedule a study group to 
provide additional learning time. Occasionally, parents can be enlisted to rein­
force learning at home. Ideally, instructional resources will be organized in ways 
that make it easy for parents to help. Some students may need periodic individual 
assistance, help from special education specialists, or assistive devices to ensure 
that they can succeed in the regular classroom. Once a student has grasped the 
concept or procedure correctly, additional practice is usually helpful. Most 
students will experience the need for temporary assistance at some time in their 
mathematical careers, and all students should be encouraged to seek assistance 
whenever they need it. 

2. Strategic Group 

Students in the strategic group may be one to two standard deviations below 
the mean on standardized tests. However, their difficulties, which must be 
examined with systematic and, occasionally, intensive and concentrated care, 
can often be addressed by the regular classroom teacher with minimal assistance 
within the classroom environment. A child-study team might be called on to 
discuss appropriate support for the student. In addition to reteaching a concept, 
the teacher may wish to provide specific assignments over a period of time for 
students to complete with a peer or tutor or by themselves at home. Regular 
study groups meeting before or after school, in the evenings, or on weekends can 
provide an effective extension of the learning time. Some students may need to 
take two periods of mathematics a day to master difficult content to accelerate 
their progress to grade-level standards. Others, such as special education students, 
may need special modifications of curriculum or instruction to enable them to 
participate successfully in a mainstream classroom. 

3. Intensive Group 

Students in the intensive group are seriously at risk of failing to meet the 
standards as indicated by their extremely and chronically low performance on one 
or more measures. The greater the number of measures and the lower the perfor­
mance, the greater is the students’ risk. In general, these students perform more 
than two standard deviations below the mean on standardized measures and 
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should be referred to a student study team for a thorough discussion of options. 
A referral to special education may be advisable. If eligible for special education 
services, these students will be given an individualized education program, which 
will describe the most appropriate program for the student. Often, specialized 
assistance will be available through the special education referral. Such assistance 
may include intensive intervention by a qualified specialist, tutoring, the services 
of a classroom assistant, specialized materials or equipment (or both), or modifi­
cation of assessment procedures. Students in the intensive group must be sup­
ported with additional instructional time during the school day. 

Planning for Special Needs Students 
Students with disabilities are provided with access to all the content standards 

through a rich and supported program that uses instructional materials and 
strategies that best meet their needs. A student’s 504 accommodation plan or 
individualized education program (IEP) often includes suggestions for a variety of 
techniques to ensure that the student has full access to a program designed to 
provide him or her with mastery of the mathematics standards, including those in 
the Mathematical Reasoning strand, which is inherently embedded in each of the 
other strands. Mathematical reasoning is fundamental in developing the basic 
skills and conceptual understanding for a solid mathematical foundation. Teach­
ers must familiarize themselves with each student’s 504 accommodation plan or 
IEP to help the student in achieving mastery of the mathematics standards. 

A Section 504 accommodation plan is typically produced by school districts in 
compliance with the requirements of Section 504 of the federal Rehabilitation 
Act of 1973. The plan specifies agreed-on services and accommodations for a 
student who, as a result of an evaluation, is determined to have a “physical or 
mental impairment [that] substantially limits one or more major life activities.” 
In contrast to the federal Individuals with Disabilities Education Act (IDEA), 
Section 504 allows a wide range of information to be contained in a plan: (1) the 
nature of the disability; (2) the basis for determining the disability; (3) the 
educational impact of the disability; (4) the necessary accommodations; and 
(5) the least restrictive environment in which the student may be placed. 

An IEP is a written, comprehensive statement of the educational needs of a 
child with a disability and the specially designed instruction and related services 
to be employed to meet those needs. An IEP is developed (and periodically 
reviewed and revised) by a team of individuals, including the parent(s) or 
guardian(s), knowledgeable about the child’s disability. The IEP complies with 
the requirements of the IDEA and covers such items as the (1) child’s present 
level of performance in relation to the curriculum; (2) measurable annual goals 
related to the child’s involvement and progress in the curriculum; (3) specialized 
programs (or program modifications) and services to be provided; (4) participa­
tion with nondisabled children in regular classes and activities; and (5) accommo­
dation and modification in assessments. 
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A teacher can implement accommodations in mathematics instruction in 
numerous ways. Disabilities vary widely, and accommodations must be tailored 
to the student’s individual and unique needs. For example, text may be printed in 
larger fonts for low-vision students. Because of the incidence of red-green color 
blindness in some male students, instructions should not be color coded in red 
or green. 

Educators may visit the following Web sites to obtain resources for under­
standing and addressing the needs of students with disabilities: 

•	 Laws and Regulations: A Composite of Laws Database Search Engine contains 
Education Code, Part 30; other related laws; and the California Code of Regula­
tions, Title 5 (Education). The Web site address is http://www.cde.ca.gov/sp/se/ 
ds/. Users may search this database to find pertinent legislation for various 
special education topics. 

•	 California Special Education Programs: A Composite of Laws contains state 
special education statutes; California Code of Regulations, Title 5 (Education) 
provisions; and related laws and regulations affecting programs for individuals 
with exceptional needs. This publication also contains recently enacted changes 
to the Education Code that affect special education programs. A copy of the 
most recent edition may be ordered by telephoning CDE Press at (800) 
995-4099 or by visiting the Department Web site at http://www.cde.ca.gov/sp/ 
se/ds/ or at http://www.cde.ca.gov/sp/se/ds/documents/colordrfrm.pdf. 

Experienced teachers develop a repertoire of good instructional strategies to be 
used in special situations or with specific groups of students. Many of these 
strategies can be explicitly taught or embedded in instructional materials. To 
establish successful instructional strategies for all students, the teacher should: 

1. Establish a safe environment in which the students are encouraged to talk and 
to ask questions freely when they do not understand. 

2. Use a wide variety of ways to explain a concept or an assignment. When 
appropriate, the concept or assignment may be depicted in graphic or pictorial 
form, with manipulatives, or with real objects to accompany oral instruction 
and written instructions. 

3. Provide assistance in the specific and general vocabulary to be used for each 
lesson prior to the lesson and use reinforcement or additional practice after­
ward. Instructional resources and instruction should be monitored for ambigu­
ities or language that would be confusing, such as idioms. 

4. Set up tutoring situations that offer additional assistance. Tutoring by a 
qualified teacher is optimal. Peer or cross-age tutoring should be so designed 
that it does not detract from the instructional time of either the tutor or tutee, 
and it should be supervised. 

5. Extend the learning time by establishing a longer school day, a double period 
of mathematics classes, weekend classes, and intersession or summer classes. 

6. Enlist the help of parents at home when possible. 
7. Establish special sessions to prepare students for unfamiliar testing situations. 
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8. Ask each student frequently to communicate his or her understanding of the 
concept, problem, or assignment. Students should be asked to verbalize or 
write down what they know, thereby providing immediate insight into their 
thinking and level of understanding. 

9. Use a variety of ways to check frequently for understanding. When a student 
does not understand, analyze why. This analysis may involve breaking the 
problem into parts to determine exactly where the student became confused. 

10. Allow students to demonstrate their understanding and abilities in a variety 
of ways while reinforcing modes of communication that are standard in the 
school curricula. 

Sequential or Simultaneous Instruction 
for English Learners 

English fluency and academic achievement in the core curriculum do not need 
to be achieved simultaneously but may be addressed sequentially provided that, 
over a reasonable period of time, English learners do not suffer academically, as 
measured under the federal standards established in Castañeda v. Pickard 648 F.2d 
989 (5th Cir. 1981). It may be appropriate in some contexts to develop literacy in 
English initially, even if that approach delays progress toward achieving the 
standards. The English learner ultimately will have to acquire the English profi­
ciency comparable to that of the average native speaker of English and to recoup 
any academic deficits resulting from the extra time spent on English-language 
development. Thus, a school may elect first to focus on the development of 
English language skills and later to provide compensatory and supplemental 
instruction in mathematics so that an English learner can make up for academic 
deficiencies. 

Differentiation in Pacing and Complexity 
Advanced students and those with learning difficulties in mathematics often 

require systematically planned differentiation strategies to ensure appropriately 
challenging curriculum and instruction. The strategies for modifying curriculum 
and instruction for special education or at-risk students are similar to those used 
for advanced learners and can be considered variations along four dimensions: 
pacing, depth, complexity, and novelty. Two dimensions will be discussed here, 
pacing and complexity. Many of these strategies are good for all students, not just 
for those with special needs. 

Pacing 

Pacing is perhaps the most commonly used strategy for differentiation. That is, 
the teacher slows down or speeds up instruction. This strategy can be simple, 
effective, and inexpensive for many students with special needs (Benbow and 
Stanley 1996; Geary 1994). An example of pacing for advanced learners is to 
collapse a year’s course into six months by eliminating material the students 
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already know (curriculum compacting). Or students may move on to the content 
standards for the next grade level (accelerating). For students whose achievement 
is below grade level in mathematics, an increase in instructional time from 60 to 
90 or 120 minutes may be appropriate. 

Complexity 

Modifying instruction by complexity requires more training and skill on the 
part of the teacher and instructional materials that lend themselves to such 
variations. For students experiencing difficulty in mathematics, teachers should 
focus on the key concepts within the standards and eliminate confusing activities 
or variables. 

Research shows that advanced students benefit most from a combination of 
acceleration and enrichment (Shore et al. 1991). These modifications can be 
provided either within a class or by the regrouping of students across classes or 
grade levels. 

Differentiation for special needs students is sometimes questioned by those 
who say that struggling students never progress to the more interesting or com­
plex assignments. This concern is often used to move struggling students along or 
to involve them in complex assignments even though they have not mastered the 
basics they need to understand the assignments. This framework advocates a 
focus on essential concepts embedded in the standards and frequent assessment to 
ensure that students are not just “passed along” without the skills they will need 
to succeed in subsequent grades. Struggling students are expected to learn the key 
concepts well so that they develop a foundation on which further mathematical 
understanding can be built. 

Accelerating the Learning of At-Risk Learners 
When students begin to fall behind in their mastery of mathematics standards, 

immediate intervention is warranted. Interventions must combine practice in 
material not yet mastered with instruction in new skill areas. Students who are 
behind will find it a challenge to catch up with their peers and stay current with 
them as new topics are introduced. Yet the need for remediation cannot be 
allowed to exclude these students from instruction in new ideas. In a standards-
based environment, students who are struggling to learn or master mathematics 
need the richest and most organized type of instruction. This strategy will be very 
effective for the benchmark and strategic groups of students described by 
Kame’enui. 

Students who have fallen behind, or who are in danger of doing so, need more 
than the normal schedule of daily mathematics. Systems must be devised to 
provide these students with ongoing tutorials. It is important to offer special 
tutorials before or after school or on Saturday; however, to ensure access for all 
students, extra help and practice should occur in extra periods of mathematics 
instruction during the school day. 
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As students in the eighth grade are assigned to formal mathematics courses, 
such as Algebra I or a first-year integrated course, new systems must be devised 
that provide students with support when they reach a point at which their 
eventual failure of the course is obvious. Requiring a student with intensive 
learning challenges to remain in a course for which he or she lacks the founda­
tional skills to master the major concepts, and thereby to pass the course, wastes 
student learning time. Course and semester structures and schedules for classes 
should be reexamined and new structures devised so that students enrolled in 
such essential courses as Algebra I can ultimately complete the full course. Alge­
bra readiness instructional materials, described in Appendix E, are intended for 
students who are not prepared for algebra in the eighth grade. Also, targeted 
intervention support at the seventh grade and earlier can prevent or lessen the 
failure in algebra of many eighth grade students. Mathematics intervention 
instructional materials, described in Appendix E, are for students in grades four 
through seven who are not achieving at their grade level. 

Intervention support can be provided in a variety of instructional settings. For 
example, at the end of the first quarter or semester, classes might be reorganized 
so that students who are hopelessly lost or at risk of failing could enter a new 
course or receive extra support focused on strengthening and rebuilding founda­
tional concepts and skills that are lacking from earlier grades. Instructional time 
might be extended in summer school or by enrolling students in a longer block of 
time for algebra during the regular school year. In either event the student would 
be more likely to succeed than if he or she were to remain in the Algebra I course 
for the entire school year and receive failing grades or to drop the class and miss 
out on instruction in mathematics altogether for the balance of the school year. In 
the past many students were reassigned to a basic general or remedial-level class, 
thereby limiting their opportunity to complete Algebra I, a critical gateway 
course. 

Transitional Materials 

The primary goal of transitional materials should be to move students up to 
their grade level. Most students are capable of mastering the mathematics content 
standards, but teaching must be well organized for students to succeed. First, 
teachers need a strong grasp of the content area. Second, they must use instruc­
tional materials that facilitate the transitional period. The mathematics content 
standards were approved by the State Board of Education in December 1997; 
therefore, teachers should have passed the transitional phase of implementing 
them. However, many students are struggling to attain mastery of the standards at 
their grade level. This situation is especially true for students taking algebra in the 
eighth grade. Instructional materials that clearly identify the highest priority 
instructional activities are necessary to prepare students for meeting the grade-
level requirements. This material must include strong diagnostic assessments, 
provide targeted intervention on necessary foundation concepts that support 
grade-level standards, and allow students to accelerate their progress toward 
meeting the standards (see Appendix E for more information). 
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In helping students move from below grade level up to their grade level, 
teachers should always use materials aligned to the standards; however, during a 
transitional period, students should receive instruction aligned with fundamental 
concepts from earlier grades that support the standards for their grade level. 
Increased instructional minutes is an important component to success for stu­
dents in transition. 

Grouping as an Aid to Instruction 
Research shows that what students are taught has a far greater effect on their 

achievement than how they are grouped (Mosteller, Light, and Sachs 1996). The 
first focus of educators should always be on the quality of instruction; grouping is 
a secondary concern. This framework recommends that educators use common 
sense about grouping. Grouping is a tool and an aid to instruction, not an end in 
itself. As a tool it should be used flexibly to ensure that all students achieve the 
standards, and instructional objectives should always be based on the standards. 

For example, a teacher may discover that some students are having trouble 
understanding and using the Pythagorean theorem. Without this understanding 
they will have serious difficulties in algebra or geometry. It is perfectly appropri­
ate, even advisable, to group those students who do not understand a concept or 
skill, find time to reteach the concept or skill in a different way, and provide 
additional practice. At the same time those students might be participating with a 
more heterogeneous mix of students in other classroom activities and in an 
evening study group in which a variety of mathematics problems are discussed. 

Teachers must rely on their experiences and judgment to determine when and 
how to incorporate grouping strategies into the classroom. To promote maximum 
learning when grouping students, educators must ensure that assessment is 
frequent, that high-quality instruction is always provided, and that the students 
are frequently moved into appropriate instructional groups according to their 
needs. (Note: A more extensive discussion of grouping appears in Loveless 1998.) 

English learners of different ages and with different primary languages may be 
grouped in the same classroom according to their English-language proficiency. 
These students would be educated in a structured English immersion program 
during a temporary transition period when the students acquire a good working 
knowledge of English. Mathematics instruction can be provided simultaneously 
(i.e., as English is acquired), or it may be scheduled sequentially (i.e., after a good 
working knowledge of English has been acquired). Once the necessary level of 
English is attained, these students would be instructed in an English mainstream 
setting. 

Research on Advanced Learners 
Advanced learners, for purposes of this framework, are students who demon­

strate or are capable of demonstrating performance in mathematics at a level 
significantly above the performance of their age group. They may include 
(1) students formally identified by a school district as gifted and talented 
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pursuant to California Education Code Section 52200; and (2) other students 
who have not been formally identified as gifted and talented but who demon­
strate the capacity for advanced performance in mathematics. In California it is 
up to each school district to set its own criteria for identifying gifted and talented 
students; the percentage of students so identified varies, and each district may 
choose whether to identify students as gifted on the basis of their ability in 
mathematics. The research studies cited in this framework use the term gifted 
students, which is defined in most areas outside California in a more standardized 
way, in accord with nationally normed tests of achievement or intelligence. In 
that context gifted students usually refers to the top few percent of students who 
score at the highest percentiles on the tests. 

A research study (Shore et al. 1991, 281) examined whether evidence exists to 
support 101 common practices in gifted education and found that very few 
practices were supported by solid evidence. However, the study also found that a 
combination of acceleration (students move on to material above grade level) and 
enrichment (students study topics in more depth or complexity or study related 
topics not covered in the normal curriculum) is supported by the research and 
leads to improved achievement for gifted students. 

How to group advanced learners has been controversial. In a longitudinal 
study of grouping arrangements for over 1,000 elementary-age students, it was 
found that gifted students receiving an enriched and accelerated curriculum 
delivered in special schools, special day classes, and pullout programs made 
statistically significant increases in achievement in language arts, mathematics, 
science, and history–social science in comparison with gifted students who did 
not receive special programming (Delcourt et al. 1994). 

The only type of programming arrangement that did not result in statistically 
significant improvement in achievement was enrichment offered in the regular 
heterogeneously grouped classroom. The reason for the lack of success was that 
even with the best of intentions, teachers did not have enough time to deliver the 
advanced or enriched curriculum they had planned for gifted students. Because 
most gifted students in California are served in the regular heterogeneously 
grouped classroom, teachers must ensure that enrichment or acceleration does 
occur, as argued for persuasively in the study (Delcourt et al. 1994). 

Standards-based education offers opportunities for students who have the 
motivation, interest, or ability (or all of these) in mathematics to excel. Several 
research studies have demonstrated the importance of setting high standards for 
all students, including gifted students. The content standards in mathematics 
provide students with goals worth reaching and identify the point at which skills 
and knowledge should be mastered. The natural corollary is that when standards 
are mastered, students should either move on to standards at higher grade levels 
or focus on unlearned material not covered by the standards. 

If, in a standards-based mathematics program, continual assessments of 
student achievement are calibrated to provide accurate measures of the uppermost 
reaches of each student’s level of mathematical knowledge, the results will show 
that some students demonstrate mastery of the standards being studied by their 



239 

Chapter 6 
Universal Access 

peers, and a few others demonstrate complete mastery of all the standards for that 
grade level. A practical, commonsense response to students with such advanced 
ability would be to begin instruction in the next year’s standards and continue 
to support the students’ learning of new material and skills. A more common 
approach would be to provide such students with enrichment and depth in 
studying the standards for their grade level. However, with such an approach, 
enrichment or extension must actually occur and lead the student to complex, 
technically sound applications. There is a danger that enrichment experiences 
may become activities for marking time with interesting problems that do not 
actually contribute to higher learning or new insight. 

If programs allow advanced students to move forward in the curriculum, 
schools will begin once more to produce young people who can compete at the 
highest levels in technological, mathematical, and science-based postsecondary 
and graduate studies and in professional fields yet to be developed. To fail to 
provide mathematically talented students with continuous new learning and 
challenges is to fail to develop a precious national resource and, in the name of 
equity, to consign all students to reach only the same average expectations 
(Benbow and Stanley 1996). 

Accelerating the learning of talented students requires the same careful, consis­
tent, and continual assessment of their progress as is needed to serve and advance 
the learning of average and struggling students. It is what schools do with the 
information from such assessments that challenges the educational system to 
reexamine its past practices. Elementary schools might be organized, for example, 
not around grade-level teams but around teams that span at least three grade 
levels. Such grade-span teams could provide mathematics instruction through 
flexible teaching focused on specific levels of the standards regardless of the 
students’ grade levels. For example, in a team with students in grades three, four, 
and five, a mathematically advanced fourth grader might work with a group of 
fifth graders. Or a group of advanced third graders might work with fourth 
graders in need of an opportunity to relearn third-grade skills in an accelerated 
program. Through the use of such a system, learning groups might be regularly 
reorganized according to the students’ mastery of standards so that the team 
members would be constantly working to move the students in the group 
forward. 

Care must be taken in the design of standards-based programs to avoid the 
errors of the past. In a standards-based classroom, the design of instruction demands 
dynamic, carefully constructed, mathematically sound lessons devised by groups of 
teachers pooling their expertise in helping children to learn. These teams must devise 
innovative methods for using regular assessments of student progress to assign 
students to instructional groups in which teaching is targeted to ensure each 
student’s progress toward mastery of world-class standards. (For more informa­
tion on advanced learners, see “Resources for Advanced Learners” at the end of 
this framework.) 
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For students to achieve the high levels of mathematical understanding 
promoted in this framework, all parties to the educational process— 
teachers, students, parents, and administrators—need to play an active 

part in the process. Student success is maximized when all four parties coordinate 
their efforts. Teachers must take the responsibility for implementing a curriculum 
that provides students with a rigorous and meaningful experience in learning 
mathematics; students must respond by expending the effort to do as well as they 
can; parents must support and monitor student work; and administrators must 
provide the leadership that is central to a schoolwide mathematics program in 
which all students experience success. 

Each of these four groups is responsible for lending support to the other three 
in pursuit of the goal of good education. This interlinked system of support 
consists of, at least, the following components: 

•	 Establishing clear goals that are focused on students’ learning of the math­
ematical content standards 

•	 Developing a centralized system at the school level for monitoring students’ 
academic progress 

•	 Forging community and state partnerships based on clearly defined roles and 
responsibilities of all stakeholders 

•	 Establishing a clear and consistent system of communication between school 
staff members and community stakeholders (e.g., parents, staff from local 
educational agencies, and business leaders) 

•	 Having the goal that all students will leave school proficient in all grade-level 
standards covered in that particular school and ready for instruction in the 
grade-level standards in their next school, for enrollment in college-level 
mathematics, or for workplace training 

Responsibilities of Teachers 
Students’ success in mathematics depends on the teacher more than on any 

other factor. Teachers are responsible for teaching mathematics in a way that 
provides exciting, balanced, high-quality programs. Teachers must strive to create 
an environment that enhances the mathematical understanding of all students. 
Teachers should be thoroughly versed in the content of the mathematics curricu­
lum and be able to use various instructional strategies to help all students learn. 
They should continually evaluate the effectiveness of their teaching strategies and 
the usefulness of tasks and assignments, making adjustments when necessary or 
appropriate. In addition, teachers are responsible for assessing and monitoring 
student progress regularly and for providing help, enrichment, or acceleration as 
needed. 

The California Standards for the Teaching Profession provides a framework of six 
instructional areas that can be applied to mathematics and across the curriculum 
(California Commission on Teacher Credentialing 1997): 

1. Engaging and supporting all students in learning 
2. Creating and maintaining effective environments for student learning 
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3. Understanding and organizing subject matter for student learning 
4. Planning instruction and designing learning experiences for all students 
5. Assessing student learning 
6. Developing as a professional educator 

Together with others in the school community, teachers are responsible for 
establishing good working relationships with parents and involving them as much 
as possible in their children’s mathematics education. They should inform parents 
about appropriate roles for parents, expectations for student work, and student 
progress. Teachers should also make clear to parents the knowledge and skills 
contained in the Mathematics Content Standards and the nature of state assess­
ments that measure student achievement. 

Teachers who continue their own education and professional development 
throughout their careers are more likely than others to be acquainted both with 
mathematical content and with new developments in mathematics education. 
Their own professional growth should be as important to them as the growth and 
learning of their students. 

Teachers’ acquisition of this ever-expanding knowledge of the what and how of 
comprehensive and balanced mathematics instruction must be supported at all 
levels: state, county, district, and school. School district governing boards, super­
intendents, central office administrators, principals, mentors, teacher leaders, 
university faculty, subject-matter networks, and professional organizations also 
play key roles in developing and maintaining teachers’ expertise. 

Ideally, teachers and administrators will support each other in a cooperative 
relationship that has as its goal the highest possible achievement in mathematics 
for all students. 

Teachers should notify administrators of any issues that require administrative 
intervention. These issues may range from student discipline and classroom 
management problems to more immediate practical needs, such as additional 
instructional materials, repair of classroom fixtures, reduction of noise that 
interferes with learning and instruction, or excessive interruptions. 

Responsibilities of Students 
All students need a solid foundation in mathematics, and all are capable of 

learning challenging mathematical content, although individual differences in 
educational outcomes are inevitable. Students must recognize that learning and 
progressing in mathematics result from dedication and determination. 

An essential starting point for students is to take their mathematics studies 
seriously by working to become proficient and by participating actively in class­
room instruction. They must make a commitment to attend all scheduled classes, 
complete all homework assignments, and acquire a determination to resolve 
problems and difficulties. Ideally, students must support one another and must 
cooperate with their teachers. They must persist when the mathematics content 
becomes challenging. 
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Each level of mathematical growth requires mastery of the preceding level. 
At each stage students must learn and reinforce basic skills and also make a 
concerted effort to understand mathematical concepts and to apply those con­
cepts and skills to problem solving. Students should also be encouraged to learn, 
understand, and master the many different dimensions of mathematics by 
learning to reason mathematically, to employ a variety of methods for problem 
solving, and to communicate and validate solutions mathematically, giving 
accurate and detailed proofs where needed. Although good teachers can provide 
encouragement and help, students are responsible for their own learning, and no 
one can learn for them. 

Realistically, no one can expect all students to enter mathematics instruction 
with high levels of personal responsibility or motivation to learn mathematics. 
Students who are not highly responsible or motivated should not be ignored, 
however. Parents, the school, other stakeholders, and even the instructional 
materials should contribute to helping all students accept personal responsibility. 
Good schoolwide management plans, for example, can improve attendance 
dramatically. Many students need to be taught good study skills. Effective in­
struction will give students the success that, in turn, will motivate them to work 
toward more and greater success. 

Teachers can provide needed support by stressing that mathematics learning 
requires considerable effort from all students and that persistent effort will greatly 
improve their learning and achievement. In other words gaining competency in 
mathematics does not require inherent mathematical talent, but it does require 
sustained effort and hard work (Stevenson et al. 1990). Finally, good in-class 
management systems will reduce the extent to which one student’s lack of 
responsibility infringes on the efforts of others. 

Responsibilities of Parents and Families 
Ideally, all parents should be strong advocates of their children’s education. 

Many parents may need assistance and encouragement from the school to sup­
port them in this role. 

Whether students are underachieving, average, gifted, or in need of individual 
attention, parents should recognize their own and their children’s role in learning 
mathematics and achieving optimal success. They should know the specific 
academic standards their children are to meet at each grade level, and they should 
be able to monitor their children’s performance and provide extra help when 
needed. Parents should be responsible for obtaining information regarding their 
children’s progress and know how to interpret that information appropriately. 
Above all, they should encourage a positive attitude toward mathematics. 

Parents are their children’s first teachers. A child’s early experiences with 
mathematics at home can provide an important foundation for learning the 
content standards for kindergarten (Saxe, Guberman, and Gearhart 1987). 
Parents and other family members can nurture and stimulate mathematics 
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development in their children and, for many children, will need to be involved in 
their children’s mathematics program at all grade levels (Stevenson et al. 1990). 

However, schools must take greater responsibility to support the early math­
ematics development of children who are less fortunate and do not benefit from 
an educated, supportive family environment. Such support may require after-
school homework, transportation services to bring children to school early for 
extra tutoring, extended tutoring support, and similar kinds of programs. 

Parents should be encouraged to reinforce school learning of mathematics at 
home by setting aside a place and the time for homework. They should check 
regularly with their children to make sure that the assignments have been com­
pleted and the material understood. It would be very helpful if, in addition, they 
were to participate in both school and districtwide activities that may affect their 
children’s education, such as developing curricula, selecting instructional materi­
als and assessment instruments, and establishing local educational goals. 

Parents should feel comfortable requesting information from the school about 
the existing mathematics curriculum and the standards for content and perfor­
mance. The school should encourage these requests and make such information 
readily available by providing convenient access to instructional and enrichment 
materials. Ideally, each textbook will be accompanied by a publisher’s handbook 
to help parents monitor their children’s lessons. 

Frequently, parents are reluctant to become involved in mathematics education 
because of their own lack of confidence with mathematics. Although parents do 
not have to be mathematicians to participate actively in their children’s math­
ematics program, schools should consider inviting parents to participate in 
professional development opportunities designed for the improvement of their 
personal mathematics proficiency. Parents can support their children’s mathemat­
ics education by ensuring that their children complete homework assignments 
and regularly attend school and by ensuring that their children recognize the 
importance of achievement in mathematics. 

Responsibilities of Administrators 
Administrators are responsible for promoting the highest-quality mathematics 

programs. It is their job to hire and assign appropriately credentialed, skilled, and 
effective mathematics teachers and provide mentoring and professional support 
for teachers when necessary. They should also monitor teachers’ implementation 
of the mathematics curriculum and evaluate teachers’ ability to teach the curricu­
lum and to assess student performance and progress. Administrators should 
ensure that the curriculum is coherent and consistent with the state standards and 
the guidelines in this framework. As much as possible, they should ensure conti­
nuity in the mathematics curriculum from classroom to classroom and among 
grade levels. 

Administrators play a critically important leadership role. They are responsible 
for seeing that the schools maintain high standards for their mathematics offer­
ings and that quality programs are implemented for all students. Effective 
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administrative leadership encourages teachers, students, and parents to recognize 
the importance of a quality mathematics program and actively support its imple­
mentation. Administrators should respond appropriately to teachers’ concerns 
about student learning. They are also responsible for ensuring that each student 
has adequate and appropriate instructional materials and supplies of suitable 
quality. 

Any explicit recommendation on what administrators can do to promote a 
successful program in mathematics is likely to involve funding and therefore 
decrease its chance of implementation. There is, however, an urgent recommen­
dation that can be implemented without funding: Administrators must provide 
uninterrupted instruction time to teachers. Interruptions, such as intercom an­
nouncements, call slips and messages for students, and nonmathematical activi­
ties, such as field trips, athletic events, and other extracurricular activities, that 
take place during class time have a significant negative impact on mathematics 
instruction. Administrators are responsible for ensuring that such interruptions 
are limited as much as possible to real emergencies, with class time consistently 
protected and considered inviolable. 

Administrators should develop among staff, students, and parents a climate of 
partnership, teamwork, collaboration, and innovation to sustain high achievement. 
Also essential is that administrators provide opportunities for teachers to develop 
collegial and collaborative relationships within their grade levels, including 
allowing adequate time for meetings and informal discussions. More precisely, 
administrators can use the suggestions in the list that follows to develop an 
environment that encourages achievement. Administrators should: 

•	 Allot time at staff meetings (and perhaps invite experts to visit the school) to 
discuss recent research articles in mathematics and their usefulness and applica­
tion to current school practices and the mathematics improvement plan. 

•	 Provide time for monthly grade-level meetings that focus on assessing student 
progress toward achieving the standards and on modifying programs to im­
prove student progress. 

•	 Provide time for teachers to visit other classrooms, both within the school and 
at model implementation sites, to observe and discuss instructional strategies 
and materials used by teachers who are highly successful in fostering student 
learning and achievement in mathematics. 

•	 Provide time for professional development on standards-based adopted instruc­
tional materials used in the school at the appropriate grade or course level and 
also many opportunities for staff members to receive coaching from those with 
expertise in teaching mathematics. 

•	 Provide, if necessary, the resources needed to hire specially trained mathematics 
teachers so that these teachers can provide support to the faculty members for 
the implementation of the standards. 

•	 Communicate to parents the school district’s expectations for student perfor­
mance, including the content of the state standards and the nature of state 
assessments that measure student achievement. 
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The goals of professional development are to provide classroom teachers 
with the knowledge and skills they will need to implement the math­
ematics content standards and to ensure that prospective teachers will be 

prepared to teach mathematics effectively. Assistance in achieving these goals is 
provided through the topics addressed in this chapter: district programs for 
professional development, professional development and retention of new teach­
ers, long-term professional development, issues to consider in designing profes­
sional development programs, issues to consider in implementing new curricula, 
and undergraduate preparation. 

District Programs for Professional Development 
Because the new standards are extremely rigorous, implementing them presents 

a challenge to teachers and students. While the standards articulate what students 
need to know and be able to do to compete in a global economy, most California 
students currently perform at unacceptably low levels. The challenge of imple­
menting the standards will be daunting because (1) the significant number of 
students not currently performing at the levels expected by the standards means 
that instruction will need to be organized and presented efficiently and effec­
tively; and (2) the increased rigor of the standards will require many teachers at all 
levels to become more knowledgeable about mathematics and ways in which to 
teach it. 

Given the enormity of the challenge, teachers must learn the most effective 
techniques for teaching mathematics, such as those described in Chapter 4, 
“Instructional Strategies.” Teachers must be prepared to address the needs of all 
their students. In some schools teachers will find that most students have a wide 
background and understanding of mathematics. In other schools teachers will 
encounter large numbers of students who have not learned foundational content. 
The professional development for teachers in the short term must be geared to 
the specific challenges that teachers will face in implementing the standards in 
their classrooms. Teachers need information based on what has been proven to 
work with students. Professional development should be based only on proven 
techniques and theories. 

Ongoing professional development is expected of all teachers. Professional 
development for immediate classroom application should take place locally and 
regularly. Effective professional development is long term and focused on increas­
ing teachers’ mathematical knowledge and ability to teach the subject. 

Professional Development and Retention 
of New Teachers 

All too often, new teachers leave the profession during or just after their first 
year of teaching, thereby wasting much of the huge investment in their educa­
tion. To help in solving this problem, school administrators and colleagues must 
take steps to help new teachers succeed in the classroom. Careful placement and 
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active mentoring can help, as can the activities for all teachers discussed next. 
These activities can alleviate the isolation that can be a problem for all teachers 
but which is most acute during the first year of teaching. 

To overcome the potential for isolation, teachers should be encouraged to set 
up ongoing collegial support, the focus of which is to share successful lessons and 
teaching approaches, and to coach one another in ways to improve student 
achievement. School and district administrators should support such in-house 
efforts by making time and space available and, when possible, by bringing in 
qualified mathematics specialists to help with these developmental activities. 

All professional development programs that focus on mathematics should use 
this framework to address the needs of the teachers involved. Further, teachers 
should be active participants in planning and organizing meetings and attending 
short courses and workshops offered by local districts, colleges, universities, 
independent consultants, and professional organizations to ensure that the 
teachers’ needs are being met. These programs must be assessed independently to 
determine their usefulness to teachers; for example, by leading to improvement in 
student mathematics achievement. 

Long-Term Professional Development 
One goal of long-term professional development is to sustain and increase 

teachers’ understanding of mathematics; that is, teachers’ procedural competen­
cies, conceptual knowledge, and ability to use these competencies and knowledge 
in problem-solving situations. 

Long-term professional development must be expected, actively encouraged, 
and rewarded both by school administrators and by state and national efforts. 
Support from institutions of higher education and other institutions with suffi­
cient expertise must be enlisted in an effort to make opportunities for high-
quality, long-term professional development readily available to all mathematics 
teachers. Long-term professional development programs in mathematics should 
be routinely subject to external assessment to ensure that they achieve their goals 
toward enhancing the mathematical competencies and knowledge of teachers. 
Teachers should be encouraged to share the benefits of their long-term profes­
sional development, as appropriate, with their colleagues in local in-service 
training programs. Teachers’ leadership and participation in national and local 
professional organizations that support the spirit and letter of this framework and 
the state standards are valued as a hallmark of the teachers’ professionalism. 

Since professional development is essential to implementing the high standards 
defined within this framework, a variety of issues should be considered when such 
activities are being designed. The list of issues that follows is neither a check-off 
list of what should be done nor an exhaustive compilation of items. Indeed, any 
particular focused and in-depth professional development program may be able 
to deal with only a few issues each year. In deciding how to balance these consid­
erations, teachers and school district administrators need a clear understanding of 
their goals for professional development. 
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Issues to Consider in Designing Professional 
Development Programs 

Persons planning activities or programs for professional development need to 
consider the following issues: 

•	 The emphasis and focus of all professional development programs in math­
ematics are on the effective implementation of the state standards and the 
guidelines presented in this framework. Individuals who provide professional 
development programs must be willing and able to demonstrate the effective­
ness of their recommendations for the typically diverse California classroom. 
Those teaching mathematics to teachers must themselves be competent with math­
ematics and competent teachers of teachers. Teachers of classroom management 
must be competent at managing classrooms effectively, and those helping 
teachers learn effective instructional strategies must be competent themselves at 
demonstrating any such strategies in classrooms. 

•	 Programs with lasting influence are usually long term and locally based, with 
teachers playing a substantial role in planning and implementation. The 
program should receive regular feedback from teachers and be modified 
accordingly. 

•	 Effective professional development is needed to enable teachers to maximize 
instructional time. Teachers can be helped in resolving both mathematics-
specific classroom management issues (e.g., organizing, distributing, or 
collecting concrete materials) and more generalized management concerns 
(e.g., dealing with an inappropriately high classroom noise level, frequent 
tardiness or absences, or inattention). 

•	 Program activities should be structured to raise teachers’ proficiency in math­
ematics. As their proficiency increases, teachers will find that their comfort 
levels in using their new mathematical knowledge will also increase. 

•	 Program participants need to discuss and understand fully what it means to 
balance the learning of mathematical procedures, the understanding of math­
ematical concepts, and the ability to engage in mathematical problem solving 
across different grade and achievement levels (see Chapters 1 and 4). 

•	 Programs need to help teachers and administrators, through in-service training 
and sharing, expand their understanding of student differences, diverse cul­
tures, and specific instructional implications and accommodations. 

•	 Teachers, while accommodating differences among students, must know which 
standards provide the core mathematics foundation for all students at each 
grade level (see Chapter 3, “Grade-Level Considerations”). 

•	 Parent involvement can substantially influence student success (Slavin, 
Karweit, and Wasik 1994). Programs should help teachers develop various 
strategies to help parents become effectively involved in the mathematics 
education of their children. 
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•	 Professional development programs should focus both on mathematics profi­
ciency for students and on those instructional strategies that best achieve it 
(see Chapters 1 and 4). 

•	 Teachers need to learn about various forms of assessment, including methods 
of conducting frequent assessments to monitor students’ progress, along with 
remedies when such assessments reveal that students are not achieving at 
grade-level expectations. 

•	 Teachers need time to discuss with their peers ways in which to implement 
concepts that were presented in professional development programs. 

Issues to Consider in Implementing 
New Curricula 

Many professional development issues need to be addressed with the imple­
mentation of the standards. Some of the more pressing issues are as follows: 

•	 Professional development needs to provide teachers with a clear understanding 
of standards-based mathematical expectations. Students need to know the 
goals and uses of the mathematics they are taught (see Chapter 4), and teachers 
need to understand the basic goals of the standards and the importance of 
achieving those goals. 

•	 Teachers need to understand how the grade-level content they are teaching is 
related to the content taught in previous grades and how their teaching will 
prepare students for the mathematics to be introduced in later grades. 

•	 As described in Chapter 10, “Criteria for Evaluating Mathematics Instruc­
tional Materials,” well-designed instructional materials will greatly facilitate 
this goal. But, at the same time, in-service training or other activities will also 
be needed to show teachers how their teaching is an integral part of all grade-
level standards and how they can develop strategies for linking their teaching 
to material for earlier and later grades (e.g., identifying review materials for 
improving their students’ foundational skills). 

•	 Phase-in strategies for new curricula must be considered carefully. To maintain 
momentum, teachers should be provided the necessary in-class support to 
implement new programs consistently and according to a given timeline. 

Every student of mathematics deserves to be taught by a teacher who has 
both the mathematical knowledge and teaching skills needed to implement the 
standards at each student’s achievement level. The teacher must present math­
ematics in ways that allow students to experience the excitement and joy of doing 
mathematics and to attain mathematics proficiency. Such teachers are a precious 
resource that must be nurtured at all levels and can, as math specialists, assist 
students and teachers alike. Young adults who love mathematics must be 
recruited into the profession and supported through preservice preparation and 
in-service education. They must be helped in (1) learning mathematics; and 
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(2) developing a repertoire of effective teaching strategies that allow them to 
implement a curriculum that balances problem solving, conceptual understand­
ing, and procedural skills, as described in Chapters 1 and 4. California’s teachers 
deserve and must receive the greatest possible support in this endeavor so that 
they can succeed in becoming skilled mathematics teachers. 

Given the shortage of highly trained mathematics teachers in California, 
schools and undergraduate institutions must actively encourage talented math­
ematics students to go into teaching careers. Undergraduate internships in 
kindergarten through grade twelve classrooms, followed up with guided reflection 
and discussion, can be effective recruitment tools and can enhance the value of 
undergraduate mathematics education. 

Undergraduate Preparation 
Teachers need a background in mathematics that is considerably deeper and 

broader than the mathematics they are expected to teach. Teachers at lower grade 
levels need this background to understand how their teaching relates to the 
mathematics content in later grades. Teachers at each grade level need to under­
stand what students will encounter in subsequent grades, because teachers will 
then know which foundational skills taught at their grade level deserve the 
greatest attention and emphasis. To achieve this understanding, teachers need to 
acquire a mathematical breadth that enables them to comprehend the interrela­
tionships of mathematical concepts and procedures across strands. Teachers’ 
mathematical depth should enable them to understand the dependence of 
mathematical ideas on one another; for example, adding rational expressions in 
algebra depends on adding fractions in arithmetic. 

Teachers in kindergarten through grade six need a command of the mathemat­
ics for algebra and geometry described in this framework. Further, before entering 
a credential program, teaching candidates for kindergarten through grade six 
should have a full year of mathematics content courses that cover at least the 
material described in Chapter 3. 

Junior high school and middle school mathematics teachers need a command 
of mathematics beyond that of kindergarten through grade six teachers. Before 
entering a credential program, teacher candidates for junior high school and 
middle school mathematics should have at least 24 semester hours of courses 
that are a part of an approved kindergarten through grade twelve mathematics 
credential program. 

Before entering a credential program, high school mathematics teacher 
candidates need the full background required for state secondary certification 
in mathematics. College and university mathematics departments should design 
their programs so that their students majoring in mathematics do not encounter 
unnecessary obstacles in meeting the state requirements. 
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Technology has changed many aspects of doing mathematics, and math­
ematics education must reflect this reality. Further, some of technology’s 
potential to enhance the teaching and learning of mathematics is already 

realized and appreciated. 
However, along with the potential of such a powerful tool for doing good, the 

possibility also exists for doing immense, perhaps incalculable harm. There was 
a time during the past two decades when this critical message was not properly 
heeded. Some educators welcomed technology as the proverbial magic bullet. 
For example, the Curriculum and Evaluation Standards for School Mathematics, 
published by the National Council of Teachers of Mathematics (NCTM) (1989), 
states on page 8: “Contrary to the fears of many, the availability of calculators 
and computers has expanded students’ capability of performing calculations. 
There is no evidence to suggest that the availability of calculators makes students 
dependent on them for simple calculations.” 

Likewise, it has been stated that technology in the classroom can be a positive 
force for equity because it helps break down barriers to mathematical understand­
ing created by differences in computational proficiency. Some went so far as to 
recommend that in every grade calculators be issued to students just as textbooks 
are. 

Such trust and optimism notwithstanding, recent anecdotal evidence and 
large-scale studies offer a more sobering perspective. In the National Research 
Council’s report Adding It Up: Helping Children Learn Mathematics (Kilpatrick, 
Swafford, and Findell 2001, 356), the authors observed that there is very little 
empirical research on the effectiveness of various uses of calculators. Regarding 
international comparisons, they commented: 

On TIMSS [Third International Mathematics and Science Study] similar percentages 
for calculator use were reported by U.S. teachers. In some countries, including some 
high-achieving countries (such as Japan and Korea) as well as in some low-achieving 
countries, mathematics teachers rarely had students use calculators. Internationally, 
there does not appear to be a correlation between calculator use and achievement in 
mathematics. 

After a meta-analysis of 79 research reports to assess the effects of calculator 
use, Hembree and Dessart (1986) reported a mixed result on the effects of using 
calculators. While the use of calculators in concert with traditional mathematics 
instruction may improve the average student’s basic skills with paper and pencil at 
higher grade levels, they wrote that “[s]ustained calculator use in Grade 4 appears 
to hinder the development of basic skills in average students.” 

A more recent meta-analysis by Ellington (2003) of research studies conducted 
during the past 30 years also lends a note of caution. Of the 127 research reports 
considered in this broad study, only 49 involved testing of students without 
calculators (a practice consistent with that of California’s testing system), and 
of those, only 15 research reports involved measuring the acquisition of 
computational skills. Those 15 studies had a cumulative study population of only 
886 students, and Ellington reported that together they did not yield statistically 
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significant results. The confidence intervals for effect size included zero (no effect) 
and possible positive or negative effects. With the exclusion of a single outlier 
study out of the 15, the remaining 14 studies showed a slight negative effect of 
calculator use on the acquisition of computational skills, albeit not a statistically 
significant effect. The effect of calculator use in individual grades could not be 
determined from the studies, according to Ellington. 

In an analysis of students’ responses on the long-term trend NAEP test, 
Loveless (2004) studied computational accuracy on matched items (with and 
without calculators allowed during testing). He found significant deficits in 
students’ competency when a calculator was not permitted, as shown in the table, 
“Matched Calculator Items.” (The results are for whole-number operations for 
students aged nine.) 

Matched Calculator Items 

All Students 

Skill cluster 
Calculator 
allowed? 

Accuracy 
(1990) 

Accuracy 
(1999) 

Difference 
1990–1999 

Addition No 80.0% 78.4% −1.6% 

Subtraction 

Yes 

No 

83.2% 

63.4% 

87.0% 

59.7% 

+3.8% 

−3.7% 

Multiplication 

Yes 

No 

88.3% 

43.9% 

89.2% 

42.5% 

+0.9% 

−1.4% 

Division 

Yes 

No 

86.8% 

49.1% 

87.9% 

48.3% 

+1.1% 

−0.8% 

Yes 73.3% 77.1% +3.8% 

Reprinted by permission from Loveless 2004,Table 5. 

Regarding the differences in the computational accuracy of U.S. students 
with and without a calculator, Loveless wrote: “These differences are enormous— 
the difference between signaling mastery and signaling incompetence.” He 
concludes: “These finding[s] suggest that making calculators available on a test 
of computation skills can make the difference between concluding that students 
have acquired certain skills—and concluding that they haven’t. On each of these 
items, at least 40% of the nation’s nine year olds computed correctly with or 
without a calculator provided. For most of the remaining students, calculators are 
the difference in whether they compute correctly or get the calculation wrong.” 1 

Debra Paulson, an eighth grade mathematics teacher in El Paso, Texas, and 
member of the National Assessment Governing Board that oversees the National 

1 Reprinted by permission from Tom Loveless, Computation Skills, Calculators, and Achievement 
Gaps: An Analysis of NAEP Items. Washington, D.C.: The Brookings Institution, 2004, 17. This 
paper appears on the Web site http://www.brookings.edu/views/papers/20040415loveless.pdf. 

http://www.brookings.edu/views/papers/20040415loveless.pdf
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Assessment of Educational Progress (NAEP) test, made the following remarks in a 
press release on the “NAEP 2000 Mathematics Report Card:” 2 

Now I would like to discuss calculators, a topic of considerable interest to teachers and 
of controversy among the public. According to the background information NAEP 
collects from students, there is a substantial difference in the relationship between 
calculator use and math achievement at grade 4, compared to grades 8 and 12. 
Generally, at grade 4 using calculators more is linked to lower achievement. At grades 
8 and 12, the students who use calculators more tend to do better, and the positive 
relationship is especially strong at grade 12. 

As you know, the National Assessment is a survey; it does not follow the same children 
from grade to grade. Thus, it can show the correlation of one factor or another to 
student achievement. But it cannot be used to prove cause and effect. 

But I think there may be several reasons for these relationships. An important part of 
fourth grade is for students to gain fluency in adding, subtracting, multiplying, and 
dividing whole numbers and also to develop the strategies for estimating answers and 
judging the reasonableness of their results. It is important for them to learn the 
algorithms to compute in whole numbers, and to record their computational thinking 
with pencil and paper. This fosters an understanding of the base-ten number system 
that a calculator cannot provide. . . . 

In 8th and 12th grades, on the other hand, the use of calculators every day was 
associated with higher scores. Clearly, calculators are necessary for more advanced 
math, and the use of graphing calculators is expanding, even in eighth grade. I know 
in my own classroom that using graphing calculators lets students link tables, graphs 
and equations, and helps them test conjectures. It also is a great way to get them 
involved and excited about some fundamental concepts of math (Paulson, 2001, 4). 

This framework proposes some guidelines on the use of technology in the 
classroom. The task is made difficult not only by an absence of hard data to help 
identify whether or when it is appropriate to use technology in mathematics 
education but also by the phenomenally rapid rate at which technology is advanc­
ing. For these reasons the scope of these guidelines will be restricted to what is 
warranted by the available evidence. 

The Use of Calculators 
The Mathematics Content Standards for California Public Schools was prepared 

with the belief that there is a body of mathematical knowledge—independent of 
technology—that every student in kindergarten through grade twelve ought to 
know and know well. Indeed, technology is not mentioned in the Mathematics 
Content Standards until grade six. More important, the STAR assessment 
program—carefully formulated to be in line with the standards—does not allow 
the use of calculators all through kindergarten to grade eleven, except for special 
education students who have this modification written into their individualized 
education programs. 

2 This press release appears on the Web site http://www.nagb.org/dpaulson.html. 

http://www.nagb.org/dpaulson.html
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Development of Basic Mathematical Skills 

It is important for teachers to stay focused on the goal of having their students 
understand mathematics and develop the ability to use it effectively. Teachers 
should realize that understanding basic concepts requires that the students be 
fluent in the basic computational and procedural skills and that this kind of 
fluency requires the practice of these skills over an extended period of time 
(Bahrick and Hall 1991; Cooper and Sweller 1987; Sweller, Mawer, and Ward 
1983). The extensive reliance on calculators runs counter to the goal of having 
students practice using these procedures. More to the point, it is imperative that 
students in the early grades be given every opportunity to develop a facility with 
basic arithmetic skills without reliance on calculators. For example, it should not 

5 3be the case that, in a fifth-grade classroom, the simple addition 
11 

+ 
5 

can be 
done only with the help of a calculator. Students are expected to learn to be adept 
at making mental calculations and estimates. With a strong technical foundation 
in place, they will be in a good position to acquire the more complex concepts 
and procedures throughout their school years. 

Preparation for the Use of Calculators 

It should not be assumed that caution on the use of calculators is incompatible 
with the explicit endorsement of their use when there is a clear reason for such an 
endorsement. Once students are ready to use calculators to their advantage, 
calculators can provide a very useful tool not only for solving problems in various 
contexts but also for broadening students’ mathematical horizons. One of the 
most striking examples of how calculators can be appropriately used to help solve 
problems is the seventh grade topic of compound interest. Initially, compound 
interest should be developed with problems that can be done without calculators, 
such as finding the total earnings over two or three time periods when the interest 
is compounded. However, once the general formulas are introduced, calculators 
become invaluable in answering questions, such as, What is the size of payments 
on a 20-year, fixed-rate loan of $50,000? or What will be the total amount of 
interest paid? 

Calculators can also be used in many situations to augment one’s ability to 
teach important mathematical concepts. One can now include such problems as 

1 11factoring 14,478,750 or finding the sum of 18731 
+ 

2136  in a regular sixth- or 
seventh-grade mathematics course with the expectation that students will recog­
nize that such problems require the use of calculators. From the point of view of 
learning mathematics, such problems, particularly the first one, are not mere drill. 
They require a nontrivial use of systematic search procedures, which cannot easily 
be demonstrated with simpler problems. Another example is for students to seek 
the formula for the sum of squares of the first n positive integers. They might ask 
themselves if the desired formula could be a cubic polynomial in n. Calculators 
can also be invaluable in working with the extraction of difficult roots and in 
performing some calculations dealing with special functions, such as the 
exponential, logarithmic, and trigonometric ones. 
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Students must be facile in the execution of basic arithmetical and mathemati­
cal procedures without the use of calculators. As described in Chapter 1, “Guid­
ing Principles and Key Components of an Effective Mathematics Program,” basic 
computational and procedural skills influence employability in the United States 
(Rivera-Batiz 1992), and the practice of these skills contributes to the students’ 
development of conceptual understanding and to the sophistication of students’ 
problem-solving approaches (Siegler and Stern 1998; Sophian 1997). 

The Use of Computers 
The role of computers and software in learning and applying mathematics is 

changing almost as quickly as the technology is advancing. However, it is impor­
tant to recognize that working at the computer cannot be considered a substitute 
for teachers’ or for students’ active individual involvement in a mathematics class 
or with homework assignments. 

To help ensure that computer education is of maximal benefit to students, it is 
important to distinguish between general computer education and literacy and 
the applications of computers in the mathematics curriculum. 

All students need to learn basic computer skills, and they should become 
familiar with several computer applications. They must have the ready ability to 
learn how to use computer applications and how to navigate and make use of the 
Internet. These skills can be taught starting in the elementary grades. It is ex­
tremely important, however, to recognize a good course in computer skills for 
what it is and not mistake it for a good course in mathematics. In particular, 
the teaching of computer literacy should not take time away from, or be confused 
with, the teaching of the mathematics curriculum, as described elsewhere in this 
framework. 

Computers in the Elementary Grades 

The large-scale use of computers in the mathematics curriculum needs to 
be viewed with extreme caution in kindergarten through grade five. Some 
of the risks are detailed more fully in the report by H. Wenglinsky (1998), 
from the Educational Testing Service, discussed later in this chapter, and in 
a historical analysis of technology applications in education by Oppenheimer 
(2003). As noted previously, it is crucial for students in the elementary grades 
to acquire basic skills in arithmetic so that they can obtain a solid grounding 
in the concepts involved. These skills and concepts need to be solidly in place 
before students can take real advantage of computer or calculator applications 
in mathematics. Therefore, computers should not play a major role in the 
mathematics curriculum in kindergarten through grade five. 

Computers in the Middle Grades 

In the middle grades some schools may wish to take advantage of the many 
computer programs that can augment students’ mathematical education. Here 
the schools and the individual teachers must be cautious, however. There are 
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many excellent programs, rich in graphics and sound, that can help students learn 
basic concepts, such as fractions, and that can demonstrate graphs and even help 
with statistical and data analysis. But many programs are not appropriate for use 
in a mathematics curriculum. Some are more entertaining than educational, and 
others essentially do the mathematics for the students, thereby depriving them of 
the chance to learn for themselves. 

For these reasons schools and teachers must judge carefully in deciding which 
types of computer programs to use to augment their mathematics curriculum. 
Those computer programs must be chosen with the same care as that used in 
choosing other types of instructional materials, such as textbooks. The decision-
making process should always focus on whether the program augments the 
students’ learning of the curriculum. 

Computers in High School 

In the higher grades, students’ levels of interaction with computers can be 
more sophisticated. In particular, computer-programming skills are based on the 
same logical foundations as is mathematics itself and, if possible, courses in 
mathematical computer programming should be available to students. However, 
it is not appropriate to discuss the details of such a course here. 

Within the mathematics curriculum the writing of simple computer programs 
to solve problems in mathematics (or science) can be encouraged through extra-
credit homework assignments or projects. The advantages of such assignments are 
as follows: 

•	 The writing of a program to perform a mathematical calculation can help to 
solidify students’ knowledge of the mathematical concepts involved in solving 
the problem. 

•	 The lack of tolerance for errors in computer programs forces the students 
to be precise and careful in their work. 

•	 The algorithms that students implement must be correct and correctly 
expressed in the computer language being used. 

All these benefits are important, not only for the students’ mathematical 
development but also in many other areas. As always, caution needs to be empha­
sized. For example, merely entering data into a prewritten program does not have 
much educational benefit and can easily be counterproductive. 

Computer skills, particularly the programming skills described previously, can 
give students a real advantage in entering the job market. Thus, serious attention 
must be given to developing appropriate courses. Merely being familiar with how 
to use word-processing programs or interactive mathematics programs will not 
achieve these objectives. 

A Large-Scale Study of Computer Use 

The first large-scale study of the relationship between computer use and 
student achievement was done by H. Wenglinsky (1998), under the auspices 
of the Educational Testing Service. He used data from the 1996 National 
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Assessment of Educational Progress (NAEP) examinations and the questionnaires 
filled out by the fourth and eighth grade students taking the examinations, their 
teachers, and the administrators of the schools involved. 

The largest correlation in the study was for eighth graders who used computers 
for drill. Those students lagged behind the average student on the NAEP examina­
tions by an average of 21.2 weeks (out of an average 36-week school year). In 
contrast, eighth graders who used computers for applications of mathematics 
showed a gain of the equivalent of 15.1 weeks of instruction in their average 
scores. 

Correlations do not mean that one thing necessarily caused the other. It could 
well be that using the computer for drill is a symptom, not a cause, of student 
difficulties. But, in general, the results of this study strongly reinforce the con­
cerns about overdependence on the computer as a teaching aid. 

The Use of the Internet 
The Internet is another technological advance that offers interesting opportu­

nities for student learning in mathematics. It provides a wealth of information 
more rapidly than was possible at any other time in human history. One way 
teachers might take advantage of this technology is to require students to obtain 
data for statistical analysis from the Net. But at this stage the Internet seems more 
useful to teachers themselves than to students. A great deal of information on 
lesson plans and curricula is available through the Internet, as are many opportu­
nities for teachers to exchange information and advice. 

Mathematics teachers should exercise caution to ensure that using the Internet 
promotes student learning and is an efficient use of student time. If the Internet 
is a feature of a mathematics lesson, its use must be directly related to the goal 
of the lesson, and the information accessed must be directly related to the 
mathematical content of the lesson. 

The use of technology in and of itself does not ensure improvements in 
student achievement, nor is its use necessarily better for student achievement 
than are more traditional methods. Only carefully conducted research studies 
will determine how, and with what mathematical content, technology will foster 
student achievement. At this time the research base is insufficient for making any 
strong recommendations in favor of using computer and calculator technology 
in kindergarten through grade six classrooms. Consequently, the framework 
recommends that extreme care be used in adopting any instructional programs 
based solely on the use of computers or calculators. 3 

3 This statement does not refer to programs that use electronic technology as an alternative 
means to deliver instructional material. 
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Instructional materials adopted by the state help teachers present the content 
set forth in the Mathematics Content Standards for California Public Schools 
(referred to in this publication as the California Mathematics Standards). To 

accomplish this purpose, this chapter establishes criteria for evaluating the 
instructional materials for the six-year adoption cycle beginning with the primary 
adoption in 2007. These criteria serve as evaluation guidelines for the statewide 
adoption of mathematics instructional materials for kindergarten through grade 
eight, as defined in Education Code Section 60010. 

The weight of textbooks is not a part of the criteria for evaluating instructional 
materials; however, beginning with the 2007 kindergarten through grade eight 
mathematics primary adoption, maximum weight standards for elementary and 
secondary school textbooks will apply to adopted materials (pursuant to Assembly 
Bill 2532, Chapter 1096, Statutes of 2002). Textbook publishers will be required 
to provide local school districts with options for lighter-weight materials, such as 
split volumes, electronic editions, or classroom sets, for textbooks that do not 
comply with the maximum standards approved by the California State Board of 
Education. Those weight standards are three pounds for kindergarten through 
grade four, four pounds for grades five through eight, and five pounds for grades 
nine through twelve. More information about implementing the weight standards 
will be included in the Invitation to Submit, which contains guidelines for pub­
lishers planning to submit materials for possible adoption. 

The California Mathematics Standards are rigorous. Instructional materials play 
a central role in helping students to achieve the standards. Organized by grade 
level from kindergarten through grade seven, the mathematics content standards 
are presented in five strands: Number Sense; Algebra and Functions; Measure­
ment and Geometry; Statistics, Data Analysis, and Probability; and Mathematical 
Reasoning. However, publishers are not required to adhere to this organization of 
strands as long as they address all the individual standards. In addition, the order 
of the mathematics standards does not imply a required organization for the 
materials within a grade level or discipline. Instructional materials may contain 
groups of related standards and address them simultaneously for coherence and 
utility. 

The standards for grades eight through twelve are organized differently from 
those for kindergarten through grade seven. Mathematics in the higher grades is 
not organized by strand because the mathematics studied in grades eight through 
twelve falls naturally under the disciplines algebra, geometry, and so forth. Local 
educational agencies and teachers have flexibility in planning courses of study 
because the standards for grades eight through twelve do not mandate that a 
particular discipline be initiated and completed in a single grade. Most schools 
teach the disciplines in traditional courses; others teach the material in an inte­
grated program.1 The content of each discipline must be covered, and students 

1 If a publisher submits an integrated program for grade eight, the entire program series must be 
submitted (e.g., to evaluate a three-year integrated Algebra I/geometry/Algebra II series, materials 
for all three years of the program would be reviewed to determine alignment with the Algebra I 
standards). 
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are expected to achieve the standards regardless of the sequence of the disciplines. 
Thus the content covered in an integrated program that combines Algebra I, 
geometry, and Algebra II must be the same content that is covered in traditional 
courses for those disciplines. 

The acquisition of mathematical reasoning is intrinsically entwined in the 
learning, the doing, and the understanding of a particular portion of the math­
ematics content. Therefore, the standards under the Mathematical Reasoning 
strand are to be addressed not in isolation but by and through the presentation 
of content listed under the other strands. 

Instructional materials adopted by the California State Board of Education, on 
the whole, should provide programs that will be effective for all students—those 
who have mastered most of the content taught in the earlier grades and those 
who may have significant gaps in learning. In addition, instructional materials 
must specifically address the needs of teachers who instruct a diverse student 
population. Publishers should select research-based pedagogical approaches that 
give teachers effective alternatives in teaching mathematics. Guidance on evaluat­
ing educational research can be found in the report Identifying and Implementing 
Educational Practices Supported by Rigorous Evidence: A User Friendly Guide 
(U.S. Department of Education 2003). 2 

The criteria require that instructional materials address the learning needs of 
students and that programs be submitted in one of three categories: basic grade 
level, intervention, and algebra readiness. Districts will decide, on the basis of 
individual assessment data, whether each student uses one or a combination of 
basic grade-level, intervention, or algebra readiness materials. Regardless of the 
type of program, instructional materials must provide all students with access to 
the concepts, skills, and problem-solving tools described in the California 
Mathematics Standards. 

Student Access 
The Mathematics Framework outlines strategies for successful diagnostic 

teaching by recommending instructional assistance designed to help all students, 
including struggling students, learn the key concepts in mathematics well so that 
they develop a foundation on which to build further mathematical understand­
ing. (The strategies for and categories of students are defined in Chapter 6, 
“Universal Access,” in this framework.) The descriptions that follow explain to 
publishers the correlation between the learning needs of students (defined in 
Chapter 6) and the three types of programs appropriate to use with students. 

1. Benchmark Students 

Benchmark students are making good progress toward achieving the standards 
but may be experiencing temporary or minor difficulties. Students’ needs must be 

2 This report appears on the following Web site: http://www.ed.gov/rschstat/research/pubs/ 
rigorousevid/index.html. 

http://www.ed.gov/rschstat/research/pubs/
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addressed quickly, often by reteaching concepts in a different way. These students 
typically participate in a basic grade-level program. 

2. Strategic Students 

Some students may be a year below grade level. The regular classroom teacher 
can bring them to grade level, but their difficulties must be examined systemati­
cally and fully. These students may also need to take two periods of mathematics 
a day to master the content of the standards. Generally, these students participate 
in a basic grade-level program with additional support. 

3. Intensive Students 

Some students are at serious risk of not meeting the standards, as indicated by 
the students’ repeated low performance on valid and reliable measures. Generally, 
these students are performing two or more years below grade level. Intensive 
intervention and extended instructional time will be required. These students 
require an intervention program that focuses on foundational skills and concepts 
essential for students to succeed in a basic grade-level mathematics program. The 
program should not serve as a fixed-term course since the intent is for students to 
accelerate their achievement so that they can succeed in the basic grade-level 
program. 

Three Types of Programs 
Three types of programs will be considered for adoption: basic grade level 

(kindergarten through grade eight), intervention (grades four through seven), and 
algebra readiness (grade eight). All three types of programs must be stand-alone 
products and will be reviewed separately: 

1. Basic Grade-Level Program (Kindergarten Through Grade Eight) 

The basic grade-level program is the comprehensive mathematics curriculum 
for students in kindergarten through grade eight. It provides the foundation for 
instruction and is intended to ensure that all students master the California 
Mathematics Standards. This comprehensive curriculum should provide instruc­
tional content for at least 50 minutes per day. In addition to the basic material 
provided to cover the standards for students who are achieving at or near grade 
level (benchmark level), there should be instruction to support the learning of 
students who are at the strategic level. Instruction suitable for advanced learners 
should be included in a basic grade-level program as well. 

2. Intervention Program (Grades Four Through Seven) 

Students who have significant gaps in their knowledge of mathematics may 
benefit from a mathematics intervention program. These programs contain 
materials that teachers can use to support instruction in the six topical volumes 
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described in Appendix E, “Mathematics Intervention and Algebra Readiness 
Instructional Materials.” 

3. Algebra Readiness Program (Grade Eight or Above) 

Although those students who have mastered the content described in the 
California Mathematics Standards for kindergarten through grade seven will be 
ready to take Algebra I in grade eight, other students will not have the necessary 
preparation and will not be ready for algebra. Those who are not prepared to take 
an algebra course in grade eight will require specialized instructional materials 
that focus on the prerequisite standards described in Appendix E. Algebra readi­
ness instructional materials must be designed to serve students for a full year of 
instruction; schools, however, may use the materials in different instructional 
settings. Algebra readiness programs prepare students for success in Algebra I. 

Valid and reliable diagnostic assessments embedded in the curriculum must be 
provided to inform the teacher of students’ strengths and weaknesses. Instruction 
that is based on the requisite standards, coupled with the information obtained 
from the assessments, should prepare students for algebra. 

Evaluation Criteria 
The criteria for the evaluation of mathematics instructional resources for 

kindergarten through grade eight are divided into five categories (these categories 
apply to all three types of programs). 

1. Mathematics content/alignment with the standards. The content as specified 
in the California Mathematics Standards and presented in accord with the 
guidance provided in the Mathematics Framework for California Public Schools 

2. Program organization. The sequence and organization of the mathematics 
program that provide structure for what students should learn each year in 
basic programs and for the duration of algebra readiness and mathematics 
intervention programs 

3. Assessment. The strategies presented in the instructional materials for measur­
ing what students know and are able to do 

4. Universal access. Instructional materials that address the needs of special 
student populations, including students eligible for special education, students 
whose achievement is either significantly below or above that typical of their 
class or grade level, and students with special needs related to English-language 
proficiency 

5. Instructional planning and support. The instructional planning and support 
information and materials, typically including a separate teacher’s edition to 
help teachers in implementing the mathematics program 

Materials that fail to meet the criteria for mathematics content/alignment 
with the standards will not be considered satisfactory for adoption. Only those 
programs that meet all criteria in category 1 and that have strengths in each of 
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categories 2 through 5 will be deemed worthy of adoption. Unless otherwise 
noted, the following information in categories 1 through 5 applies to all three 
types of programs: 

Category 1. Mathematics Content/Alignment with the Standards 

Mathematics materials should support teaching to the California Mathematics 
Standards in accord with the guidance provided in the Mathematics Framework for 
California Public Schools. Instructional materials suitable for adoption must satisfy 
the following criteria: 

1. The mathematics content is correct, factually accurate, and written with 
precision. Mathematical terms are defined and used appropriately. 

2. The materials in basic instructional programs support comprehensive teaching 
of the California Mathematics Standards at each grade level as detailed, dis­
cussed, and prioritized in Chapter 2, “The California Mathematics Content 
Standards,” and Chapter 3, “Grade-Level Considerations.” The materials 
in algebra readiness and mathematics intervention programs support compre­
hensive teaching, as detailed in Appendix E. So that the mathematics all 
students should know and be able to do is made clear, the only standards that 
may be referenced in any program are the California academic content stan­
dards developed under Education Code Section 60605, and the instructional 
design must reflect current and confirmed research. The materials must not 
conflict with the content in the California Mathematics Standards or the 
Mathematics Framework. 

3. The attention given to each standard in the basic program is in accord with its 
level of emphasis in Chapter 3. Appendix E contains guidance for instructional 
materials for algebra readiness and mathematics intervention. 

4. Mathematical topics are presented at broadly different levels of rigor and are 
written to bring students to the level of proficient or advanced performance 
(materials for advanced learners are not required for intervention programs). 

5. For the basic program a substantial majority of the content relates directly to 
the California Mathematics Standards for each grade level, although standards 
from earlier grades may be reinforced, and a foundation for the mastery of later 
standards must be built at each grade level. For the intervention and algebra 
readiness programs, a substantial majority of the content relates directly to the 
subset of California Mathematics Standards selected for those programs (see 
Appendix E) and to the foundational concepts and skills necessary for student 
proficiency in the standards. 

6. All content must be clearly relevant to mathematics. Unrelated topics not 
directly focused on the California Mathematics Standards and the Mathematics 
Framework are kept to a minimum. 

7. A checklist of California Mathematics Standards is included in the teacher’s 
guide, together with citations for page numbers for the standards or lists of 
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other references that demonstrate alignment with the California Mathematics 
Standards, and, to the extent possible, the Mathematics Framework. Material 
referenced to show alignment with a standard in the Mathematical Reasoning 
strand should also be aligned with one or more standards outside that strand. 

8. Concepts and procedures are explained and accompanied with examples to 
reinforce the lessons. All formulas and theorems appropriate to the grade 
must be proven; informal or heuristic proofs are acceptable if a complete 
proof is provided in a later lesson or grade within the program. Students are 
provided with sufficient material so that they can develop a complete under­
standing of the mathematical concepts and reasoning skills outlined in the 
California Mathematics Standards. 

9. Many mathematical problems are provided to help develop automatic use of 
procedures and to foster the development of mathematical understanding. 
Strategies for solving various classes of problems are also provided. The types 
of problems are those that: 

• Help students develop and understand a concept. 
• Provide practice in learning a skill. 
• Provide practice with mental calculations. 
• Provide practice with written calculations. 
• Involve routine single-step calculations. 
• Involve multistep procedures. 
• Require a mathematical proof. 
• Are mathematically interesting and challenging. 
• Provide opportunities for mathematical, logical reasoning. 
• Are applications of previously learned mathematics. 

10. Applications of the mathematics must be clearly marked as such and must 
not be equated with the mathematics itself or dictate the scope and sequence 
of the mathematics program. 

11. Materials drawn from other subject-matter areas are scholarly and consistent 
with the content at the appropriate grade level in the currently adopted 
California curriculum framework for that subject-matter area. 

12. Intervention programs are designed to accelerate the progress of students in 
mathematics in the shortest possible time so that they can begin to make 
progress, using the basic grade-level programs. To serve this purpose, inter­
vention programs must provide targeted and explicit instruction on the 
subset of mathematics standards indicated in Appendix E and be free of 
unrelated or unnecessary content. (See “A Mathematics Intervention Program 
[Grades Four Through Seven]” in Appendix E for further explanation.) 

13. Algebra readiness programs must target the specific subset of 16 mathematics 
standards listed in “Algebra Readiness (Grade Eight or Above)” in Appen­
dix E by addressing the foundational concepts and skills from earlier grades 
and by breaking each of the 16 standards into component concepts and skills. 
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At a minimum, materials must address foundational skills and concepts that 
develop fluency with operations on whole numbers; representing fractions, 
mixed numbers, decimals, and percentages; operations on positive fractions; 
use of symbols to express verbal information; writing and solving simple 
linear equations; plotting points; interpreting ordered pairs from a graph; 
interpreting lengths of horizontal and vertical line segments on a coordinate 
plane; and graphing and interpreting relationships of the form y = mx. The 
foundational skills and concepts must be addressed repeatedly, building in 
depth and complexity and providing perspective and distributed practice. 

Category 2. Program Organization 

The sequence and organization of the mathematics program provide structure 
to what students should learn each year and allow teachers to convey the 
mathematics content efficiently and effectively. The program content is organized 
and presented in agreement with the guidance provided in the Mathematics 
Framework. To be considered suitable for adoption, instructional materials in 
mathematics must provide these essential components: 

1. For the basic program, materials for each grade are developed in a logical 
order and increase in depth and complexity during each school year and from 
grade to grade. Materials for each grade are organized around the key topics 
presented in Chapter 3. For the intervention programs, materials must be 
organized around the six volumes and the subset of standards specified in 
Appendix E. No specific order of topics within these volumes is required, 
and volumes may be split into smaller units for publication. For the algebra 
readiness programs, no specific order of topics is required; however, materials 
must be organized so that foundational skills and concepts can be assessed and 
taught, as needed, before students are taught the subset of 16 standards for 
grade seven and Algebra I specified in Appendix E. 

2. Concepts are developed in a logical order and increase in depth and complexity. 
The scope and sequence of the materials are presented as follows: 

•	 New concepts are introduced at a reasonable pace, and sufficient instructional 
and practice materials on all the important topics are provided. 

•	 The order in which topics are presented is mathematically and pedagogically 
sound. 

•	 Prerequisite skills and ideas are presented before the more complex topics 
that depend on them are introduced. 

•	 Mathematical content and instructional activities are sequenced to prevent 
common student misconceptions. 

•	 The connections between related topics are taught after each topic has been 
separately introduced to prevent confusing the two topics, and the organiza­
tion of the material supports the understanding of these connections. 

•	 Student materials contain guidance to help build understanding of a topic, 
including references to earlier sections of the instructional program and 
summative reviews. 

Chapter 10 
Criteria for 

Evaluating 
Mathematics 
Instructional 

Materials 

The sequence and 
organization of the 

mathematics 
program provide 

structure to what 
students should 
learn each year. 
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Chapter 10 
Criteria for 
Evaluating 
Mathematics 
Instructional 
Materials 

Instructional 
materials should 
contain strategies 
and tools for 
continually 
measuring student 
achievement. 

•	 Repetition and review are used to develop automaticity or to prepare for 
further learning. 

•	 Computational and procedural skills, conceptual understanding, and
 
problem solving are interconnected and are included throughout the
 
program.
 

•	 Mathematical discussions are brought to closure. Examples of a lesson that 
has been brought to closure follow: The solutions to problems are complete, 
and the concepts that students should have learned have been summarized; 
new concepts and definitions introduced during the lesson have been 
discussed and emphasized; or the demonstration of a new theorem has been 
completed. If the demonstration has been postponed, the students know 
when it will be completed and which concepts will be involved. 

3. Materials for teachers and students contain an overview of the chapters that 
clearly identifies the mathematical concepts. Materials must include tables of 
contents, indexes, and glossaries containing important mathematical terms. 

4. Materials must provide for individual study, in addition to classroom instruc­
tion, and for practice and tutoring outside the classroom. 

5. Those support materials provided, such as electronic learning resources or 
manipulatives, are an integral part of the instructional program and are clearly 
aligned with the content in the California Mathematics Standards and the 
Mathematics Framework. 

6. For grades four through eight, the relevant grade-level standards must be 
explicitly stated in both the teachers’ and the students’ editions. 

Category 3. Assessment 

Instructional materials, following the guidance provided in Chapter 5, “Assess­
ment,” in this publication, should contain strategies and tools for continually 
measuring student achievement. To be considered suitable for adoption, instruc­
tional materials in mathematics must provide these essential components: 

1. In the basic and algebra readiness programs, guidance is given for the teacher 
in assessing each student’s level of achievement at the beginning of the school 
year. This initial assessment should be comprehensive and help the teacher 
determine whether the student needs additional materials and resources to 
achieve the grade-level standards or intervention materials that reteach con­
cepts and skills that should have been mastered previously. In the algebra 
readiness and the intervention programs, the entry-level assessments should 
identify which students need the program and their strengths and weaknesses. 

2. Questions are provided to monitor students’ comprehension during 
instruction. 

3. Sufficient background information for teachers about the content is included. 

4. Assessments, such as lesson quizzes and chapter and unit tests, which have 
valid content and measure individual student progress both at regular intervals 



269 

and at strategic points of instruction, are provided. The assessments are based 
on research and are designed to: 

•	 Measure each student’s skills and knowledge. 
•	 Monitor students’ progress toward meeting the standards. 
•	 Provide summative evaluations of individual student achievement. 
•	 Identify students who are not making reasonable progress. 
•	 Monitor students’ conceptual understanding, use of basic skills and
 

procedures, and problem-solving ability.
 
•	 Monitor students’ reasoning, from informal explanations to formal proofs. 
•	 Provide multiple methods of assessing what students know and are able 

to do. 
•	 Help the teacher determine the effectiveness of instruction. 
•	 Help the teacher keep parents and students informed about students’
 

progress.
 

5. Suggestions are given on how to use assessment data to guide decisions about 
instructional practices and how to modify an instructional program so that all 
students continually progress toward meeting or exceeding the standards. 

6. In the intervention program frequent diagnostic assessments are provided to 
tailor instruction to the standards with which students are having difficulty. 
The program should include an initial assessment to determine students’ 
placement in a program (e.g., referenced to the six volumes or sections within 
each volume to be used or both), diagnostic assessments to identify areas of 
strengths and weaknesses, formative assessments to demonstrate students’ 
progress toward meeting identified benchmarks, and a summative assessment 
to determine whether a student has mastered the materials. For example, 
Grade 2 Number Sense Standard 2.2 (Find the sum or difference of two whole 
numbers up to three digits long) involves both addition and subtraction and 
covers a range of component concepts and skills. Assessments on this standard 
should identify whether students have difficulty because they do not under­
stand place value, lack a knowledge of basic facts, or make errors in regrouping 
(carrying or borrowing) or in keeping the digits in place-value columns, and so 
forth. In this and other cases, diagnostic assessment should be informed by the 
types of errors students are apt to make in each content area. Teachers’ editions 
should help educators select and use assessment tools that provide student data 
to help educators meet the instructional needs of students. All materials should 
include information and strategies for making the lessons accessible to all 
categories of special needs students. 

7. In the algebra readiness program, extensive diagnostic assessments on the 
foundational concepts and skills from earlier grades are provided, as indicated 
in Appendix E. Those assessments can be used to guide instruction. For the 
16 specified standards that make up the program, extensive diagnostic assess­
ments must also be provided to guide instruction on the standards and on the 
component concepts and skills. 

Chapter 10 
Criteria for 

Evaluating 
Mathematics 
Instructional 

Materials 

All materials 
should include 
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Evaluating 
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Materials 

Students with 
special needs must 
have access to the 
same academic 
standards-based 
curriculum 
provided to all 
students. 

Category 4. Universal Access 

Students with special needs must have access to the same academic standards-
based curriculum provided to all students, as set forth in Chapter 6. Instructional 
materials must conform to the policies of the California State Board of Education 
and to other applicable state and federal requirements regarding diverse popula­
tions and students with special needs. To be considered suitable for adoption, 
instructional materials in mathematics must provide these essential components: 

1. Comprehensive guidance and strategies, based on current and confirmed 
research, to adapt the curriculum to meet students’ identified special needs 
and to provide effective, efficient instruction for all students. Strategies may 
include: 

•	 Suggestions that describe specific ways to address the learning needs of
 
benchmark, strategic, or intensive students (as defined in Chapter 6)
 

•	 Suggestions for reinforcing or expanding the curriculum to meet the needs 
of benchmark, strategic, and intensive students (as defined in Chapter 6) 
and for grouping students within or across grade levels to accommodate a 
wide range of achievement levels 

•	 Additional instructional time and practice, especially in key standards, 
including specialized teaching methods or materials and accommodations 
for students with special needs 

•	 Special help for students who are below grade level, including clearer 
explanations, with ample opportunities for review and practice or other 
assistance to help accelerate students’ performance to grade level 

2. Suggestions on how to help strategic or intensive students learn the key 
concepts in mathematics in the basic program and have access to grade-level 
content 

3. In the basic program, teachers’ and students’ editions that include alternatives 
for advanced students that allow students to accelerate beyond their grade-level 
content (acceleration) or to study the content in the California Mathematics 
Standards in greater depth or complexity (enrichment) 

4. Instructional materials designed to help meet the needs of students whose 
reading, writing, listening, and speaking skills fall below grade level. (Materials 
should help students understand and use appropriate academic language in 
mathematics.) 

5. Evidence of adherence to the “Design Principles for Perceptual Alternatives,” 
pursuant to Education Code Section 60061.8, as described in Appendix F, 
“Design Principles” 

Category 5. Instructional Planning and Support 

Instructional materials must contain a clear road map for teachers to follow 
when they are planning instruction. The materials should be designed to help 
teachers implement a mathematics program that ensures opportunities for all 
students to learn the essential skills and knowledge called for in the California 
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Mathematics Standards and the Mathematics Framework. To be considered suitable 
for adoption, instructional materials in mathematics must provide these essential 
components: 

1. A teacher’s edition that includes ample and useful annotations and sugges­
tions on how to present the content in the students’ edition and in the 
ancillary materials 

2. A checklist of lessons in the teacher’s edition cross-referencing the standards
 
covered and detailing the time necessary for instruction
 

3. Lesson plans, including suggestions for organizing resources in the classroom 
and for pacing lessons (Pacing plans should allow for instruction at a 
reasonable pace and give particular attention to topics emphasized in the 
framework.) 

4. Clear, grade-appropriate explanations of mathematics concepts in a form
 
that teachers can easily adapt for classroom presentation
 

5. Strategies to anticipate, identify, address, and correct common student errors 
and misconceptions 

6. A system for accelerating or decelerating the rate at which new material is
 
introduced to students in a manner suited to their ability to assimilate new
 
material
 

7. Different kinds of lessons and alternative ways in which to explain concepts, 
offering teachers choice and flexibility in implementing the program 

8. Prioritization of critical components of lessons (Learning objectives and 
instruction and the relationship of lessons to standards or skills within 
standards are explicit.) 

9. Review and practice problems, as described in Chapter 4, “Instructional 
Strategies,” which are distributed in the program to enhance students’ 
understanding and to promote generalization and transfer of skills and 
knowledge 

10. Materials designed to help teachers identify the reason that students may find 
a particular type of problem more challenging than another (e.g., identify 
component skills not mastered) and to point to specific remedies 

11. Standards-based goals that are explicitly and clearly associated with 
instruction and assessment 

12. All parts of the program so that teachers have little or no need to identify, 
gather, or develop supplementary materials (For example, blackline masters 
are designed to minimize dark areas on a page so that toner is not wasted 
during photocopying. Answer keys are provided for all workbooks and other 
related student activities.) 

13. All required manipulatives or suggestions for inexpensive alternatives 
(Manipulatives must be designed to promote student learning consistent with 
the content in the California Mathematics Standards, and clear instructions 
must be provided for their efficient use.) 

Chapter 10 
Criteria for 

Evaluating 
Mathematics 
Instructional 

Materials 

Mathematics 
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Instructional 
materials reflect 
the interests and 
the ages of the 
students. 

14. For a basic program a teacher’s edition that explains the role of the specific 
grade-level mathematics in the context of the overall mathematics curriculum 
for kindergarten through grade twelve 

15. A teacher’s edition that contains full, adult-level explanations and examples of 
the more advanced mathematics concepts in the lessons so that teachers can 
improve their knowledge of the subject, as necessary 

16. Charts showing the cost of staff development services and the time necessary 
for preparing teachers to fully implement the mathematics program 

17. Technical support and suggestions for appropriate use of resources associated 
with a unit: audiovisual, multimedia, and information technology 

18. Homework activities that extend and reinforce classroom instruction and 
provide additional practice of skills and development of concepts that have 
been taught (These activities are optional for kindergarten through grade two.) 

19. Strategies for informing parents or guardians about the mathematics program 
and suggestions for ways in which they can help support student achievement 

20. In intervention and algebra readiness programs, suggestions for how to use the 
materials in different instructional settings (A key feature of these programs is 
the close link between diagnostic assessment and guidance on instruction. In 
particular, intervention programs must be guided by diagnostic assessments so 
that, in the shortest possible time, students can begin to make progress, using 
the basic grade-level programs. Algebra readiness programs must provide 
diagnostic assessments on the foundational concepts and skills and must 
contain lessons that can be implemented in the classroom, as needed, to 
rebuild the missing foundational content.) Strategies from Appendix E follow: 

•	 Instructional materials for algebra readiness focus on a subset of standards. 
The specialized focus of this program is  students’ mastery of arithmetic. It 
provides the opportunity for coverage of the specified standards in depth 
and support for a variety of instructional strategies, including various ways 
to explain a concept and to develop students’ conceptual understanding. 

•	 Instructional materials prioritize the concepts and skills to be taught so that 
the teacher can make optimal use of time and resources. 

•	 Instructional materials provide an adequate sample of the range of examples 
that illustrate each concept. 

•	 Instructional materials include extensive diagnostic components to guide 
instruction. Diagnosis may often apply to the many smaller, embedded 
concepts and skills and not to a whole standard. 

•	 Instructional materials reflect the interests and the ages of the students. 
•	 Instructional materials provide assistance in the specialized vocabulary of 

mathematics and in the academic language of instruction, including 
instructional strategies in the teacher’s edition for approaches appropriate 
for English learners. 
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Appendix A 
Sample Instructional Profile 

Instructional Profile: Adding and Subtracting 
Fractions with Unlike Denominators, 
Grades Four Through Seven 

Adding and subtracting fractions with unlike denominators has been selected 
for elaboration because: 

•	 The student is required to use a number of discrete skills to solve these 
problems. 

•	 There are specific types of problems within this category, each with its own 
particular prerequisite, and some problems are much more complex than 
others. 

These types of problems and the prerequisites for solving them need to be 
introduced and practiced for varying amounts of time. The teacher has to be 
adequately prepared to present each concept for solving problems when the 
students are ready for it. 

Standards for Adding and Subtracting Fractions 

The standards in this section present the content and the related concepts 
and skills that students need to be able to add and subtract fractions with unlike 
denominators. 

Grade 5. Number Sense 2.3. Solve simple problems, including ones arising in 
concrete situations, involving the addition and subtraction of fractions and 
mixed numbers (like and unlike denominators of 20 or less), and express 
answers in the simplest form. 

Grade 6. Number Sense 2.1. Solve problems involving addition, subtraction, 
multiplication, and division of positive fractions and explain why a 
particular operation was used for a given situation. 

Related standards. To solve the problems required by the content standards 
listed previously, students need to learn related concepts and skills: 

•	 Compute and perform simple multiplication of fractions. 
• 	Rewrite a fraction as an equivalent fraction with a different denominator. 
• 	Reduce fractions. 
•	 Convert improper fractions to mixed numbers. 
• 	Determine the operation called for in a story problem or in a concrete 

situation in which fractions appear and create a problem to be solved. 
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Considerations for Instructional Design 

The following considerations for instructional design are discussed in this 
section: sequence of instruction, teaching the components of complex applica­
tions, selection of examples, and introduction of concepts and skills. 

Sequence of Instruction 

This section presents procedures and cautions for teachers to follow when they 
introduce addition and subtraction of fractions with unlike denominators. 

1. As mentioned in the discussion for grades four and five in Chapter 3, 
the teacher should rely on 

a ± c = (ad ± bc ) 
b d bd 

as the basic formula for adding or subtracting fractions. However, there are 
occasions when looking for a smaller common denominator of two given 
fractions can simplify the computation. In such cases the concept of the 
greatest common factor and the lowest common multiple would be discussed. 
Many students find these concepts confusing because both deal with factors 
and multiples of numbers. Care should therefore be exercised in differentiating 
between the two. One way is not to teach these two concepts in succession. 

2. Easier problems are to be taught before more difficult ones. While this guide­
line seems self-evident, its application requires identifying subtypes of a general 
set of problems. For example, problems that require borrowing (2 12 −1 34 ) 
are slightly more difficult than problems that do not require borrowing 
(2 34 − 1 12 ). 

There are a number of distinct types of problems for adding and subtracting 
fractions with unlike denominators: 

• 	Simple problems in which one fraction has the common denominator:
 

1 3
+
2 4 

• 	Simple problems in which the common denominator is neither
 
denominator:
 

3 − 1 
4 5 

•  Problems with mixed numbers—no regrouping is required: 5 5
1 + 3 2

3 

• 	Problems that require adding three fractions: 


1 1 2
+ +
3 5 3 

• 	Problems that require subtracting a mixed number from a whole number 
(8 − 3 14 ) and adding mixed numbers: (7 34 + 2 5

4 ) 

• 	Mixed-number problems that require regrouping (5 12 − 2 34 ) and rewriting 
the numerator and denominator 

3. Introducing too much information in a single lesson or over a short period of 
time can result in student confusion. The introduction of new skills and 



275 

Appendix A 
Sample 

Instructional 
Profile 

applications needs to be controlled so that children at a particular skill level 
can reasonably absorb the new information. 

Teaching the Components of Complex Applications 

Sometimes simple developmental approaches can help reinforce students’ 
ability to learn a complex skill. These approaches may not be appropriate for 
introducing the skill itself because they are logically out of order (see the examples 
that follow), but they nevertheless cast a different light on the skill and therefore 
increase students’ understanding. 

Example: Fractions That Equal One 

The concept of equivalent fractions has to be taught before the multiplication 
of fractions is introduced. But once students have learned to multiply fractions, they 
can, with hindsight and from a different perspective, look at equivalent fractions 

b 

and other more elementary skills concerning fractions: 

• Equivalent fractions. One can see why, for example, 3 
4 

considering 3 
4 × 1: 

must be equal to 6 
8 

by 

3 3 = × 3 2
1 = × = 3 × 2 = 6 

4 4 4 2 4 × 2 8 

Similar statements can be made for any fraction a . 

•	 Converting improper fractions to mixed numbers. The fraction 13
5  can be 

rewritten as 2 3 because on the number line 13 is positioned at a point that is
5	 53	 beyond 2. But again, using the fact that 1 = 5 , we can also look at this

5	 5 
conversion differently: 

13 5 + +5 3 5 5 3	 3 3 = = + + = 1 1 2 ,+ + =
5 5 5 5 5 55 5 

where the last equality is by convention; that is, the writing of the plus sign 
“+” is omitted in 2 + 3 .

5 

•	 Reducing fractions. Again one makes use of the fact that 1 = n
n for any non­

zero integer n and that every integer has a prime decomposition to reduce a 
fraction to lowest terms: 

12 2 × ×2 3 2 2	 3 22 2 = = × × = × ×1 1 = .18 2 × ×3 3 3 2	 3 3 3 

Selection of Examples 

Examples in teaching sets should be designed and selected to rule out possible 
misinterpretations. For example, if a teacher teaching students to solve applica­
tion problems containing the words “younger than” presents only subtraction 
problems as examples, the students might develop the idea that the phrase 
“younger than” always involves subtraction. (Jan is 19 years old. Alice is 7 years 
younger than Jan. How old is Alice?) The students would likely miss a problem that 
calls for addition, such as Marcus is 25 years old. He is 7 years younger than his 
brother. How old is Marcus’s brother? 
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Teachers should not assume that all students will automatically be able to 
generalize to new types of problems. For example, when students start working 
on new types of verbal problems requiring fractions, the teacher should point out 
the following facts: (1) the problems differ from problems they are familiar with; 
(2) the problems involve fractions; and (3) the students must be careful when 
setting up the problems. 

Example: Concrete Applications 
Number Sense Standard 2.3 for grade five states that students are to “solve 

simple problems, including ones arising in concrete situations, involving the 
addition and subtraction of fractions and mixed numbers (like and unlike 
denominators of 20 or less), and express answers in the simplest form.” 

Once children have learned to compute answers to problems involving the 
addition and subtraction of fractions and have had sufficient practice to work 
the problems without prompting, applications such as the following can be 
introduced: 

•	 The recipe calls for 8
3  of a pound of nuts. Anna has only 4

1 of a pound of nuts in 
her kitchen. If she goes to the store to buy nuts, what fraction of a pound of nuts 
will she need? 

•	 There is 2
3  of a pizza left over, and 4

1  of another equal-sized pizza is left over. 
If we put the pieces from both pizzas together, what part of a whole pizza would 
we have? 

Introduction of Concepts and Skills 

Initial teaching should be interactive. The teacher not only demonstrates and 
explains but also asks frequent questions to check for understanding. 

Example: Initial Strategy for Adding and Subtracting Fractions 
with Unlike Denominators 

It must be emphasized that the basic definition of the adding or subtracting 
of fractions is simple and direct. It is only the refinements of the definition that 
cause complications. Students should be told that the definition is more basic than 
the refinements. 

The basic definition is to multiply the denominators of the fractions to make a 
common denominator. For example, the addition problem of 3 

the following way to obtain the answer 23 : 
4 

20 

+ 2 

5 
is done in 

3 
4 

+ 2 
5 

= 3 5× 
×4 5  

+ ×2 4  
×5 4  

= 15 
20 

+ 8 
20 

23 = 
20 
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Sometimes, it is possible by inspection to decide on a common denominator 
of two fractions that is smaller than the product of the two denominators. 
Thus 5 + 1 equals 23 because visibly 24 is a common multiple of the two

6 8 24 
given denominators 6 and 8. One proceeds to rewrite the two fractions with 
24 as the denominator: 

5 4  1 3× 20 3 23× + = + = 
6 4  8 3× 24 24 24× 

However, students should also be told that if they add 5 + 1 using the basic
6 8 

definition (see p. 276) to obtain 

5 1 40 6 46+ = + = , 
6 8 48 48 48 

then the resulting answer 46 is as valid as 23 . (Note that 46 would be incorrect
48 24 48

only if a reduced fraction is specifically requested for the answer.) 
Similarly, the use of the basic definition in the subtraction of two fractions 

13 2 13 × 35 2 42× 455 84 371− = − = − = 
42 35 42 × 35 35 × 42 1470 14700 1470 

yields an answer that is just as valid as factoring the denominators and finding 
the least common multiple: 

13 2 = 13 2− − 
42 35 2 3 7  5 7× ×  × 

13 × 5 2 3 2× ×  = − 
2 3 7 5× × ×  × × ×2 3 7 5  

65 12 53 = − = 
210 210 210 

The advantage of the least common multiple procedure therefore lies in 
avoiding the computations with relatively large numbers. 

In context, any one of these strategies may be selected for use if it happens 
to be the most convenient. Students should always be taught the basic definition 
(see p. 276) first, but the order of teaching the other strategies can vary. 
Ultimately, they must know all three approaches. 

Appendix A 
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Appendix B 
Elementary School Sample Lesson: 
An East Asian Approach 

Lesson One, “Introduction to Adding—The Adding-on Concept,” is one of 
five lessons from Unit Five, “Addition with Sums Up to Ten,” from “M-Math,” 
an elementary school mathematics curriculum being developed by the University 
of Michigan and based on an East Asian curricular approach. This is just one 
lesson in a series covering five strands of mathematics concepts: number sense, 
operation and computation, measurement, geometry, and quantitative relations. 
These strands are introduced sequentially through in-depth discussion of each of 
the systemic laid-out mathematics concepts. The M-Math project was directed by 
Dr. Shin-ying Lee at the Center for Human Growth and Development, Univer­
sity of Michigan, with the help of many colleagues and teachers. It is an effort, 
based on what has been learned from the East Asian approach, to adapt and 
develop mathematics lessons to be taught in American classrooms. The project is 
supported by the Pew Charitable Trusts and the University of Michigan. 

Unit Five 
Addition with Sums Up to Ten 

Lesson 1 Introduction to Addition—The Adding-on Concept 
Lesson 2 The Combining Concept of Addition 
Lesson 3 Both Types of Addition Problems 
Lesson 4 Addition with Zero 
Lesson 5 Vertical Addition 

Introduction to the Unit 

Up to this point, students should have learned and mastered the concept of 
numbers through ten. In this unit students will be introduced to two concepts of 
addition. The first is the adding-on concept, which involves gradually adding 
objects to an original group and finding the resulting quantity. The second type is 
the combining concept, or adding two separate groups together and finding the 
combined quantity. These concepts illustrate two related yet distinct situations in 
which addition is used. 

Students will also learn how to write addition equations and to recognize and 
use key mathematical terms related to addition (e.g., add, more, total, altogether) 
in this unit. To facilitate students’ understanding of the relationship between the 
addition concepts and the written equation, all addition problems are presented 
in the form of addition “stories.” Moreover, students are expected to come up 
with their own story problems for each type of addition concept. At the end of 
this unit, students will learn how zero can be incorporated into addition equa­
tions as well. 
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Goals of the Unit 

At the end of this unit, students should be able to: 

• 	Understand the meaning of the two approaches to addition introduced in this 
unit: 

1. The adding-on concept 

2. The combining concept 

• 	Apply addition to real-life examples in which the sum is ten or less. 

•	 Learn and use the terms and symbols related to addition, such as add, addition, 
equation, +, and =. 

• 	Read and write addition equations. 

• 	Understand the meaning of addition equations that involve zero. 

Essential Mathematical Concepts in Unit Five 

The mathematics concepts presented in this unit are the meaning and applica­
tions of addition, important points to keep in mind when teaching addition, 
important aspects of equations, and addition involving zero. 

The Meaning and Applications of Addition 

Although addition is a straightforward mathematical operation, first grade 
students often demonstrate difficulties in its application. For example, students 
sometimes use addition in situations in which they should be using subtraction or 
vice versa. To minimize these kinds of errors in students’ work, teachers need to 
provide opportunities for students to learn addition in the context of real-life 
situations. 

Addition is generally used in the following four situations. Students will learn 
the first two concepts in the first grade. The last two will be introduced in the 
second grade. 

1. Adding-on concept. To find the final quantity of a group after additional 
members have been added to the original group. For example: There are 
5 fish in a tank. John put 2 more fish in the tank. How many fish are in the 
tank altogether? 

2. Combining concept. To find the total quantity of two simultaneously existing 
groups by combining them together. For example: There are 5 children playing 
on a slide. There are 2 children playing on the swings. How many children are 
playing on the playground altogether? 

3. Comparing concept. To find the quantity of a group by stating how many more 
objects of that group exist compared with the number of objects in a reference 
group of a known quantity. For example: There is a pile of red and white balls. 
There are 5 red balls in the pile. There are 2 more white balls than red balls. 
How many white balls are there? 



280 

Appendix B 
Elementary School 
Sample Lesson 

4. Reverse subtracting concept. To find the original quantity by adding together the 
final quantity and the quantity that was subtracted. For example: John used $5 
to buy a toy. He has $2 left. How much money did John have in the beginning? 

Important Points for Teaching Addition 

When teaching addition, teachers must keep the following points in mind: 
• 	Students need to be able to count accurately before addition is introduced. 
• 	It is important for students to develop the concept of quantity and to use 

concrete situations when thinking of addition. It is, therefore, essential to use 
real-life examples (e.g., concrete pictures or word problems that depict the first 
two types of addition concepts listed in the preceding section and that are 
related to the students’ daily experience) and to use manipulatives to facilitate 
students’ understanding of addition. Students should learn to use terms such as 
more, combine, join together, altogether, put together, and in total when discussing 
addition problems. 

• 	It is also important for students to learn how to represent a concrete situation 
in abstract terms (i.e., in equation form). By the end of this unit, students 
should be able to explain how to solve the addition problem and write an 
equation by using symbols such as + and = to represent the situation. 

• 	Students should learn to express their thinking process from concrete to 
abstract when solving the problems. They can proceed in the following way: 

Problem: There are 3 fish in a tank. John put 1 more fish in the tank. 
How many fish are in the tank altogether? 

Thinking processes to solve the problem follow: 

1. In the beginning there are 3 fish, and 1 more is added, making a total
 
of 4 fish altogether.
 

2. 3 fish and/plus 1 fish are 4 fish. 

3. 3 and/plus 1 are 4. 

4. 3 + 1 = 4. 

These processes of instructions illustrate the adding-on concept of addition, an 
increase in group size. 

Important Aspects of Equations 

In this unit students are exposed for the first time to mathematical equations. 
It is very important to have students understand what the equations represent. 
Students should learn that an equation represents not only the numerical 
calculation but also a simpler way of stating a situation by using symbols instead 
of words. Teachers should let students explain the equations by using pictures, 
making up their own story problems, or drawing pictures to correspond to 
a particular equation. The emphasis on verbal expression of mathematical 
equations is an important way to ensure that the students thoroughly understand 
them. 
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When writing equations, students must know the following points about the 
components of equations: 

1. Equations are composed of symbols that represent quantities or objects, such as 
numbers. 

2. Equations are composed of symbols that represent the mathematical operations 
to be performed, such as +, −, ×, ÷. 

3. Equations are composed of symbols that represent the equality or inequality 
of single terms or of terms that involve some kind of mathematical operation. 
Such symbols include =, <, >. 

A complete equation has to have all three components. Make sure that 
students do not write incomplete equations, such as 3 + 2 = . 

Addition Involving Zero 

Students have already learned that no quantity is represented by zero. Using 
this fact, students will learn how to calculate equations that involve zero 
(e.g., 2 + 0 = 2, 0 + 3 = 3, and 0 + 0 = 0). It may not be easy for students to 
understand the meaning of these equations if verbal explanations alone are used. 
Therefore, it is important to have students engage in activities, such as the 
“toss-a-ball-in-the-box” game, that will show them how to make the equation 
correspond with actual events. As the students play the “toss-a-ball-in-the-box” 
game and try to figure out their total score after two trials, they will have an 
opportunity to understand the setting for addition of zero; for example, 2 + 0. 

Make sure that students understand that the end product (sum) does not 
increase when zero is added. 
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Lesson One Introduction to Addition— 
The Adding-on Concept 

Lesson Goals 1. To introduce the concept of addition in which 
additional members are added to a main group 

2. To understand how to express the idea of addition 
with an equation 

Materials Teacher Students 

• Poster (fish tank) • Workbook (5.1, 5.2, 5.3) 
• Poster (bird) • Homework (5-1) 
• Round magnets 

Lesson Plan Activity One 

Introduce the idea of adding objects to a main group 
and then finding the resulting quantity. 

Steps 1. Put the fish-tank poster on the board. Have the students 
make up stories while looking at the picture on the board 
and talk freely about the scene. After the students have 
offered their ideas, summarize what they have said. 

2. Make sure the students understand that one fish is being 
added to an original group of three fish. Finally, have 
them understand that the main question is, How many 
fish are there altogether? 

Points to Be Aware Of 

Always restate the students’ relevant comments in a clear, 
concise way, leading the students to build up the under­
standing of the adding-on concept. 
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Activity Two 

Use manipulatives to reinforce the adding-on concept of addition. 

Steps 1. Now replace the fish with magnets. Begin with the three fish in 
the tank. Tell the class, “First there are 3 fish. I will use 1 magnet 
to represent 1 fish.” Place one magnet on each one of the three 
fish in the picture. Then move the magnets underneath the 
picture. 

Magnets  ● ● ● 

2. “Then, 1 fish was added.” Place another magnet on the fish being 
added and then move that magnet underneath the picture. 

Magnets  ● ● ● ● 

3.	 “How many fish are there altogether? Let’s count the magnets and 
find out.” Count as a class, “1, 2, 3, 4; there are 4 fish altogether.” 

4. Repeat the problem straight through aloud. “First there were 3 
fish.” Put the magnets on each of the fish and then move the 
three magnets down. “Then 1 fish was added.” Put one magnet on 
the fish and then move it down. “There are 1, 2, 3, 4 (counting 
the magnets), 4 fish altogether.” 

Appendix B 
Elementary School 

Sample Lesson 
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Activity Three 

Understand how to express the idea of addition with an equation 
(3 + 1 = 4). 

Steps 1. Tell the class: “We can write what happened in this picture by using 
numbers. Here is how to write this problem. There are 3 fish in the 
beginning, so we write a 3.” (Write the 3 on the board.) “We are 
adding some fish, so we write the plus sign.” (Write a + next to the 
3.) “How many fish did we add? We added 1 fish. So we write a 1 on 
the other side of the plus sign.” 

2. Go over this part of the equation again if the students seem 
confused. 
“Now, the question asked is, How many fish do we have altogether? To 
show the processes we are using to figure out how many fish there are 
altogether, we write an equal sign.” (Write an = sign.) “Then, we 
write the total number of fish we have altogether, 4.” (Write a 4.) 
“This is an equation. It tells us how many we have to start with, how 
many were added, and how many we have altogether at the end.” 

3. Call on a couple of students and ask them to write the equation 
and explain to the class the meanings that go with it. They can talk 
about each part of the equation as they write it. 

4. Have the students turn to Workbook page 5.1 and write the 
equation, as shown in the illustration below. 

Magnets  ● ● ● ● 

Equation 3 +  1 =  4 

Points to Be Aware Of 

It is important to spend time teaching students how to read and 
express equations. Make sure that the students understand that an 
equation, through the use of numbers and symbols, can concisely 
represent the meaning of the situations. 
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Sample Lesson
Activity Four 

Review the adding-on concept and introduce the drawing-circles method. 

Steps 1. Display the bird poster. Ask the whole class to discuss what is 
happening in the picture. 

2. Review briefly the entire procedure (which is the same as that for 
Activity Three) with the entire class and then call on several 
students to go through the process: 

• 	Place magnets on the first group of birds and move the 
magnets down. Place magnets on the group being added and 
move those magnets down. (Move the three magnets into the 
group of four magnets.) 

•	 Count the total number of magnets aloud. 
•	 Ask the student, as the student moves the magnets, to describe 

what he or she is doing and what it means. 

3. Ask a different student to come up and write the equation on the 
board. Have the student explain the meaning of each component 
of the equation. Have other students elaborate on the meaning of 
the equation if it is not clearly explained. 

4. Display Workbook page 5.2, shown below, on the overhead 
projector. Explain to the students that this time, instead of using 
magnets, they will draw circles to represent the magnets. (They 
can use this method when no magnets are available.) “First there 
are 4 birds on the tree branch, so we draw 4 circles to represent the 
birds on the branch. Then 3 birds fly in, so we draw another 3 circles 
to represent the birds flying in.” 

(Draw circles.) ● ● ● ● ● ● ● 

(Equation) ■ + ■ = ■ 
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Activity Four (Continued) 

5.	 “Now, how many birds do we have altogether?” Have the entire 
class count and call out the answer. 

6.	 Have the students turn to their Workbook page 5.2. Give the 
students time to draw their circles and fill in the blanks in the 
equation part. As the students work, walk around the room to 
see how they are doing. When they have finished, have two 
students with different answers come up to the board and 
write their equations. Have each student explain how he or she 
came up with the equation. Discuss these equations with the 
class. 

7.	 Have the students turn to Workbook page 5.3 and work on 
one problem at a time. After they have finished each problem, 
ask a student to come to the front of the room, talk about the 
problem, and write his or her equation for it. Then discuss this 
equation and the answer. Ask whether any student has any 
different answer or different explanation to that problem. 

Summarize the Lesson 

Summarize the adding-on concept and the representation of an equation for 
the lesson. 
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Appendix C 
Resource for Secondary School Teachers: 
Circumcenter, Orthocenter, and Centroid 

The purpose of this appendix is to give a demonstration—albeit on a small 
scale—of how the usual tedium and pitfalls of the axiomatic development of 
Euclidean geometry might be avoided. It deals with very standard materials: why 
the perpendicular bisectors (resp., altitudes and medians) of a triangle must meet 
at a point, the circumcenter (resp., orthocenter and centroid) of the triangle. The 
exposition starts at the lowest level—the axioms—and ends with a proof of the 
concurrence (i.e., meeting at a point) of the medians. It also includes a collection 
of exercises on proofs as an indication of how and when such exercises might be 
given. The major theorems to be proved (Theorems 1 and 11–14) are all interest­
ing and are likely regarded as surprising to most students. These theorems would 
therefore do well to hold students’ attention and convince students of the value of 
mathematical proofs. 

The goal of this appendix is to prove the concurrence of the medians. If one 
turns this proof “inside out,” so to speak, one will get the proof of the concur­
rence of the altitudes. The proof of the latter theorem is also included as is a 
demonstration of the concurrence of the perpendicular bisectors since that is also 
needed. The fact that the concurrence of the angle bisectors (the incenter) is left 
out is therefore entirely accidental. This appendix makes no pretense at complete­
ness because its only purpose is to demonstrate a particular approach to geometric 
exposition, but if it did, then certainly the four centers would have been discussed 
together. 

We specifically call attention to the following features: 

1. The appearance of the exercises on proofs is intentionally gauged to approx­
imate at what point of the axiomatic development those exercises should be 
given to students in a classroom situation. The first of such exercises asks only 
for a straightforward imitation of a proof that has just been presented (Lemma 
(2B)). The next one asks only for the reasons for some steps in the proof of 
Lemma 6, and by then students have already been exposed to several nontrivial 
proofs. The first exercise that asks for a genuine proof occurs after Lemma 7. 
In other words, students are given ample time to absorb the idea of a proof 
by studying several good examples before they are asked to construct one 
themselves. 

A conscientious effort was also made to ensure that the exercises all have 
some geometric content so that any success with them would require some 
geometric understanding instead of just facility with formal reasoning. 

2. Certain facts are explicitly assumed without proof before some of the proofs 
(local axiomatics). Students should be informed that they too can make use of 
these unproven assertions. 
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3. None of the results presented is trivial to a beginner (except Lemma 4). It is 
hoped that, altogether, these results will convince the students of the benefit of 
learning about proofs; namely, to understand why some interesting things are 
true and be able, in turn, to present arguments to convince other people. 
In fact, most students probably do not believe any of the major theorems 
(Theorems 1 and 11–14) before being exposed to their proofs. 

4. The concurrence of the altitudes and medians (Theorems 11 and 14) is usually 
not presented in standard textbooks except by use of coordinate geometry or 
the concept of similarity. Thus those theorems tend not to appear in a typical 
geometry curriculum. However, the easy access to them as demonstrated by 
this appendix should be a convincing argument that, with a little effort, it is 
possible to present students with interesting results very early in a geometry 
course. 

5. The two-column proofs given in the following pages most likely do not 
conform to the rigid requirements imposed on the students in some classrooms 
(cf. Schoenfeld 1988, 145–66). However, for exposition, they are perfectly 
acceptable by any mathematical standards. It is hoped that their informal 
character would help restore the main focus of a proof, which is the correctness 
of the mathematical reasoning instead of a rigidly correct exposition. 

6. The proof of Theorem 12 is given twice: once in the two-column format and 
the second time in the narrative (paragraph) format. In the classroom such 
“double-proofs” should probably be done for a week or two to lead students 
away from the two-column format. The proof of Theorem 13 is given only in 
the narrative format. 

Axioms 

We shall essentially assume the School Mathematics Study Group (SMSG) 
axioms, which are paraphrased below rather than quoted verbatim for easy refer­
ence; the relevant definitions are usually omitted (see Cederberg 1989, 210–11). 
Only those axioms pertaining to plane Euclidean geometry are given. Moreover, a 
school geometry course has no time for a minimum set of axioms. The last three 
axioms have therefore been added to speed up the logical development. 

1. Two points A and B determine a unique line, to be denoted by AB. 

2. (The Distance Axiom). To every pair of distinct points there corresponds 
a unique positive number, called their distance. This distance satisfies the 
requirement of the next axiom. 

3. (The Ruler Axiom). Every line can be put in one-one correspondence with the 
real numbers so that if P and Q are two points on the line, then the absolute 
value of the difference of the corresponding real numbers is the distance 
between them. 

4. (The Ruler Placement Axiom). Given two points P and Q on a line, the 
correspondence with real numbers in the preceding axiom can be chosen so 
that P corresponds to zero and Q corresponds to a positive number. 
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5. There are at least three noncollinear points. 

6. (The Plane Separation Axiom). Given a line l. Then the points not on l form 
two convex sets, and any line segment AB  joining a point A in one set 
and a point B in the other must intersect l. The convex sets are called the 
half-planes determined by l. 

7. (The Angle Measurement Axiom). To every ∠ABC there corresponds a real
 
number between 0 and 180, to be denoted by m∠ABC, called the measure
 
of the angle.
 

8. (The Angle Construction Axiom). Given a line AB and a half-plane H
 
determined by AB, then for every number r between 0 and 180, there is
 
exactly one ray 

→ 
in H so that m∠PAB = r.
AP 

9. (The Angle Addition Axiom). If D is a point in the interior of ∠BAC, then
 
m∠BAC = m∠BAD + m∠DAC.
 

10. (The Angle Supplement Axiom). If two angles form a linear pair, then their 
measures add up to 180. 

11. SAS Axiom for congruence of triangles. 

12. (The Parallel Axiom). Through a given external point, there is at most one 
line parallel to a given line. 

13. (The Area Axiom). To every polygonal region, there corresponds a unique 
positive number, called its area, with the following properties: (i) congruent 
triangles have the same area; (ii) area is additive on disjoint unions; and 
(iii) the area of a rectangle is the product of the lengths of its sides. 

14. SSS Axiom for congruence of triangles. 

15. ASA Axiom for congruence of triangles. 

16. (The AA Axiom for Similarity). Two triangles with two pairs of angles equal 
are similar. 

Perpendicularity 

In the following exposition, we shall denote both the line segment from point A to 
point B and the distance from A to B simply by AB . In other words, AB will 
denote also the length of the line segment AB. Similarly, we shall shorten the 
notation for the measure of an angle m∠ABC to just ∠ABC. Thus AB < CD 
means CD is longer than AB, and ∠ABC = 45 means angle ABC has 45 degrees. 

Recall that ∠DCB is a right angle (see figure 1), and DC is perpendicular 
to CB, if for a point A collinear with C and B and on the other side of C from B, 
∠DCA = ∠DCB. If ∠DCB is a right angle, then its measure is 90 because by 
the Angle Supplement Axiom ∠DCA + ∠DCB = 180 so that ∠DCB + ∠DCB = 
180, and we obtain ∠DCB = 90. 

Similarly, ∠DCA = 90. Conversely, if A, C, B are collinear and ∠DCB = 90, 
the same argument shows ∠DCA = 180 − ∠DCB = 90, and ∠DCB = ∠DCA so 
that ∠DCB is a right angle. Thus we can assert that two lines l

1
, l

2
 are perpen­

dicular if one of the angles they form is 90. 
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A B 
C 

Figure 1 

Recall also that a point C on a segment AB is the midpoint of AB if AC = 
CB . (Recall the convention: AB denotes the line containing A and B, and AB 
denotes the line segment joining A to B.) The straight line passing through the 
midpoint of a segment and perpendicular to it is called the perpendicular bisector 
of the segment. Note that every segment has a perpendicular bisector. Indeed, 
given AB , the Ruler Axiom guarantees that there is a midpoint C of AB , and the 
Angle Construction Axiom guarantees that there is an ∠DCB = 90. Then by the 
preceding discussion, DC ⊥ AB, and DC is the perpendicular bisector. 

We shall need the fact that the perpendicular bisector of a segment is unique; 
that is, if DC and D′C′ are perpendicular bisectors of AB , then DC = D′C′ . This 
is so intuitively obvious that we shall not spend time to prove it. 

[For those interested in a proof, however, one uses the Distance Axiom and the 
Ruler Axiom to show that the midpoint of a segment must be unique, and 
then one uses the Angle Construction Axiom to show that the line passing 
through the midpoint and perpendicular to the segment is also unique.] 

Three lines are concurrent if they meet at a point. The following gives a surpris­
ing property about perpendicular bisectors: 

THEOREM 1. The perpendicular bisectors of the three sides of a triangle are concurrent. 
(The point of concurrency is called the circumcenter of the triangle.) 

Let A′B′C′ be the midpoints of BC , AC , and AB , respectively (see figure 2). 
A naive approach would try to prove directly that all three perpendicular bisectors 
meet at a point O. This is too clumsy and also unnecessary. A better way is the 
following: Take two of the perpendicular bisectors, say, those at A′ and B′, and let 
them meet at a point O. Then we show that O must lie on the perpendicular 
bisector of AB . Theorem 1 would be proved. 

A 

C' B'
 
O 

B A' C 

Figure 2 
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One would appreciate this approach to the proof of Theorem 1 more if the 
perpendicular bisector of a segment is better understood. To this end we first 
prove: 

LEMMA 2. A point D is on the perpendicular bisector of a segment AB if and only 
if DA = DB . 

PROOF. First, we explain the “if and only if ” terminology. It is a shorthand to 
indicate that two assertions must be proved: 

(i)	 If the statement preceding this phrase is true, then the statement following 
this phrase is also true. 

(ii)	 If the statement following this phrase is true, then the statement preceding 
this phrase is also true. 

For the case at hand, this means we have to prove two things (see figure 3): 

D 

A C B 
Figure 3 

LEMMA (2A). If D is on the perpendicular bisector of AB, then DA = DB. 

LEMMA (2B). If DA = DB , then D is on the perpendicular bisector of AB. 

PROOF OF (2A): Let CD be the perpendicular bisector of AB. 

1. AC = CB, and ∠DCA = ∠DCB = 90. 1. Hypothesis. 

2. CD = CD.  	2. Obvious. 

3. ADC ≅ BDC.	 3. SAS. 

4. 	DA = DB .  4.  Corresponding sides of congruent 
triangles. Q.E.D. 

PROOF OF (2B): Given that DA = DB , we have to show that the perpendicular 
bisector of AB passes through D. Instead of doing so directly, we do something 
rather clever: we are going to construct the angle bisector CD of ∠ADB. This 
means ∠ADC =∠CDB. Of course, we must first prove that there is such a line 
CD with the requisite property. Then we shall prove CD ⊥ AB and AC = CB so 
that CD is the perpendicular bisector of AB. 

Recall that the Plane Separation Axiom makes it possible to define the interior 
of ∠ADB as the intersection of the half-plane determined by DA which contains 



292 

Appendix C 
Resource 
for Secondary 
School Teachers 

B and the half-plane determined by DB which contains A. Now the following 
assertion is obvious pictorially: 

ASSERTION A. If E is a point such that ∠ADE < ∠ADB, then E is in the interior 
of ∠ADB. Furthermore, the line DE intersects AB. 

For those who are truly curious, let it be mentioned that the first part of 
Assertion A can be proved by using the Angle Addition Axiom and the second 
part by repeated applications of the Plane Separation Axiom (see figure 4). 

D 

A B 
C 

E 

Figure 4 

1. If the measure of ∠ADB is x, there 
is a point E in the interior of ∠ADB 
so that ∠ADE = 2 

x . 

2. If DE meets AB  at C, 
∠ADC + ∠CDB = ∠ADB = x. 

3. ∠CDB = x − ∠ADC = x − 2 
x = 2 

x . 

4. ∠ADC = ∠CDB. 

5. DA = DB. 

6. CD = CD. 

7. ACD ≅ 

8. AC = CB 

BCD.
 

and ∠DCA = ∠DCB.
 

9. CD is the perpendicular bisector 
of AB. 

1. Angle Construction Axiom 
and Assertion A. 

2. Angle Addition Axiom 
and Assertion A. 

3. By 1 and 2. 

4. By 1 and 3. 

5. Hypothesis. 

6. Obvious. 

7. SAS. 

8. Corresponding angles and sides 
of congruent triangles. 

9. By 8 and the definition of a 
perpendicular bisector. Q.E.D. 



293 

Appendix C 
Resource 

for Secondary 
School Teachers 

Exercise 1. Using the preceding proof as a model, write out a complete proof of 
the fact that if ABC is isosceles with AB = AC , then the angle bisector of ∠A is 
also the perpendicular bisector of BC . 

From the point of view of Lemma 2, our approach to the proof of Theorem 1 is 
now more transparent. As mentioned previously, this approach is to let the perpen­
dicular bisectors A′O and B′O of BC  and AC, respectively, meet at a point O. 
Then we shall prove that O lies on the perpendicular bisector of AB  (see figure 5). 

A 

B'C' O 

B A' C 

Figure 5 

PROOF OF THEOREM 1. Join OB, OC, and OA. 

1. OB = OC. 1. Lemma (2A) and the fact that OA′ is 
the perpendicular bisector of BC. 

2. OC = OA.  2.  Lemma (2A) and the fact that OB′ 
is the perpendicular bisector of AC. 

3. OB = OA. 3. From 1 and 2. 

4. O lies on the perpendicular 4. Lemma (2B). Q.E.D. 
bisector of AB. 

Circumcenter of a Triangle 

COROLLARY TO THEOREM 1. The circumcenter of a triangle is equidistant from all 
three vertices. 

The corollary is obvious if we look at steps 1–3 of the preceding proof. Note 
that, as figure 6 suggests, the circumcenter can be in the exterior of the triangle. 

A 
C' 

B' 

B 

C 

O 

A' 

Figure 6 
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Several remarks about the proof of Theorem 1 are in order. First of all, this 
proof suggests a general method of proving the concurrency of three lines: let two 
of the three meet at a point O, and then show that O must lie on the third line. 
Technically, this is easier than directly proving that all three lines meet at a point. 
This method is a kind of indirect proof and is useful in many situations; for 
example, in proving that the three angle bisectors of a triangle are concurrent. 
In other words, if we think of proving a theorem as fighting a battle against an 
enemy, then it makes sense that sometimes we can defeat the enemy without 
resorting to a frontal attack. 

A second remark has to do with the tacit assumption discussed previously; 
namely, that the perpendicular bisectors OA′ and OB′ of BC and AC, respec­
tively, do meet at a point O. This is obvious from figure 6, and we usually do 
not bother to prove such obvious statements, being fully confident that—if 
challenged—we can prove them. For the sake of demonstration, however, we will 
supply a proof this time after we have proved a few properties of parallel lines. 
Thus, we shall prove: 

ASSERTION B. Perpendicular bisectors from two sides of a triangle must intersect. 

Note that there is no circular reasoning here: Assertion B will not be used to 
prove any of the theorems involving parallel lines. Indeed, we shall not have to 
face Assertion B again in this appendix. 

A third remark concerns the name circumcenter. A circle with center O and 
radius r is by definition the collection of all points whose distance from O is r. 
The corollary to Theorem 1 may then be rephrased as: the circle with center O 
and radius OA passes through all three vertices. This circle is called the circum­
circle of ABC, which then gives rise to the name “circumcenter.” (Circum means 
“around.”) Incidentally, Theorem 1 proves that any triangle determines a circle 
that passes through all three vertices. 

Next, we turn attention to the altitudes of a triangle; that is, the perpendiculars 
from the vertices to the opposite sides (see figure 7). We want to show that they 
too are concurrent. This demonstration needs some preparation. First of all, we 
have to show that altitudes exist; that is, through each vertex there is a line that is 
perpendicular to the opposite side. More generally, we shall prove: 

LEMMA 3. Given a point P and a line l not containing P, there is a line PQ which 
is perpendicular to l. 

P 

l 

R O A S 

Q 

Figure 7 
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PROOF. Let l = RS. Recall that l contains an infinite number of points (the 
Ruler Axiom) and that the Plane Separation Axiom allows us to talk about the 
two sides of l. 

1. Join P to an arbitrary point A on l. 1. Two points determine a line. 

2. If x is the measure of ∠PAR, let Q 2. The Angle Construction Axiom. 
be a point on the side of l not 
containing P so that ∠PAQ = x. 

3. We may let Q be the point on AQ 3. The Distance Axiom. 
so that Q, P are on opposite sides 
of l and AQ = AP. 

4. PQ meets l at some point O. 4. The Plane Separation Axiom. 

5. ∠PAO = ∠QAO. 5. From 1 and 2. 

6. OA = OA . 6. Obvious. 

7. ▲PAO ≅ ▲QAO. 7. SAS. 

8. ∠AOP = ∠AOQ. 8. Corresponding angles of congruent 
triangles. 

9. PQ ⊥ l. 9. By definition of perpendicularity. 
Q.E.D. 

Vertical Angles 

Before we turn to parallel lines, we do some spadework. The teacher introduces 
the definition of vertical angles (omitted here). 

LEMMA 4. Vertical angles are equal. 

PROOF. Let AB, CD meet at O. We will show ∠AOD = ∠BOC (see figure 8). 

1. ∠AOD + ∠DOB = 180 and 1. The Angle Supplement Axiom. 
∠DOB + ∠BOC = 180. 

2. ∠AOD + ∠DOB = ∠DOB + ∠BOC. 2. By 1. 

3. ∠AOD = ∠BOC. 3. From 2 and the cancellation law 
of addition. Q.E.D. 

A C 

O 

D B 

Figure 8 
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The teacher introduces the definitions of exterior angle and remote interior 
angles of a triangle (omitted here). To prove the next proposition, we shall 
assume a geometrically obvious fact. In figure 9 if M is any point on AC, we 
shall assume as known: 

ASSERTION C. If we extend BM along M to a point E, then E is always in the 
interior of ∠ACD. 

This can be proved with repeated applications of the Plane Separation Axiom, 
but the argument is not inspiring. 

A 

C

M 

E 

B D 

Figure 9 

PROPOSITION 5. An exterior angle of a triangle is greater than either remote 
interior angle. 

PROOF. Let us show ∠ACD > ∠BAC (see figure 10). To show ∠ACD > ∠ABC, 
we observe that the same proof would show ∠BCG > ∠ABC and then use 
Lemma 4 to get ∠BCG = ∠ACD. Putting the two facts together, we get 
∠ACD > ∠ABC. 

Join B to the midpoint M of AC and extend BM to a point E such that 
BM = ME (the Ruler Axiom). Join CE. 

A 

C

M

G 

E 

B 
D 

Figure 10 



297 

1. ∠AMB = ∠EMC. 1. Lemma 4. 

2. BM = ME . 2. By construction. 

3. AM = MC. 3. M is the midpoint of AC . 

4. AMB ≅ CME. 4. SAS. 

5. ∠BAM = ∠MCE. 5. Corresponding angles of congruent 
triangles. 

6. ∠MCE < ∠ACD. 6. By the Angle Addition Axiom and 
Assertion C. 

7. ∠BAC < ∠ACD. 7. By 5 and 6. Q.E.D. 

Parallel Lines 

We now come to some basic facts about parallel lines. Given two lines l
1
 and 

l
2
, one can introduce the definition of alternate interior angles and corresponding 

angles of l
1
 and l

2
 with respect to a transversal (omitted here). We shall need: 

LEMMA 6. If two lines make equal alternate interior angles with a transversal, they 
are parallel. 

PROOF. Let the transversal be BE. Designate the two equal alternate interior 
angles as ∠α and ∠β (see figure 11). We assume that AC is notto DF and 
deduce a contradiction. (This is an example of proof by contradiction.) 

B 
A α C 

K L 

β 
D 

E F 

Figure 11 

1. AC meets DF either at a point K 1. By the fact that AC is notto DF 
to the left of BE or at L to the right and by the Plane Separation Axiom. 
of BE. 

2. If AC meets DF at K, then ∠β >∠α, 2. 
contradicting ∠α = ∠β. 

Q.E.D.
 
also contradicting ∠α = ∠β.
 

3. If AC meets DF at L, then ∠α > ∠ β, 3. 
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Exercise 2. Supply the reasons for steps 2 and 3. 
[Answers: Proposition 5 is the reason for both.] 

Note: The textbook and teacher must make sure that students are eventually 
given the answers to problems of this nature; it is important to bring closure to a 
mathematical discussion. 

This proposition complements the parallel axiom in the following sense. 
Notation is given as in the preceding proof: suppose that DF and B are given and 
we want to construct a line through B and  DF. By the Angle Construction 
Axiom, with ∠β as given, we can construct ∠α with vertex at the given B on the 
other side of ∠β but with the same measure. Then by Lemma 6, AC is a line 
passing through B which is  DF. Therefore: 

COROLLARY TO LEMMA 6. Through a point not on a line l, there is one and only 
one line parallel to l. 

Lemma 7 is the converse of Lemma 6. 

LEMMA 7. Alternate interior angles of parallel lines with respect to a transversal are 
equal. 

PROOF. The notation is as before, suppose AC  DF. We shall prove ∠α = ∠β 
(see figure 12). 

A' B
C 

α 

β 
D E F 

Figure 12 

1. At B, construct ∠A′BE to the left 1. Angle Construction Axiom. 
of BE so that ∠A′BE = ∠β. 

2. A′B  DF. 2. 

3. Since A′B passes through B, 3. 
A′B = AB. 

4. ∠α = ∠A′BE = ∠β. 4. By 3. Q.E.D. 

Exercise 3. Supply the reasons for steps 2 and 3. 
[Answers: Step 2. Lemma 6. Step 3. The Parallel Axiom.] 

Exercise 4. Prove that corresponding angles of parallel lines with respect to a 
transversal are equal. 
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Parallelograms 

The teacher introduces the definition of a quadrilateral (omitted here). A 
parallelogram is a quadrilateral with parallel opposite sides. We shall need two 
properties of parallelograms that are pictorially plausible when a parallelogram is 
drawn carefully. 

LEMMA 8. A quadrilateral is a parallelogram if and only if it has a pair of sides 
which are parallel and equal. 

LEMMA 9. A quadrilateral is a parallelogram if and only if its opposite sides are 
equal. 

PROOF OF LEMMA 8. First we prove that if quadrilateral ABCD has a pair 
of sides which are parallel and equal, then it is a parallelogram. In figure 13 we 
assume AB = CD and AB  CD . Then we have to prove AD  BC. 

A B 

D C 

Figure 13 

1. Join BD. BD = BD. 1. Two points determine a line. 

2. ∠ABD = ∠BDC. 2. Lemma 7. 

3. ABD ≅ CDB. 3. SAS. 

4. ∠ADB = ∠DBC. 4. Corresponding angles of congruent 
triangles. 

5. AD  BC. 5. Lemma 6. Q.E.D. 

Next we prove that a parallelogram has a pair of sides which are parallel and 
equal. Since AB  DC by definition, it suffices to prove that AB = DC . Let 
notation be as in the preceding proof. 

1. ∠ABD = ∠BDC and 1. Lemma 7. 
∠ADB = ∠DBC. 

2. BD = BD. 2. Obvious. 

3. ABD ≅ CDB. 3. ASA. 

4. AB = DC. 4. Corresponding sides of congruent 
triangles. Q.E.D. 

Appendix C 
Resource 

for Secondary 
School Teachers 



300 

Appendix C 
Resource 
for Secondary 
School Teachers 

Exercise 5. Prove Lemma 9 (it is similar to the proof of Lemma 8). 

Exercise 6. Prove that a quadrilateral ABCD is a parallelogram if and only if 
the diagonals AC  and BD  bisect each other; that is, if they intersect at E, then 
AE = EC  and BE = ED  (see figure 14). 

A 

C 

E B 

D 

Figure 14 

The following lemma is an immediate consequence of Lemma 6. Convince 
yourself of this and be sure to draw pictures to see what it says. 

LEMMA 10. Suppose two lines l
1
 and l

2
 are parallel. (i) If l is a line perpendicular 

to l
1
, then l is also perpendicular to l

2
. (ii) If another two lines L

1
 and L

2
 satisfy 

L
1 
⊥ l

1
 and L

2 
⊥ l

2
, then L

 1
 L

2
. 

ABC 
be given and let lines l

1
 and l

2
 be the perpendicular bisectors of BC  and AC , 

respectively, (see figure 15). Let lines L
1
 and L

 2
 be lines containing BC  and AC , 

respectively. If Assertion B is false, then l
1
 l

2
. By Lemma 10 (ii), L

 1
 L

2
. But 

we know L
 1
 meets L

 2
 at C, a contradiction. Thus l

1
 must meet l

2
 after all. 

We are in a position to prove one of our main results. 

We can now prove Assertion B stated after the proof of Theorem 1. Let 

A 

l2 

L1 
CB 

l1 L2 

Figure 15 
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The Orthocenter 

THEOREM 11. The three altitudes of a triangle are concurrent. (This point is 
called the orthocenter of the triangle.) 

PROOF. Let ABC be given and let its altitudes be AD, BE, and CF. The idea 
of the proof is to turn AD, BE, CF into perpendicular bisectors of a bigger 
triangle and use Theorem 1. The idea itself is sophisticated and is attributed 
to the great mathematician C. F. Gauss. Technically, however, it is quite simple 
to execute. It illustrates a general phenomenon in mathematics: sometimes a 
seemingly difficult problem becomes simple when it is put into the proper 
context (see figure 16). 

D 

E

F 

A'

A B' 
C' 

C 
B 

Figure 16 

1. Through A, there is a line 1. Corollary to Lemma 6. 
C′B′ BC. 

2. Similarly, let C′A′ and B′A′ be lines 2. Same reason. 
through B and C, respectively, such 
that C′A′  AC and B′A′  AB. 

3. ABCB′ is a parallelogram. 3. From 1 and 2. 

4. AB′ BC = . 4. Lemma 9. 

5. ACBC′ is likewise a parallelogram 5. See 3 and 4. 
and ′ =C A  BC  . 

6. ′C A  = AB′. 6. From 4 and 5. 

7. AD ⊥ BC. 7. Hypothesis. 

8. AD ⊥ C′B′. 8. Lemma 10(i). 

9. AD is the perpendicular bisector 9. From 6 and 8. 
of C B′ ′. 

10. Similarly, BE and CF are perpen­ 10. See 3 through 9. 
dicular bisectors of C A′ ′ and 
A B′ ′, respectively. 

11. AD, BE, and CF are concurrent. 11. Apply Theorem 1 to A′B′C′. 
Q.E.D. 
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The Medians and Centroid of a Triangle 

The line joining a vertex of a triangle to the midpoint of the opposite side is 
called a median of the triangle. 

Exercise 7. In the notation of the proof of Theorem 11, prove that AA′, BB′, 
and CC′ are the medians of ABC as well. 

Finally, we turn to the proof of the concurrence of the medians. The proof will 
be seen to have many points of contact with the proof of Theorem 11 shown 
previously. Instead of turning “outward” to a bigger triangle, however, the proof 
of the concurrence of the medians turns “inward” and looks at the triangle 
obtained by joining the midpoints of the three sides. To this end, the following 
theorem is fundamental: 

THEOREM 12. The line segment joining the midpoints of two sides of a triangle is 
parallel to the third side and is equal to half of the third side. 

PROOF. Thus if AE = EB and AF = FC , then EF  BC and EF = 
2
1 

BC . 

To motivate the proof, note that all the axioms and the theorems presented 
so far deal with the equality of two objects (angles, segments, and so forth), 
not about half of something else. So it makes sense to try to reformulate 

1EF = BC as a statement about the equality of two equal segments (see
2 

figure 17). What then is simpler than doubling EF ? Students will learn that the 
construction of so-called auxiliary lines, such as FP  and PC  in the following 
proof, is a fact of life in Euclidean geometry. 

A 

F
E P 

B C 
Figure 17 

1. Extend 	EF  along F to P so that 1. The Ruler Axiom and the fact that 
EF  = FP and join PC. two points determine a line. 

2.	 AF = FC. 2. Hypothesis. 

3. ∠AFE = ∠PFC.	 3. Lemma 4. 

4. AFE ≅ CFP.	 4. 

5. ∠AEF = ∠FPC. 5. By 4 and corresponding angles of 
congruent triangles are equal. 

6. EB  PC.	 6. Lemma 6. 
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7.	 AE = PC. 7. By 4 and corresponding sides of 
congruent triangles are equal. 

8. AE = EB.	 8. Hypothesis. 

9. EB = PC .	 9. By 7 and 8. 

10.  EBCP is a parallelogram. 10. 

11.	 EF  BC. 11. By 10 and the definition of a 
parallelogram. 

12. EP = BC .	 12. 

13. EP = 2EF .	 13. By 1. 

14. EF = 2
1 BC .	 14. By 12 and 13. Q.E.D. 

Exercise 8. Supply the reasons for steps 4, 10, and 12. 
[Answers: Step 4. By 1 through 3 and SAS. Step 10. By 6, 9, and Lemma 8. 

Step 12. By 10 and Lemma 9.] 

PROOF OF THEOREM 12 IN NARRATIVE FORM. Extend EF to a point P so that 
EF = FP . Join PC. We are going to prove that AEF ≅ CPF. This proof is 
possible because the vertical angles ∠AFE and ∠CFP are equal, AF = FC by 
hypothesis and EF = FP  by construction. So SAS gives the desired congruence. 
It follows that ∠AEF = ∠CPF and therefore that AB  PC (Lemma 6) and 
AE = PC. Because AE = EB , EB  and PC  are both parallel and equal. Hence 
EBCP is a parallelogram (Lemma 8). In particular, EP BC and, by Lemma 10, 
EP = BC. Hence BC = EF + FP = 2EF . Q.E.D. 

Exercise 9. Prove that two lines that are each parallel to a third line are parallel 
to each other. 

In the next four exercises, do not use Axiom 16 on similarity (p. 289) in your 
proofs. 

Exercise 10. Let E be the midpoint of AB  in ABC. Then the line passing 
through E which is parallel to BC bisects AC. 

Exercise 11. Let ABCD be any quadrilateral, and let A′, B′, C′, and D′ be 
the midpoints of AB, BC, CD, and DA , respectively. Then A′B′C′D′ is a 
parallelogram. 

Exercise 12. Given ABC. Let L, M be points on AB and AC, respectively, 
so that AL = 1 AB  and 1 AB and AM = 1 AC . Prove that LMBC and 
LM = 	1 BC .

4 4 4 

4 

Exercise 13. Given ABC. Let L, M be points on AB  and AC , respectively, 
so that AL = 1 

3 AB and AM = 
3
1 AC . Prove that LMBC and LM = 3

1 BC . 
(Hint: Begin by imitating the proof of Theorem 12.) 
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Exercise 14. (For those who know mathematical induction.) Let n be a positive 
integer. Given ABC. Let L, M be points on AB and AC, respectively, so that 
AL = 1 AB and AM = 1 AC . Prove that LMBC and LM = 1 BC . 

n n n 

For the proof of the next theorem, we shall assume the following three facts: 

ASSERTION D. Any two medians of a triangle meet in the interior of the triangle. 

ASSERTION E. Two lines that are each parallel to a third are parallel to each other. 

ASSERTION F. The diagonals of a parallelogram bisect each other. 

For Assertion D one first has to define the interior of a triangle by using the 
Plane Separation Axiom. The proof then uses this axiom repeatedly, a tedious 
process. Assertion E is Exercise 9 shown previously, and Assertion F is Exercise 6 
on page 300. 

THEOREM 13. Let BE be a median of ABC. Then any other median must meet 
BE at the point G so that BG = 2GE . 

PROOF. Let CF be another median and let CF meet BE at a point to be denoted 
also by G for simplicity. We will prove that BG = 2GE , which would then finish 
the proof of the theorem (see figure 18). 

A 

E 

L 

F 

G 
M 

B C 
Figure 18 

Join FE and join the midpoint L of BG  to the midpoint M of CG. Applying 
Theorem 12 to ABC, we get BC = 2 FE and FEBC. Similarly, applying the 
same theorem to GBC yields BC = 2 LM and LMBC. Hence FE  and LM 
are equal and parallel (by Assertion E), and FEML is a parallelogram (Lemma 8). 
By Assertion F, LG = GE . L being the midpoint of BG implies BL = LG = GE 
so that BG = 2GE . Q.E.D. 

Exercise 15. Let D, E, F be the midpoints of BC , AC, and AB , respectively, in 
ABC. Prove that AFE, DFE, FBD, and EDC are all congruent. 

DFE in Exercise 15 is called the medial triangle of ABC. 
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It follows immediately from Theorem 13 that both of the other two medians 
of ABC must intersect BE at the point G. Hence we have: 

THEOREM 14. The three medians of a triangle are concurrent, and the point of 
concurrency is two-thirds of the length of each median from the vertex. (This is the 
centroid of the triangle.) 

Exercise 16. Show that the centroid of a triangle is also the centroid of its 
medial triangle. 

One may conjecture in view of Theorem 14 that if we trisect each side of a 
triangle, then the lines joining a vertex to an appropriate point of trisection on 
the opposite side may also be concurrent. One accurately drawn picture (see 
figure 19) is enough to lay such wishful thinking to rest. Such a picture then 
provides a counterexample to this conjecture. 

A 

B C 

Figure 19 

Part of the charm of Euclidean geometry is that most conjectures can be made 
plausible or refuted by a judicious picture. Compared with other subjects, such as 
algebra or calculus, this way of confronting a conjecture in geometry is by far the 
most pleasant. 
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Appendix D 
Sample Mathematics Problems 

The sample problems in this appendix supplement those appearing in 
Chapter 2. The problems for kindergarten through grade seven are organized 
by grade level and according to the standards for the five strands in the 
Mathematics Content Standards. The problems for grades eight through twelve 
are presented according to the standards for the discipline headings algebra, 
geometry, and so forth. Teachers may use these problems as a resource to 
develop students’ skills in working with the standards.1 

Kindergarten 
Number Sense 

1.1, 1.2	 How many students are in your class? How many chairs are in the 
room? Are there more chairs than students? What happens when there 
are more students than chairs? 

1.2	 Make sure that students can count forward accurately before 
presenting a series like the following:
 

30, 29, 28, __, __, 25, __, __, __, __, 20, 19, __, __, __, 15.
 

Grade One 
Number Sense 

1.2	 Prove or disprove a classmate’s claim that, “29 is more than 41 
because 9 is more than 4 or 1.” (This problem also applies to 
Mathematical Reasoning Standard 2.1.) 

Grade Two 
Number Sense 

2.2	 Find a three-digit number such that the sum of its digits is equal to 26. 
How many such numbers can you find? 

3.2	 Pretend you are at a store and you have $2.00 to spend. A pen costs 
79 cents, a notepad 89 cents, and an eraser 49 cents. Suppose you 
want to buy two items and have the most money left over, which two 
would you buy? What is the largest number of pens you can buy? 
Notepads? Erasers? Explain how you know. 

5.2	 How many pennies does it take to make $1.57? How many nickels 
does it take to make $2.65? 

1 Complete citations for the sources following some of the mathematics problems in this appendix 
appear in “Works Cited” at the end of this publication. 
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Measurement and Geometry 

1.1	 Which is longer: the width of your classroom or 8 times the length of 
your desk? 

Statistics, Data Analysis, and Probability 

1.1	 A kite has four panels. You have been asked to color it with either red 
or blue on each panel. How many different color kites can you make? 

2.1	 Look at these numbers: 50, 46, 42, 38, 34, 30, . . . There are many 
patterns that can produce these numbers. Please describe one. 
(Teacher: follow up with a question about which method is the 
simplest.) (Adapted from TIMSS gr. 3–4, U-4) 2 

Grade Three 
Number Sense 

2.4	 There are 54 marbles. They are put into 6 bags so that the same 
number of marbles is in each bag. How many marbles would 2 bags 
contain? (Adapted from TIMSS gr. 3–4, K-9) 

2.8	 Here is a number sentence: 2,000 + ___ + 30 + 9 = 2,739. What 
number should go where the blank is to make the sentence true? 
(TIMSS gr. 3–4, S-2) 

1
3.1	 Janis, Maija, and their mother were eating a cake. Janis ate 2  of the 

cake. Maija ate 4
1  of the cake. Their mother ate 1 of the cake. How4 

much of the cake is left? (Adapted from TIMSS gr. 7–8, P-14) 

3.1	 Sam, who is 6 years old, likes vanilla ice cream with his apple pie. 
Sam said that 1 of an apple pie is less than 4

1 
of the same pie. Is

3 
Sam correct in his estimate? (Adapted from TIMSS gr. 3–4, V-1) 

Measurement and Geometry 

1.2	 Make an outline of your hand with your fingers together on a piece of 
grid paper. Assuming that each grid is 1 cm2, what is roughly the area 
of your hand? 

Grade Four 
Algebra and Functions 

1.3	 Solve (3 × 12) − 
 24 + 8

 = ?
 6  

 18 + 31	  × =  ?Solve 	 7 
+ 5 

9 

2 The “Web Resources” section in “Works Cited” shows the sources in which all mathematics 
problems from the Third International Mathematics and Science Study (TIMSS) appearing in this 
publication may be found. Each problem reproduced from TIMSS is copyrighted © 1994 by IEA, 
The Hague. 
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1.4	 Maria and her sister, Louisa, leave home at the same time and ride 
their bicycles to school 9 kilometers away. Maria rides at a rate of 
3 kilometers in 10 minutes. How long will it take her to get to school? 
Louisa rides at a rate of 1 kilometer in 3 minutes. How long will it 
take her to get to school? Who arrives first? (Adapted from TIMSS 
gr. 3–4, U-3) 

1.5	 My plane was supposed to leave San Francisco at 8:42 a.m. and arrive 
in Los Angeles at 9:55 a.m. But it started 11 minutes late, and to make 
up for lost time, the pilot increased the speed and shortened the flight 
time to 58 minutes. What time did I arrive in Los Angeles? (This 
problem also applies to Mathematical Reasoning Standard 1.1.) 

2.1	 What is the remainder when 1,200,354,003 is divided by 5? 

Measurement and Geometry 

1.2, 1.4	 Given 12 square tiles, all the same size, describe all the rectangles you 
can that use all the tiles. Find the perimeter of each rectangle. 

3.7	 Assume that the sum of the length of any two sides of a triangle is 
greater than the length of the third side. If the lengths of the sides of a 
triangle are required to be whole numbers, how many such triangles 
are there with a perimeter of 14? List all of them. 

Statistics, Data Analysis, and Probability 

1.1	 If six people enter a room and shake hands with each other once, how 
many handshakes occur? 

Grade Five 
Number Sense 

17 3 11.2 	 Change to decimals: 1000 , 20 
, 6%, 35 2, 

1.2	 Change to fractions: 0.03, 1.111, 8%, 21 

17 1
1.2	 Change to percents: 0.07, 0.165, ,

20 8 

1.2	 6 is what % of 25? 

1.2	 What is 15% of 44? 

1.2	 30 is 20% of what? 

1.2	 Betty paid $23.60 for an item that was reduced by 20%. 

1. What was the original price? 

2. If the original price was reduced by 25%, what is the sale price? 

1.4	 Write as a product of primes using exponents (use factor trees or other 
methods): 18, 48, 100 

1.3, 1.4	 What is the largest square of a whole number that divides 48? What is 
the largest cube of a whole number that divides 48? 
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1.1 

1.1 

1.5	 Arrange in order from smallest to largest: 
9 , 25%, 0.3, 2 1 , 0.295
4 2 

2.1	 Find the average of 6.81, 7, 5.2 and round the answer to the nearest 
hundredth. 

2.1	 Evaluate 0.25 (3 − 0.75). 

2.5	 Do the following problems mentally. 

 9 185 12 	 9 185
 , ,


 2 117 , 
× 

13 ÷ 
, 

= ?

2 117 

 9 185 12	  9 185
 
 

, × 	
 ÷ , = ?


13 2 117 	 2 117 , , 

Measurement and Geometry 

1.0	 Find the areas (dimensions are in cm): 

5 

5 5 

8 

How many segments x will fit on the perimeter of the square? 

x 

Find the area of each figure. 

6 1
2 in. 8 cm 

2 12 in. 4 cm 

10 cm 

⊥ 
3 cm 

6 cm

5 ft.
 

3 
ft.

5 ft. 

8 ft.	 11 cm 
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1.3, 1.4	 Determine the volume of a rectangular solid with length 65 cm, height 
70 cm, and width 50 cm. For the same rectangular solid, determine its 
surface area. (Make sure that your answer is expressed in the correct 
units.) 

1.4	 Identify the relevant dimension as length, area, or volume: 

1.	 The perimeter of a triangle 
2.	 The capacity of a barrel 
3.	 The capacity of a box 
4.	 The amount of sod needed to cover a football field 
5.	 The number of bricks needed to pave a path 
6.	 The height of a tree 

2.1	 Explain how to make the following basic constructions with a straight 
edge and compass; e.g., an equilateral triangle, a regular hexagon, a 
line passing through a given point and perpendicular to a given line. 

2.2	 Find the third angle of a triangle if you know that one angle is 60° and 
the second angle is 20°. 

Statistics, Data Analysis, and Probability 

1.2	 Draw a circle graph to display the following data: A certain municipal 
district spends 6 million dollars per year—$2,507,000 on education, 
$1,493,000 for public safety, $471,000 for libraries, $536,000 for road 
maintenance, and $993,000 for miscellaneous expenses. (This 
problem also applies to Number Sense Standards 1.1 and 1.2.) 

Grade Six 
Number Sense 

1.2, 1.3	 Complete the following statements: 

1.	 If 3 ft. = 1 yd., then 7 ft. = ? yd. 

2.	 If 32 oz. = 1 qt., then 6.7 qt. = ? oz. 

1.2, 1.3	 In a lemonade punch, the ratio of lemonade to soda pop is 2:3. If there 
are 24 gallons of punch, how much lemonade is needed? 

2.1	 Find the sum 5 + 3 . 
6 10 

2.3, 2.4	 Write the following as an integer over a whole number: 

8, −6, 4 1 , −11 , 0, 0.013, −1.5 
2 5 

2.4	 1. Find the least common multiple of 6 and 10 (count by sixes until 
you come to a multiple of 10). 

2.	 List the first 20 multiples of 6. 

3.	 List the first 20 multiples of 10. 

4.	 List all the multiples that 6 and 10 have in common that are less 
than or equal to 120. 
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2.4	 1. Make a sieve of Eratosthenes up to 100. 

2.	 Find the greatest common factor of 18 and 30 (list all factors 
of 18 until you come to a factor of 30). 

3.	 Reduce 18 .
 
30
 

Algebra and Functions 

1.2	 Moe was paid $7 per hour and earned $80.50. How many hours did 
Moe work? 

1.2	 Write the following in symbolic notation using n to represent the 
number: 

1.	 A number increased by 33 

2.	 The product of a number and (−7) 

3.	 8 1 decreased by some number
2 

4.	 The square of some number which is then divided by 7 
1

5.	 The sum of some number and which is then increased by the
3
 

third power of the same number
 

1.2, 3.1	 A rectangle is constructed with 8 feet of string. Suppose that one side 
is 1 4 feet long. What is the length of the other side?

14 

1.3	 True or false? 
(25 + 16) × 6 = 25 + 16 × 6. 

Measurement and Geometry 

1.2	 How many segments x will fit on the circumference of the circle? 

x 

1.1, 1.3	 Use the formula πr 2h for the volume of a right circular cylinder. What is 
the ratio of the volume of such a cylinder to the volume of one having 
half the height but the same radius? What is the ratio of the volume of 
such a cylinder to the volume of one having the same height but half the 
radius? (This problem also applies to Number Sense Standard 1.2.) 
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2.1 Line L is parallel to line M. Line P is perpendicular to L and M. Name 
the following angles. If none can be named, leave the space blank. 

a 
b 

c 
d 

e 	

L 

M
f 

P 

1. Complementary ____________________ 

2. Supplementary ____________________ 

3. Vertical ___________________________ 

4. Alternate interior ___________________ 

5. Corresponding _____________________ 

6. Acute ____________________________ 

7. Right	 ____________________________ 

8. Obtuse ___________________________ 

2.2	 Line L is parallel to line M. Give the number of the degrees for the 
lettered angles. 

60° 
L 

d	 100° 
M 

ca 

b 

Statistics, Data Analysis, and Probability 

2.2, 2.5 Fifty red marbles are placed in a box containing an unknown number of 
green marbles. The box is thoroughly mixed, and 50 marbles are taken 
out. Ten of those marbles are red. Does this fact imply that the number 
of green marbles was 200? 

3.1, 3.4 Make a tree diagram of all the possible outcomes of four successive 
coin tosses. How many paths in the tree represent two heads and two 
tails? Suppose the coin is weighted so that there is a 60% probability 
of heads with each coin toss. What is the probability of one head and 
one tail? 
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Grade Seven Appendix D 

Number Sense Sample 
Mathematics 

1.1	 Convert to scientific notation; compute and express your answer in Problems 

scientific notation and in decimal notation. 

1. , )(  .(350 000 0 0049 )
 
0 25 
. 

(0 000042 0 0063 ). )(  	.
2. 

. )((140 000 , )(  70 000 , )(  0 18 ) 
1.6	 Peter was interested in buying a basketball. By the time he saved 

enough money, everything in the sporting goods store had been 
marked up by 15%. Two weeks later, however, the same store had a 
sale, and everything was sold at a 15% discount. Peter immediately 
bought the ball, figuring that he was paying even less than before the 
prices were raised. Was he mistaken? 

1.7	 What will be the monthly payments on a loan of $50,000 at 12% 
annual interest so that it will be paid off at the end of 10 years? How 
much total interest will have been paid? Do the same problem with 
8% annual interest over 10 years. Do the same problem with 10% 
annual interest over 15 years. Solve the problem using simple interest. 
(Use calculators.) 

2.2 Reduce 910 . 
1859, 

2.2	 Subtract and reduce to lowest terms: 

 81   7 
 
 143 − 

 208
 

(For clarification see the discussion in Appendix A on the addition 
and subtraction of fractions.) 

2.4	 Determine without a calculator which is bigger: 291 or 17? 

2.5	 Consider two numbers A and B on the number line. Determine which is 
larger: the distance between A and B or the distance between |A| and 
|B |? Always? Sometimes? Never? 

Algebra and Functions 

1.1	 Gabriel bought a CD player, listed at $a, at a 20% discount; he also 
had to pay an 8% sales tax. After three months he decided that its 
sound quality was not good enough for his taste, and he sold it in the 
secondhand market for $b, which was 65% of what he paid originally. 
Express b as a function of a. 

1.1, 4.2	 A car goes 45 mph and travels 200 miles. How many hours will it take 
for the car to reach its destination? 
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Appendix D 
Sample 
Mathematics 
Problems 

1.1, 4.2	 A plane flying at 450 mph leaves San Francisco. One-half hour later a 
second plane flying at 600 mph leaves, flying in the same direction. 
How long will it take the second plane to catch the first? How far from 
San Francisco will this event happen? 

1.5	 Water is poured at a constant rate into a flask shaped like the one in 
the illustration that follows. Draw a graph of the water level in the flask 
as a function of time. 

2.1, 2.2	 Simplify to a monomial, or reduce to a single monomial. 

5 
x

1. 3 
x 

3 
x

2. 5 
x 

5 
x

3. 5 
x 

5 3(42a b )
4. 2 9(14a b ) 

−8 
x

5. −7 
x 

7 −3 9(a b  c  )
6. 4 −3  10  (a b  c  ) 

3.1, 3.2	 Write the equation of the surface area of a cube of side length x. 
Graph the surface area as a function of x. 

3.1	 The amount of paint needed to paint over a surface is directly 
proportional to the area of the surface. If 2 quarts of paint are needed 
to paint a square with a side of 3 ft., how many quarts must be 
purchased to paint a square whose side is 4 ft. 6 in. long? 

3.4	 What is the slope of the straight line which is the graph of the function 
expressing the length of a semicircle as a function of the radius? 
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4.1	 Becky and her sister have some money. The ratio of their money is 3:1. 
When Becky gives $5 to her sister, their ratio will be 2:1. How much 
money does Becky have? (World Math Challenge 1995) 

4.2	 Three people set out on a car race to see who would be the first to get 
to town T and back. Anne maintained a steady speed of 80 mph 
throughout the race. Lee averaged 90 mph on the way out, but he 
could manage only an average of 70 mph on the way back. Javier 
started slowly and averaged 65 mph during the first third of the race, 
but he increased his speed to 85 mph in the second third and finished 
with a blazing 100 mph in the last third. Who won? 
(Note: This is a difficult problem that would be particularly good for 
advanced students.) 

Measurement and Geometry 

1.1	 Know the following approximations: 

1. 1 meter ≈ 1 yard (baseball bat) 

2. 1 cm ≈ 1 inch (width of a fingernail)
2 

3. 1 km ≈ .6 miles 

4. 1 kg ≈ 2.2 lbs. (a textbook) 

5. 1 liter ≈ 1 quart 

6. 1 gram ≈ (1 paper clip) 

7. 1 mm ≈ (thickness of a dime) 

1.3	 A bucket is put under two faucets. If one faucet is turned on alone, the 
bucket will be filled in 3 minutes; if the other is turned on, the bucket 
will be filled in 2 minutes. If both are turned on, how many seconds will 
it take to fill the bucket? 

2.1	 Compute the area and perimeter of a regular hexagon inscribed in a 
circle of radius 2. 

2.1	 Compute the volume and surface area of a square-based pyramid 
whose lateral faces are equilateral triangles with each side equal to 4. 

3.2	 Determine the vertices of a triangle, whose vertices were originally at 
(1, 2), (−3, 0), and (−1, 5), after it is translated 2 units to the right and 
1 unit down and then reflected across the graph of y = x − 3. 

3.3	 What is the distance from the center of a circle of radius 3 to a chord 
of length 5 cm? 

Appendix D 
Sample 

Mathematics 
Problems 
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Appendix D 
Sample 
Mathematics 
Problems 

3.1 Find the missing angles and arcs. (∠B is 10°.) 

E 

135° 

10° 

a 
b 

C 

D 
A 

B 

1. Minor	 AB 

2. Angle a 

3. Major BA 
4. Angle b 

5. �EC 
6. CB 
7. �ED 
8. �DC 

Grades Eight Through Twelve 
Algebra I 

1.0, 24.0	 Prove or give a counterexample: The average of two rational numbers 
is a rational number. 

2.0	 I start with a number and apply a four-step process: I (1) add 13; 
(2) multiply by 2; (3) take the square root; and (4) take the reciprocal. 
The result is 1 . What number did I start with? If I start with the number

4 
x, write a formula that gives the result of the four-step process. 

2.0	 What must be true about a real number x if x = x 
2 ? 

2.0	 Write as a power of x: x . 
3 

x ⋅ x 
132.0	 Solve for x: x = 

2 2  
. 

3.0	 Solve for x: 3 x + = 14  .2 

x + ≥1 2. 

Sketch the interval in the real number line that is the solution for 
3.0	 Express the solution using interval notation: 

x − <5 2. 

4.0	 Expand out and simplify 2(3x + 1) − 8x. 
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4.0  Solve for x in each case: 

5x 2 −3(x + )
 2− ≤  1


( (3x + 1) 2)
 x
2 − −2 1) = 3(x − +


3 4
 = 
x − 2 xx + 5 

5.0	 To compute the deduction that you can take on your federal tax return 
for medical expenses, you must deduct 7.5% of your adjusted gross 
income from your actual medical expenses. If your actual medical 
expenses are $1,600 and your deduction is less than $100, what can 
you conclude about your adjusted gross income? (CERT 1997, 22) 

5.0	 Joe is asked to pick a number less than 100, and Moe is asked to 
guess it. Joe picks 63. Write an inequality that says that Moe’s guess 
is within 15, inclusive, of the number Joe has in mind. Solve this 
inequality to find the range of possibilities for Moe’s guess. 

5.0	 Four more than three-fifths of a number is 24. Find the number. 

5.0	 Luis was thinking of a number. If he multiplied the number by 7, 
subtracted 11, added 5 times the original number, added −3, and then 
subtracted twice the original number, the result was 36. Use this 
information to write an equation that the number satisfies and then 
solve the equation. 

6.0	 The cost of a party at a local club is $875 for 20 people and $1,100 for 
30 people. Assume that the cost is a linear function of the number of 
people. Write an equation for this function. Sketch its graph. How much 
would a party for 26 people cost? Explain and interpret the slope term 
in your equation. (CERT 1999, 61) 

6.0	 Graph 2x − 3y = 4. Where does the line intersect the x-axis? Where 
does the line intersect the y-axis? What is the slope? 

6.0	 Sketch the region in the x-y plane that satisfies both of the following 
inequalities: y <3x + 1, 2x + 3y + 8 > 0 

6.0, 7.0	 Find an equation for the line that passes through (2, 5) and (−3, 1). 
Where does the line intersect the x-axis? Where does the line 
intersect the y-axis? What is the slope? 

6.0, 7.0	 Find an equation for the line that passes through (5, 3) and (5,−2). 
Where does the line intersect the x-axis? Where does the line intersect 
the y-axis? What is the slope? 

7.0	 The weight of a pitcher of water is a linear function of the depth of the 
water in the pitcher. When there are 2 inches of water in the pitcher, it 
weighs 2 lbs.; and when there are 8 inches of water in the pitcher, it 
weighs 5 lbs. Find a formula for the weight of the pitcher as a function 
of the depth of the water. 

7.0	 Find an equation for the line that passes through (−2, 5) and has 
slope − 2

3 
. 
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Appendix D 
Sample 
Mathematics 
Problems 

8.0	 Find the equation of the line that is perpendicular to the line through 
(2, 7) and (−1, 3) and passes through the x-intercept of that line. 

8.0	 Are the following two lines perpendicular, parallel, or neither? 

2x + 3y = 5 

3x + 2y −1 = 0 

8.0	 If the line through (1, 3) and (a, 9) is parallel to 3x − 5y = 2, what is a? 

9.0	 Line 1 has equation 3x + 2y = 3, and line 2 has equation −2x + y = 5. 
Find the point of intersection of the two lines. 

9.0	 Sketch a graph of the values of x and y that satisfy both of the 
inequalities: 

3x + 2y ≥ 3
 

−2x + y ≤ 5
 

10.0	 The volume of a rectangular prism with a triangular base is 
36 m 3 − 72 m 2 + 29 m − 3. Assume that the height of the prism 
is 3m − 1 and the height of the triangle is 6m − 1. What is the 
base of the triangle? 

10.0	 Simplify [(3b 2 − 2b + 4) − (b 2 + 5b − 2)] (b + 2). 

x 
2 − 4 

x 
2 4 011.0	 Solve for x: +  − = . 	 

x − 2 
3 2 

x x12.0	 Reduce to lowest terms: + −  6x . 
2 +x 

3 1012.0	 Solve for x: + 
x − 1 x 

2 − +  12x 

x + 2 x 
2 + −  5x ⋅ 

13x + 30 

= 4 . 

24  

13.0	 Solve for x: x − 3 x − 6 + = .3 0
x + 8 

x 3 + 2x 2 − 15  x
14.0	 Where does the graph of f x( )  = intersect the x-axis? 

x + 1 

15.0	 Mary drove to work on Thursday at 40 miles per hour (mph) and 
arrived one minute late. She left at the same time on Friday, drove at 
45 mph, and arrived one minute early. How far does Mary drive to 
work? (CERT 1999, 31) 

15.0	 Suppose that peanuts cost $.40/lb. and cashews cost $.72/lb. How 
many pounds of each should be used to make an 80 lb. mixture that 
costs $.48/lb.? 

16.0	 The following points lie on the graph of a relation between x and y: 

(0, 0), (−2, 3), (3, −2), (2, 3), (−3, −3), (2, −2) 

Can y be a function of x? Explain. Can x be a function of y? Explain. 

17.0	 Determine the domain of the function f x( )  = x − 6. 
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17.0 Determine the range of the function g whose graph is shown below. 

y 

y = g(x) 

2 

1 

1−1−2−3 

−1 

x 

17.0	 Let f (x) = x 2 − 16 (in words x squared minus 16), and x is a real 
number. 

1.	 What is the domain of f (x)? 

2.	 What is the range of f (x)? 

3.	 For what values of x is f(x) negative? 

4.	 What are the domain and range of square root (x 2 − 16) when x is 
assumed to be a real number? 

18.0	 Does the equation x 2 + y 2 = 1 determine y as a function of x? Explain. 

20.0	 Solve for x: 2x 2 − 3x − 5 = 0. 

20.0	 Let f(x) = ax 2 + bx + c. Suppose that b 2 − 4ac > 0. Use the quadratic 
formula to show that f has two roots. 

22.0	 At how many points does the graph of g(x) = 2x 2− x + 1 intersect the 
x-axis? 

23.0	 A ball is launched from the ground straight up into the air at a rate 
of 64 feet per second. Its height h above the ground (in feet) after 
t seconds is h = 64t − 16t 2. 

How high is the ball after 1 second? When is the ball 64 feet high? 
For what values of t is h = 0? What events do these represent in the 
flight of the ball? (Adapted from CERT 1997, 21) 

23.0	 The braking distance of a car (how far it travels after the brakes are 
applied until it comes to a stop) is proportional to the square of its 
speed. Write a formula expressing this relationship and explain the 
meaning of each term in the formula. If a car traveling at 50 mph has a 
braking distance of 105 feet, then what would its braking distance be if 
it were traveling 60 mph? (ICAS 1997, 6)3 

3The Web site showing the source for the problems from the Intersegmental Committee of the 
Academic Senates (ICAS) is in the “Web Resources” section in “Works Cited.” 
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Appendix D 
Sample 
Mathematics 
Problems 

24.0	 Provide numbers to show how the following statement can be false 
and if possible describe when it is true: 

a2 + b2 < a + b whenever a ≥ 0 and b ≥ 0. 

(Adapted from CERT 1997, 39) 

25.0	 Suppose that 9 is a factor of xy, where x and y are counting numbers. 
At least one of the following is true. Which of the following statements 
are necessarily true? Explain why. 

1. 9 must be a factor of x or of y. 
2. 3 must be a factor of x or of y. 
3. 3 must be a factor of x and of y.
 
(CERT 1999, 89)
 

25.0	 A problem is given, to find all solutions to the equation 
(2x + 4)2 = (x + 1)2. Comment on any errors in the following 
proposed solutions: 

(2x + 4)2 = (x + 1)2 

Take the square root of both sides to find 2x + 4 = x + 1 

Subtract x and 4 from both sides to obtain 2x + 4 − x − 4 = x + 1 − x − 4 

Simplify to conclude x = −3 

Geometry 

3.0	 Prove or disprove: Any two right triangles with the same hypotenuse 
have the same area. 

3.0	 True or false? A quadrilateral is a rectangle only if it is a square. 

3.0	 Suppose that all triangles that satisfy property A are right triangles. 
Is the following statement true or false? A triangle that does not satisfy 
the Pythagorean theorem does not satisfy property A. 

4.0	 Suppose that triangle PRS is isosceles, with RP = PS . Show that if the 
segment PQ bisects the ∠RPS, then RQ QS . = 

Q

P 

S 

R 

4.0	 Suppose that R and S are points on a circle. Prove that the 
perpendicular bisector of the line segment RS passes through the 
center of the circle. 
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5.0 

6.0 

In the figure shown below, the area of the shaded right triangle is 6. 
Find the distance between the parallel lines, L

1
 and L

2
. Explain your 

reasoning. 

(CERT 1999, 51) 

6 

L1 

L2 

8 

Using a geometric diagram, show that for any positive numbers a and 

b, a2 + b2 < a + b. 

7.0, 4.0	 On the following diagram, with distances as shown, prove that if x = y, 
then the lines L and M are parallel: 

2 x 

2	 

L 

y 

M 

7.0	 Prove that if a diagonal of a parallelogram bisects an angle of a 
parallelogram, then the parallelogram is a rhombus. 

7.0	 Prove that if the base angles of a trapezoid are congruent, then the 
trapezoid is isosceles. 
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Appendix D 
Sample 
Mathematics 
Problems 

8.0	 A string is wound, evenly-spaced, around a circular rod. The string 
goes exactly one time around the rod. The circumference of the rod is 
4 cm, and its length is 12 cm. Find the length of the string. What is the 
length of the string if it goes exactly four times around the rod? 
(Adapted from TIMSS gr. 12, K-14) 

9.0	 A sphere of radius 1 can be inscribed in a cylinder so that it touches 
the top face, bottom face, and intersects the lateral face in a circle. 
Find the volume of the cylinder. 

9.0	 A right prism with a 4-inch height has a regular hexagonal base. The 
prism has a volume of 144 cubic inches. Find the surface area of the 
prism. 

10.0	 A trapezoid with bases of length 12 and 16 is inscribed in a circle of 
radius 10. The center of the circle lies inside the trapezoid. Find the 
area of the trapezoid. 

11.0	 Brighto soap powder is packed in cube-shaped cartons. A carton 
measures 10 cm on each side. The company decides to increase the 
length of each edge of the carton by 10 percent. How much does the 
volume increase? (TIMSS gr. 12, D-12) 

12.0	 A regular polygon has exterior angles, each measuring 10 degrees. 
How many sides does the polygon have? 

13.0	 Prove that if the diagonals of a quadrilateral bisect each other, then the 
quadrilateral is a parallelogram. 
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15.0 Find the length of the side labeled C in the figure shown below:
 

7 

5 

C 

2 

15.0	 The bottom of a rectangular box is a rectangle with a diagonal whose 
length is 4 3  inches. The height of the box is 4 inches. Find the 
length of a diagonal of the box. 

16.0	 Given a circle, use an unmarked straightedge and a compass to find 
the center of the circle. 

17.0	 The vertices of a triangle PQR are the points P (1, 2), Q (4, 6), and 
R (−4, 12). Which one of the following statements about triangle 
PQR is true? 

1. PQR is a right triangle with right ∠P. 
2. PQR is a right triangle with right ∠Q. 
3. PQR is a right triangle with right ∠R. 
4. PQR is not a right triangle. (TIMSS gr. 12, K-7) 

18.0	 Shown below is a semicircle of radius 1 and center C. Express the 
unknown length D in terms of the angle a by using a trigonometric 
function. 

1 

a 

C 

D 

18.0 If α is an acute angle and cos α = 1 , find tan α. 
3 
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Appendix D 
Sample 
Mathematics 
Problems 

19.0 Find the length of side C below if ∠a measures 70 degrees: 

5 

C
 

a 

20.0 Each side of the regular hexagon ABCDEF is 10 cm long. What is the 
length of the diagonal AC? (TIMSS gr. 12, L-12) 

20.0 Express the perimeter of the trapezoid ABCD in the simplest exact 
form. Angle DAB measures 30 degrees, and angle ABC measures 
60 degrees. 

D 4 in. C 

6 in.
 

A	 B 

21.0	 Two circles with centers A and B, as shown below, have radii of 7 cm 
and 10 cm, respectively. If the length of the common chord PQ is 8 cm, 
what is the length of AB? Show all your work. (TIMSS gr. 12, L-18) 

P 

B 

Q 

A 

7 cm 
10 cm 
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22.0	 A translation maps A(2, −3) onto A′ (−3, −5). Under the same 
translation, find the coordinates of B′, the image of B (1, 4). 
(TIMSS gr. 12, K-12) 

22.0	 Which response listed below applies to the statement that follows? 
The rectangle labeled Q cannot be obtained from the rectangle 
P by means of a: 

1. Reflection (about an axis in the plane of the page) 
2. Rotation (in the plane of the page) 
3. Translation 
4. Translation followed by a reflection (TIMSS gr. 12, L-9) 

P 

Q 

Algebra II 

1.0 Express the solution using interval notation: 

2 3x − > 4 

1.0	 Sketch the interval in the real number line that is the solution for: 

x − 3 
> 5 

2 

2.0	 Solve the system of linear equations: 

x + 2y = 0 
x + z = −1
 
y − z = 2
 

4.0	 Simplify x 3 − y 3

. 
x 2 − y 2 

+4.0	 Simplify x y  . 
− 2x y  

5.0	 Locate all complex solutions to z 2 + 4 in the complex plane. 

6.0	 Write in the form a + bi, where i is a square root of −1: 

− 2(3 2i )
 
2 + i
 

8.0	 Find all solutions to the equation x 2 + 5x + 8 = 0. 
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Appendix D 
Sample 
Mathematics 
Problems 

9.0	 The function f (x) = (x − b)2 + c is graphed below. Use this information to 
identify the constants b and c. . The minimum value of the function 
occurs when x = 2, and f (2) = 1. 

y 

−1 1 2 3 4 
−1 

1 

2 

3 

4 

5 

6 

−2 

(2,1) 

y = f (x) 

x 

10.0	 Graph the function f x 2(x + 3)2 −( )  = 4 and determine the minimum 
value for the function. 

10.0	 Find the vertex for the graph of f x  3x 2 − 12  x +( )  = 4 . 

11.0	 Solve for x in each of the following and explain each step: 

log ( x + − log 11) x =3 3 

log 7 = log b xb 

12.0	 Scientists have observed that living matter contains, in addition to 
common carbon, C12, a fixed percentage of a radioactive isotope of 
carbon, C14. When the living material dies, the amount of C12 present 
remains constant, but the amount of C14 decreases exponentially with 
a half-life of 5,550 years. In 1965 the charcoal from cooking pits found 
at a site in Newfoundland used by Vikings was analyzed, and the 
amount of C14 remaining had decreased to 88.6 of the amount present 
when the charcoal was fresh. What was the approximate date of this 
Viking settlement? (Adapted from ICAS 1997, 13) 

13.0	 Simplify to find exact numerical values for: 

(b2 )log 
b 

b3logb 2−log b 5 

314.0	 Write as a single logarithm log 7 . 
log3 5 
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15.0	 Is the following true for all real numbers x, for some real numbers x, 
or for no real numbers x? 

− 2 2(1 x ) 
1 x= +  

1− x 

16.0	 If xy = 1 and x is greater than 0, which of the following statements is 
true? 

1. When x is greater than 1, y is negative. 
2. When x is greater than 1, y is greater than 1. 
3. When x is less than 1, y is less than 1. 
4. As x increases, y increases. 
5. As x increases, y decreases. (TIMSS gr. 12, K-1) 

17.0	 Write in standard form the conic section whose equation is given 
by 4x 2 −8x − y 2 + 4y = 4 to determine whether it is a parabola, a 
hyperbola, or an ellipse. 

18.0	 An examination consists of 13 questions. A student must answer only 
one of the first two questions and only nine of the remaining ones. 
How many choices of questions does the student have? (Adapted from 
TIMSS gr. 12, L-4) 

19.0	 A lottery will be held to determine which three members of a club will 
attend the state convention. This club has 12 members, 5 of whom are 
women. What is the probability that none of the representatives of the 
club will be women? 

 − 2 
10 

20.0	 Determine the middle term in the binomial expansion of 
x

x 
. 

(ICAS 1997, 12) 

21.0	 Use mathematical induction to show that 
n n  + 1) (

1 + 2 + 3 + 4 + . . . + =n . 
2 

22.0	 Find the sum of the following infinite series: 

3 9 27 81+ +	 + + . . .
5 25 125 625 

24.0	 Sketch a graph of a function g that satisfies the following conditions: 
g does not have an inverse function, g(x) < x for all x, and g(2) > 0. 
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Appendix D 
Sample 
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Trigonometry 

1.0	 Express in degrees: 

π radians 
5
 

1
 revolution
8 

1.0	 Find the indicated angle B in radians if C is the center of the circle: 

C 

B 

5 

8 

2.0	 Graph the functions f(x) = sin x and g(x) = cos x, where x is measured 
in radians, for x between 0 and 2π. Identify the points of intersection of 
the two graphs. 

3.0	 Prove that sec2 x + csc2 x = sec2 x ⋅ csc2 x. 

5.0	 Use the definition of f(x) = tan(x) to determine the domain of f. 

6.0	 Identify all vertical asymptotes to the graph of g(x) = sec x. 

7.0	 A line with positive slope makes an angle of 1 radian with the positive 
x-axis at the point (3, 0). Find an exact equation for this line. 

8.0	 If tan(x) = tan( π ) and 3π < x < 4π, find x.5 

8.0	 Graph f (x) = sin x and the principal value of g(x) = sin−1 x on the same 
axes. Write a description of the relationship between the two graphs. 

9.0	 Find an angle α between 0 and −π for which cos(α) = − 
2
1 . 

11.0	 Solve for θ, where 0 < θ < 2π : (cos θ)(sin 2θ) − 2sin θ +  2 = 0. 

12.0	 Find the measure of the angle a in the triangle below: 

6 

a	 2 

6 
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13.0 Solve for the distance c on the triangle shown below if the angle A 
is 30°: 

4	 6 

A 

c 

14.0	 Find the area of the triangle shown below if the angle B measures 
20 degrees: 

6 

B 

4 

15.0	 Find all representations in polar coordinates of the point whose 
rectangular coordinates are (2 3 , −2). 

17.0	 Represent i + 1 in polar form. Use this to compute (i + 1)2. 

18.0	 Find all square roots of i. 

19.0	 A person holds one end of a rope that runs through a pulley and has 
a weight attached to the other end. The section of rope between the 
person and the pulley is 20 feet long; the section of rope between the 
pulley and the weight is 10 feet long. The rope bends through an angle 
of 35 degrees in the pulley. How far is the person from the weight? 

19.0	 How long does it take for a minute hand on a clock to pass through 
1.5 radians? 

Mathematical Analysis 

1.0	 Find any points of intersection (first in polar coordinates and then in 
rectangular coordinates) of the graphs of r = 1 + sin θ and the circle of 
radius 

2
3 centered about the origin. Verify your solutions by graphing 

the curves. 

Find any points of intersection (first in polar coordinates and then in 
rectangular coordinates) of the graphs of r = 1 + sin θ and the line with 
slope 1 that passes through the origin. Verify your solutions by 
graphing the curves. (ICAS 1997, 14) 

 1 3 
11 

2.0	 Compute 
 2 

− 
2

i 
 . 
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5.0	 Consider the locus of points in the plane whose distance to (0, 1) is 
twice its distance from (0, −2). Identify this conic section and find its 
equation in standard form. 

x
6.0	 Sketch the graph of f x( )  = , showing all asymptotes. 

x 2 − 4 
7.0	 Sketch a graph of the curve determined by the equations: 

x = cos(t 2) + 1 

y = sin(t 2) for 0 < t < 5 

and find another set of parametric equations that describe the 
same curve. 

Probability and Statistics 

1.0	 A warning system installation consists of two independent alarms 
having probabilities of 0.95 and 0.90, respectively, of operating in 
an emergency. Find the probability that at least one alarm operates 
in an emergency. (Adapted from TIMSS gr. 12, L-10) 

1.0	 Arlene and her friend want to buy tickets to an upcoming concert, but 
tickets are difficult to obtain. Each ticket outlet will have its own lottery 
so that everyone who is in line at a particular outlet to buy tickets when 
they go on sale has an equal chance of purchasing them. Arlene goes 
to a ticket outlet where she estimates that her chance of being able to 
buy tickets is 1 . Her friend goes to another outlet, where Arlene thinks 2
 
that her chance of being able to buy tickets is 1 .


3 
1.	 What is the probability that both Arlene and her friend are able 

to buy tickets? 

2.	 What is the probability that neither Arlene nor her friend is able 
to buy tickets? 

3.	 What is the probability that at least one of the two friends is able 
to buy tickets? (CERT 1997, 37) 

3.0	 A random variable X has the following distribution: 

x −1 0 2 3 4 

P(X = x)  .1  .3  .2  .1  .3  

Find: P(X > 1) P(X 2 < 2) 

3.0	 A fund-raising group sells 1,000 raffle tickets at $5 each. There are 
three prizes. The first prize is a $1,800 computer. The second prize 
is a $500 camera, and the third prize is $300 in cash. What is the 
expected value of a raffle ticket? (ICAS 1997, 9) 

3.0	 Carla has made an investment of $100. She understands that there is 
a 50% chance that after a year, her investment will have grown to 
exactly $150. There is a 20% chance that she will double her money in 
that year, but there is also a 30% chance that she will lose the entire 
investment. What is the expected value of her investment after a year? 
(CERT 1997, 37) 
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4.0	 You are playing a game in which the probability that you will win is 1 , 
and the probability that you will lose or play to a tie is 2 . If you play

3 

3 
this game 8 times, what is the probability that you will win exactly 
3 times? 

5.0	 Suppose that X is a normally distributed random variable with mean µ. 
Find P(X < µ). 

Advanced Placement Probability and Statistics 

1.0	 I roll two standard fair dice and look at the numbers showing on the top 
sides of the two dice. Let A be the event that the sum of the two 
numbers showing is greater than 5. Let B be the event that neither die 
is showing a 1 or a 6. Are events A and B independent? 

5.0	 Suppose that X is a discrete random variable and that X has the 
following distribution: 

x −1 0 2 5 

1 1 1 1P(X = x) 4 8 2 8 

Compute the mean for X. 

6.0	 Suppose that X is a discrete random variable and that X has the 
following distribution: 

x −1 0 2 5 

1 1 1 1P(X = x) 4 8 2 8 

Compute the variance for X. 

9.0	 Suppose that a new medical treatment is reported to be successful for 
80% of patients. What is the probability that in a sample of 100 
patients, 75 or more will find the treatment successful? 

12.0	 A teacher claims that quiz scores for students are indicative of their 
test scores. You sample 6 students from this teacher’s class and find 
the following quiz and test scores: 

Quiz scores 7 2 9 6 9 5 

Test scores 85 60 80 70 85 80 

Draw a scatter plot for these data, with the quiz scores on the 
horizontal axis and test scores on the vertical axis. Find the line that 
best fits these data by using least squares and graph the line along 
with your scatter plot. 

13.0	 In the preceding example concerning quiz scores and test scores, by 
using the graph alone, what can you say about the correlation 
coefficient? Suppose that 4 more data points are collected and that the 
best fit line remains approximately the same for the combined data, but 
that the correlation coefficient now is closer to 1 than it was for just the 
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6 data points. What can you say about the placement of the 4 
additional data points? 

16.0	 Suppose that it is known that the average lifetime of a particular brand 
of light bulb is 1,000 hours, with a standard deviation of 90 hours. You 
sampled 20 of these bulbs and computed that their lifetimes averaged 
900 hours, with a sample standard deviation of 120 hours. If you 
sample another 20 bulbs and combine your data, what is most likely to 
occur to the average lifetimes for the 40 bulbs and to the sample 
standard deviation for the 40 bulbs? 

17.0	 Suppose that the number of cars passing a certain bridge on a freeway 
during one-minute intervals is normally distributed. Suppose that 61 
one-minute observations are randomly made. The average number of 
cars passing the bridge in a minute, over the 61 observations, is 31. 
The sample variance is 25. Find a 95% confidence interval for the 
average number of cars passing the bridge per minute. For a margin of 
error of 1, with 95% confidence, how large a sample size would be 
needed? 

18.0	 In the situation described previously, if you were testing the hypothesis 
that the average number of cars per minute traveling over the bridge is 
more than 30, what P-value would you attach to the data that were 
collected? 

Calculus 

1.0	 Without using a graphing calculator, evaluate lim arctan x. Explain 
x→∞ 

what this limit should mean about the graph of the arctangent function 
and then verify this limit on a graphing calculator. 

1.0	 Using the graph of f shown below, estimate: 

lim ( ) f x  lim ( ) ( ) ( ) f x  lim f x  lim f x  
x→0 x→1 x→1− x→2− 

y 

−1 1 2 3 

1 

2 

−1 

−2	 

x 
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1.0 Using the formal definition of limit, show that lim( 3x 1) + = 7. 
x →2 

x
1.0 Using the formal definition of limit, show that lim does not exist. 

x→0 x 
2.0	 Using the formal definitions of continuity and limit, show that 

f(x) = 5x + 4 is continuous. 

3.0	 Use the Intermediate Value theorem to assert that the equation 
4x = x + 5 has a solution. 

3.0	 Give an example that demonstrates that the conclusions of the 
Intermediate Value theorem need not hold for a function that is not 
continuous. 

x
Must f x  have a maximum and a minimum value on the interval3.0 	 ( )  = x + 3
 
[−1, 3]? Explain.
 

( )  = 	 1.4.0	 Using the definition of derivative, find the derivative of f x x +

4.0	 Differentiate: 

f x( )  = sin  x 

1 ln  +	 x g x( ) = 
ex 

h x  = arctan( ) ( )  x 

4.0	 Using the graph of f shown below, estimate: 

1 ( )  → lim f xf ′( ) → f ′ 0	 ′( ) 
x →∞ 

x 

2 + − 2h4.0 Find the value of lim . (Adapted from TIMSS gr. 12, K-4) 
h→0 h 

4.0	 A brush fire spreads so that after t hours, 80t − 20t 2 acres are 
burning. What is the rate of growth of the acreage that is burning 
after 90 minutes? 

4.0	 According to Newton’s law of gravitation, a particle of mass m attracts 
GmM a particle of mass M with a force whose magnitude is F = 2 , where 

r 
G is the gravitational constant and r is the distance between the two 
particles. For particles that are in motion, find the rate of change of 
F with respect to r. 

y 

y = f(x) 

2 

−1 

1 

−2 1 2 3 

3 
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5.0	 Differentiate: 

g x cos( x ) )( )  = ln  (  x + e

k x  = e ln( 5−x )( )  

5.0	 Use the facts that f(x) = log
2 

x and g(x) = 2x are inverse functions and 
that g ′(x) = 2x ln 2 to find the derivative of f(x). 

6.0	 A wheel of radius 1 rolls on a straight line (the x-axis) without slipping. 
The curve traced by a point on the wheel (that starts out on the x-axis) 
is called a cycloid. The curve can be described parametrically by 
x = θ −sin θ and y = 1 − cos θ, where θ is the angle through which the 
wheel has turned. When the wheel has turned through π radians, 
what is dy ? 

4 

dx 
7.0	 For f (x) = arctan x, find f′′′(x). 

8.0	 Evaluate the following limits: 

ln( ) 
lim 

x − arctan x lim 
x 

lim ( 1+ x )cscx 

3 	 + x→0 x x→∞ ln(x 2 + 1) x→0 

8.0	 Use the Mean Value theorem on the following functions, on the given 
intervals, if it applies: 

f(x) = x + sin x on [ π , π]
 
2
 

g(x) = x − x 2/3 on [−1, 1]
 

8.0	 Suppose that f is a continuous function on [a, b], differentiable on 
(a, b), and that f′(x) = 0 for all x in the interval (a, b). Show that f is a 
constant function on [a, b]. 

9.0	 Without using a graphing calculator, sketch graphs of these functions, 
showing all local extrema and inflection points: 

g(x) = 3x 4 + 4x 3 + 1 

h(x) = ln(1 + x 2) 

10.0	 Use Newton’s method to approximate a zero for the polynomial 
f(x) = x 3 + 3x − 1 in the interval [0, 1]. You may stop when you have a 

1value of x for which f x  < .( )  1000 
11.0	 A cone is to be made large enough to enclose a cylinder of height 5 

and radius 2. What is the smallest possible volume for such a cone? 

12.0	 A climber on one end of a 150-foot rope has fallen down a crevasse 
and is slipping farther down. This accident happened because his 
climbing partner, on the other end of the rope, does not have a firm 
stance. His partner is on the horizontal glacier, slipping toward the 
crevasse at a rate of 10 ft./sec. At what rate is the distance between 
the two climbers changing when the first climber is 100 feet down the 
crevasse? 
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12.0	 A streetlight, 20 feet in height, stands 5 feet from a sidewalk. A person, 
6 feet tall, walks along the sidewalk at 4 ft./sec. At what rate is the 
length of the person’s shadow changing when the person is 13 feet 
from the base of the streetlight? 

14.0	 A particle moves along a line with velocity function v (t) = t 3 + t. Find the 
distance traveled by the particle between times t = 0 and t = 4. 

14.0	 An object thrown upward in a vacuum with initial velocity V
0
 will 

experience an acceleration of −9.8 m/s2. Use this information to find an 
expression for the position of the object above its starting position after 
t seconds. 

15.0	 On the graph of f(x) = e −x 2 shown below, let g(s) denote the area 
under the graph of f above the x-axis, between x = 0 and x = s. 

( )
Find lim

g s  
. 

s→0 s 

y 

1 

y = f(x) 

x 

−2 −1 1 2 

16.0	 Consider the region bounded by the x-axis for x ≥ 1, the line x = 1, 
and the graph of y = 1 . If this region is rotated about the x-axis, findx
 
the surface area of the resulting solid.
 

16.0	 Find the length of the curve y = (4 − x 2⁄3)3/2 between x = 1 and x = 8. 

16.0	 The following integral represents the volume of a solid that is obtained 
by rotating a region in the x-y plane about one of the coordinate axes: 
π ∫ 0

2 x 4 dx. If this solid was obtained by rotating a region about the 
x-axis, then what was the region? If, on the other hand, this solid was 
obtained by rotating a region about the y-axis, what was the region? 
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16.0	 The figure shown below is a cone that has been cut off at the top and 
then had a cone turned out of it. The radius of the top of the figure is 
2 inches. The radius of the base is 4 inches. The figure is 3 inches tall. 
Use integration to find the volume of the figure. 

16.0	 A tank of water is funnel-shaped. The shape of the funnel is such that 
x feet from the base of the tank, the radius of the tank is r = xex feet. 
If the tank is 2 feet deep and full of water, how much work is done in 
pumping the water out of the tank? 

r 

2 ft. 

x ft. 

18.0 	 Evaluate: 

sin(arctan(x)) 

tan(arcsin 1− x 2 ) 

18.0 	 Antidifferentiate: 

dx∫ 
1− 

1 

x 2 

4∫ 1+ 
x 
x 

dx 
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19.0	 Evaluate: 

3 x 3 + 6x 2 + 13  x + 8

∫ 	 dx
 

1 x 2 + 4x 

x 3 + 3x − 2
∫ 2 dx 

x + 2x + 4 

20.0	 Evaluate: 

∫ 
sin x 

dx
3cos x
 

∫ sin 2 x cos 4 xdx  

3 2x21.0	 Estimate ∫0 
e dx  using Simpson’s rule with n = 6 subintervals and 

find a bound on the error. 

22.0	 Compute the following integrals: 
π

∫0 
tanx dx  

∞ e− x
 

∫0 x 
dx
 

24.0	 Find the intervals of convergence for the following power series: 

∑ 
∞ x n ∞ (x − 5)n ∞ 2n x n 

∑ 2 ∑ 2n = 2 3n n2 + 1 n =1	 n − 3 n =1 ( )!  n 

ln(1+ x )
25.0	 Use a Maclaurin series for the function f x  to estimate( )  = 

1 ln(1+ x ) 
x 

∫ 2	 dx  to within .01. 
0 x 

26.0	 Find the degree four Taylor polynomial for f (x) = x centered at x = 1. 

26.0	 Using the half-angle identity sin 2 x = 2
1(1− cos( 2x )), find a Maclaurin’s 

series for f(x) = sin2 x. 
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Mathematics Intervention and Algebra Readiness 
Instructional Materials 

Most students can be well served by basic instructional materials that include 
strategies to address a wide variety of instructional settings, but some may still 
experience intermittent difficulties that require focused intervention. A program 
of intervention or algebra readiness should: 

• 	Include a balance of computational and procedural skills, conceptual under­
standing, and problem solving, as described in Chapter 1 in this framework. 

• 	Prioritize the concepts and skills to be taught so that the teacher can make 
optimal use of time and resources and provide an adequate sampling of the 
range of examples that define each concept. These instructional examples 
should be unambiguous and presented in a logical sequence, moving from the 
very simple to the more complicated and from the concrete to the abstract. 

• 	Provide clear goals and extensive diagnostic tools to assess students’ mathe­
matical knowledge. The entry-level assessments should identify which 
students need the program and their strengths and weaknesses. 

• 	Provide suggestions for how the teacher can monitor student performance 
daily so that student confusion does not go undetected. 

• 	Provide valid and reliable periodic assessments that can give ongoing informa­
tion on the causes of student errors and misconceptions and advice for the 
types of interventions that can be used for each area of difficulty. 

• 	Provide engaging, motivating materials that help students focus on the goals 
of the program. 

• 	Provide tasks that require students to show their mathematical reasoning and 
problem-solving strategies so that the teacher can identify sources of students’ 
incomplete or erroneous understanding of the underlying mathematics. 

• 	Reflect the interests and the ages of the students (e.g., materials used to teach 
a foundational skill or concept to students in grade eight should reflect the 
interests of a teenager). 

Overcoming student learning problems in mathematics requires giving atten­
tion to the background of the individual students and to the nature of their 
previous instruction. As reviewed by Chapman (1988), some students who need 
remediation perceive their low abilities to be unchangeable, expect to fail in the 
future, and give up readily when confronted with difficult tasks. Their continued 
failure confirms their low expectations of achievement, a pattern that perpetuates 
a vicious cycle of additional failure. What are needed are instructional programs 
that create steady measurable progress for students, showing them that whatever 
difficulties they might have had in the past, they are learning mathematics now. 
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Providing too many instructional directions for any student, with a loss of 
continuity in instruction, could be as bad as using too few. The goal is for the 
teacher to have a big instructional “toolbox” at hand from which to select exactly 
the tools needed for the class. These tools should adhere to the guidance in this 
appendix and in Chapter 10 and should be based on research. 

Particular attention should be given to the needs of English learners, 
including the academic language of instruction and the specialized vocabulary 
of mathematics. If students do not understand the academic language of instruc­
tion and assessment, they will not succeed in mathematics. These areas should 
be addressed: 

• 	At an early stage students may have difficulty with such English words as first, 
second, last, before, every, more, and equal. Students may be unfamiliar with 
numerator, denominator, commutative, and equivalence or may not understand 
a fraction decoded into words (e.g., three halves). 

•	 The distinction between words that sound or are spelled the same, such as tens 
and tenths, is sometimes not noted or understood. 

•	 The different meanings of multiple-meaning words should be explicitly taught. 
These words may have a meaning in common discourse that is different from 
the meaning in mathematics, such as variable, function, plane, table, or draw 
(as in to draw a triangle compared with to draw a conclusion). 

• 	A related language issue is that the place values of some of the numbers 
between 10 and 20 are not obvious from their names (e.g., the number 16 
is called sixteen in English, but ten plus six in other languages). 

• 	Understanding narrative descriptions of a word problem can require language 
skills that students have not yet mastered, particularly when the language of a 
word problem is ambiguous or idiomatic. 

• 	Materials should include opportunities to reinforce the specialized vocabulary 
of mathematics throughout the year. 

The language of mathematics is very precise compared with the English used 
in common discourse, and this difference separates mathematics from most other 
curricular areas. Mathematical reasoning involves the use of logic in a system of 
precisely defined environments (e.g., the set of all whole numbers), concepts 
(e.g., addition, multiplication), and rules (e.g., the associative rule). Mathematical 
reasoning, as explained in the sections that follow and in the introductory section 
of Chapter 3, must be systematically embedded in the teaching of the subset of 
standards for mathematics intervention and algebra readiness programs. 

This appendix provides two types of guidance for the development of math­
ematics intervention and algebra readiness materials addressing the specific 
standards identified for each type of program: 

1. A discussion of the types of errors students are likely to make 
2. An explanation of why learning these particular standards is important 

Publishers are to use Appendix E in conjunction with Chapter 10 to design 
instructional materials. 
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In a survey of local educational agencies (LEAs) conducted during the spring 
of 2004, a curriculum and instruction steering committee of the California 
County Superintendents Educational Services Association collected information 
on how mathematics intervention programs are organized and implemented in 
California. Some LEAs reported that they conducted intervention programs 
before or after school hours or during an intersession or a summer session. Many 
schools provide additional instructional time for mathematics during regular 
school hours or conduct intervention in a tutorial setting. The 60 districts that 
responded to the survey were geographically distributed among 14 counties. 
The results of the survey indicate a need to provide materials that can be used 
in a variety of instructional settings. 

The subsets of mathematics content standards for algebra readiness and 
mathematics intervention materials are shown in the chart that follows, 
“The Subsets of Mathematics Content Standards, by Grade Level.” 

The Subsets of Mathematics Content Standards, by Grade Level 
Mathematics Standards for the Algebra Readiness Program 

Grade 7 NS 1.2, 1.3, 1.5, 2.1 

AF 1.1, 1.3, 2.1, 3.3, 3.4 , 4.1, 4.2 

MG 1.3, 3.3 

MR 1.0, 1.1, 1.2, 1.3, 2.0, 2.1, 2.2, 2.3, 2.4, 2.5, 2.6, 2.7, 2.8, 3.0, 3.1, 
3.2, 3.3 

Algebra I 2.0, 4.0, 5.0 

Grade 2 AF 1.1 

MR 1.0, 1.1, 1.2, 2.0, 2.1, 2.2, 3.0 

Grade 3 NS 1.3, 1.5 

AF 1.5 

MR 1.0, 1.1, 1.2, 2.0, 2.1, 2.2, 2.3, 2.4, 2.5, 2.6, 3.0, 3.1, 3.2, 3.3 

Grade 4 NS 3.1, 3.2 

AF 1.2, 1.3, 1.5, 2.0, 2.1, 2.2 

MG 2.0, 2.1, 2.2, 2.3 

MR 1.0, 1.1, 1.2, 2.0, 2.1, 2.2, 2.3, 2.4, 2.5, 2.6, 3.0, 3.1, 3.2, 3.3 

Grade 5 NS 1.4 

AF 1.0, 1.3, 1.4 

MR 1.0, 1.1, 1.2, 2.0, 2.1, 2.2, 2.3, 2.4, 2.5, 2.6, 3.0, 3.1, 3.2, 3.3 

Grade 6 NS 1.1, 1.4, 2.0, 2.1, 2.2 

AF 1.0, 1.1 

MR 1.0, 1.1, 1.2, 1.3, 2.0, 2.1, 2.2, 2.3, 2.4, 2.5, 2.6, 2.7, 3.0, 3.1, 3.2, 
3.3 
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The Subsets of Mathematics Content Standards, by Grade Level (Continued) Appendix E 
Mathematics 

Mathematics Standards for the Mathematics Intervention Program Intervention and 

Kindergarten 

Grade 1 

Grade 2 

Grade 3 

Grade 4 

Grade 5 

Grade 6 

Grade 7 

Algebra Readiness 
AF 1.1 Instructional 

MR 1.0, 1.1, 1.2, 2.0, 2.1, 2.2 Materials 

NS 1.1, 1.2, 1.3, 1.4, 2.1, 2.5, 2.6, 2.7 


SDAP 1.1, 1.2, 2.1 


MR 1.0, 1.1, 1.2, 2.0, 2.1, 2.2, 3.0 

NS 1.1, 1.2, 1.3, 2.2, 2.3, 3.1, 3.3, 4.0, 4.1, 4.3, 5.1, 5.2 

SDAP 1.1, 1.2, 2.1 

MR 1.0, 1.1, 1.2, 2.0, 2.1, 2.2, 3.0 

NS 1.3, 1.5, 2.1, 2.2, 2.4, 2.6, 2.7, 3.1, 3.2, 3.4 

SDAP 1.3 

MR 1.0, 1.1, 1.2, 2.0, 2.1, 2.2, 2.3, 2.4, 2.5, 2.6, 3.0, 3.1, 3.2, 3.3 

NS 1.1, 1.2, 1.3, 1.5, 1.6, 1.7, 1.8, 2.0, 3.1, 3.2, 4.1 

MG 1.1, 2.0, 2.1, 2.2, 2.3 

MR 1.0, 1.1, 1.2, 2.0, 2.1, 2.2, 2.3, 2.4, 2.5, 2.6, 3.0, 3.1, 3.2, 3.3 

NS 1.2, 1.5, 2.0, 2.1, 2.5 

SDAP 1.3, 1.4, 1.5 

MR 1.0, 1.1, 1.2, 2.0, 2.1, 2.2, 2.3, 2.4, 2.5, 2.6, 3.0, 3.1, 3.2, 3.3 

NS 1.1, 1.2, 1.3, 1.4, 2.1, 2.3 

SDAP 3.3 

MR 1.0, 1.1, 1.2, 1.3, 2.0, 2.1, 2.2, 2.3, 2.4, 2.5, 2.6, 2.7, 3.0, 3.1, 3.2, 3.3 

NS 1.2, 1.3, 1.6, 1.7 

AF 1.1 

MG 1.3 

AF 1.0, 1.4, 1.5, 2.1, 2.2 

MG 1.2, 1.3, 1.4 

AF 1.1, 1.5, 2.1, 2.2 

AF 1.2, 1.3, 1.5 

MG 1.1, 1.2, 1.3, 2.1, 2.2 

AF 1.2, 2.1, 2.2, 2.3 

MG 1.2, 1.3, 2.2 

AF 1.1, 1.2, 1.3, 3.0, 3.1, 3.3, 3.4, 4.0, 4.2 

MG 1.1, 1.3, 3.3, 3.4 

MR 1.0, 1.1, 1.2, 1.3, 2.0, 2.1, 2.2, 2.3, 2.4, 2.5, 2.6, 2.7, 2.8, 3.0, 3.1, 3.2, 3.3 

Abbreviations for the strands of the mathematics content standards are NS, Number Sense; AF, Algebra 
and Functions; MG, Measurement and Geometry; SDAP, Statistics, Data Analysis, and Probability; and 
MR, Mathematical Reasoning. 

Note that the strand of Mathematical Reasoning is different from the other four strands. This strand, 
which is inherently embedded in each of the other strands, is fundamental in developing the basic skills 
and conceptual understanding for a solid mathematical foundation. It is important when looking at the 
standards to see the reasoning in all of them. Although the standards in the Mathematical Reasoning 
strand are not explicitly mentioned in the narrative for the intervention program or algebra readiness 
program, the Mathematical Reasoning standards must be systematically embedded in the teaching of 
the subsets of standards shown in this chart. 
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A Mathematics Intervention Program 
(Grades Four Through Seven) 

The six volumes described in this section represent the subset of standards 
that must be addressed in this highly focused program. It is designed to serve 
strategic and intensive students in grades four through seven so that they can 
learn efficiently from basic grade-level instructional materials. The program is 
not intended to serve as a fixed-term course and should not be used for tracking 
students. The embedded assessments should provide a plan for each student that 
identifies which sections of the six volumes need to be covered and when students 
are ready to move on to the next section or to exit the program. 

A critical design element of the intervention instructional materials for grades 
four through seven is that the materials should focus on the subset of standards 
described in this section and should break each standard into a series of small 
conceptual steps and embedded skills. 

Materials must also be organized around the six volumes and their
 
indicated standards. No specific order of the topics within these volumes
 
is required, and volumes may be split into smaller units for publication.
 
The intent of this organization is to support the flexible use of intervention
 
materials at the school site.
 

Six Volumes for the Mathematics Intervention Program 

Grade 1 NS 1.1, 1.2, 1.3, 1.4, 2.1, 2.5, 2.6, 2.7 

Grade 2 NS 1.1, 1.2, 1.3, 2.2, 2.3, 3.1, 3.3 

Grade 3 NS 1.3, 1.5, 2.1, 2.2, 2.4, 2.6 

Grade 4 NS 1.1, 1.2, 1.3, 1.6, 3.1, 3.2, 4.1 

Grade 2 NS 4.0, 4.1, 4.3, 5.1, 5.2 

Grade 3 NS 3.1, 3.2, 3.4 

Grade 4 NS 1.5, 1.6, 1.7, 1.8, 2.0 

Grade 5 NS 1.5, 2.0, 2.1, 2.5 

Grade 6 NS 1.1, 2.1, 2.3 

Grade 7 NS 1.2 

Grade 3 NS 2.7 

AF 1.4, 2.1, 2.2 

MG 1.4 

Grade 5 NS 1.2 

SDAP 1.3 

Grade 6 NS 1.2, 1.3, 1.4 

AF 2.1, 2.2, 2.3 

SDAP 3.3 

Grade 7 NS 1.6, 1.7 

AF 4.2 

Volume I 
Place Value 
and Basic 
Number Skills 

Volume II 
Fractions and 
Decimals 

Volume III 
Ratios, Rates, 
and Percents 
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Volume IV 
The Core 
Processes of 
Mathematics 

Grade 2 AF 1.1 

Grade 3 AF 1.0, 1.5 

Grade 4 AF 1.1, 2.1, 2.2 

Grade 5 AF 1.2, 1.3 

Grade 6 AF 1.2 

Grade 7 NS 1.3 

AF 1.1, 1.2, 1.3, 4.0 

Kindergarten AF 1.1 

Grade 1 SDAP 1.1, 1.2, 2.1 

Grade 2 SDAP 1.1, 1.2, 2.1 

Grade 3 AF 2.1, 2.2 

SDAP 1.3 

Grade 4 AF 1.5 

MG 2.0, 2.1 

Grade 5 AF 1.5 

SDAP 1.4, 1.5 

Grade 6 NS 1.3 

AF 2.1 

Grade 7 AF 3.0, 3.1, 3.3, 3.4 

Grade 2 MG 1.3 

Grade 3 AF 1.4 

MG 1.2, 1.3, 1.4 

Grade 4 MG 1.1, 2.2, 2.3 

Grade 5 MG 1.1, 1.2, 1.3, 2.1, 2.2 

Grade 6 AF 2.1 

MG 1.2, 1.3, 2.2 

Grade 7 MG 1.1, 1.3, 3.3, 3.4 

Volume V 
Functions and 
Equations 

Volume VI 
Measurement 

Abbreviations for the strands of the mathematics content standards are NS, Number Sense; AF, 
Algebra and Functions; MG, Measurement and Geometry; SDAP, Statistics, Data Analysis, and 
Probability; and MR, Mathematical Reasoning. The standards from the Mathematical Reasoning 
strand are not displayed in this chart (see pp. 340–41 for the MR standards). 
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Volume I Place Value and Basic Number Skills 

This volume is about place value and basic number skills and covers the 
following topics: I-1. Counting; I-2. Place Value; I-3. Addition and Subtraction; 
I-4. Multiplication; and I-5. Division. 

I-1. Counting 

Number Sense (Grade One) 
1.1	 Count, read, and write whole numbers to 100. 

1.2	 Compare and order whole numbers to 100 by using the symbols for less 
than, equal to, or greater than (<, =, >). 

1.3	 Represent equivalent forms of the same number through the use of 
physical models, diagrams, and number expressions (to 20) (e.g., 8 may 
be represented as 4 + 4, 5 + 3, 2 + 2 + 2 + 2, 10 − 2, 11 − 3). 

1.4	 Count and group objects in ones and tens (e.g., three groups of 10 and 4 
equals 34, or 30 + 4). 

2.1	 Know the addition facts (sums to 20) and the corresponding subtraction 
facts and commit them to memory. 

2.5	 Show the meaning of addition (putting together, increasing) and subtraction 
(taking away, comparing, finding the difference). 

Number Sense (Grade Two) 
1.3	 Order and compare whole numbers to 1,000 by using the symbols <,= , >. 

3.1	 Use repeated addition, arrays, and counting by multiples to do 
multiplication. 

3.3	 Know the multiplication tables of 2s, 5s, and 10s (to “times 10”) and commit 
them to memory. 

This section is about the arithmetic of whole numbers. Beginning students 
may be able to read numerals before they possess the skills of rote counting 
(naming numbers 1, 2, 3, . . ) or of rational counting (assigning one and only one 
number name to each object in a group, knowing where to start and stop count­
ing the objects, and knowing when all have been counted correctly). They may 
not realize that the ordering of numbers is related to how they are counted 
(e.g., 37 > 23 because 37 comes after 23). At an early stage students may be 
helped by concrete or pictorial or graphic representations of numbers (e.g., num­
bers on a number line, scaled area models of 1, 10, 100, 1,000) and of operations 
(e.g., multiplication visualized with an area model or with groups of discrete 
objects). 

Numbers beyond nine are represented by creating a tens place (to the left) 
and beyond 99 by creating a hundreds place. Each new place has a value ten 
times that of the place immediately to the right. The number 1,000, for example, 
is ten steps from zero if counting is performed by 100s. This foundational work 
on numbers will help students understand place value (e.g., the complete 
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expanded form of numbers), which will help them understand the addition and 
subtraction algorithms included in topic I-3. “Addition and Subtraction.” 

I-2. Place Value 

Number Sense (Grade Two) 
1.1	 Count, read, and write whole numbers to 1,000 and identify the place value 

for each digit. 

1.2	 Use words, models, and expanded forms (e.g., 45 = 4 tens + 5) to 
represent numbers (to 1,000). 

Number Sense (Grade Three) 
1.3	 Identify the place value for each digit in numbers to 10,000. 

1.5	 Use expanded notation to represent numbers 
(e.g., 3,206 = 3,000 + 200 + 6). 

Number Sense (Grade Four) 
1.1	 Read and write whole numbers in the millions. 

1.2	 Order and compare whole numbers and decimals to two decimal places. 

1.3	 Round whole numbers through the millions to the nearest ten, hundred, 
thousand, ten thousand, or hundred thousand. 

1.6	 Write tenths and hundredths in decimal and fraction notations and know 
the fraction and decimal equivalents for halves and fourths (e.g., 1 = 0 5  
or 0.50; 7 = 13 = 1  75  ). 

2 . 

4 4 . 

Students should know that the zero in a number such as 3,206 has meaning as 
a coefficient (3 thousands + 2 hundreds + 0 tens + 6 ones), and they may become 
confused if they think that zero is a placeholder for a number rather than a 
number itself. Students need to understand rounding as an issue of place value 
(e.g., 397 rounded to the nearest ten is 40 tens, and 207 rounded to the nearest 
ten is 21 tens). Number Sense Standard 1.6 (grade four) is intended as an 
advanced subtopic because students may have difficulty in understanding the 
numerical relationships. 

Place value plays a critical role in all the arithmetic algorithms of whole 
numbers (see the example in “Algebra Readiness [Grade Eight or Above],” 
Topic 2. “Operations on Whole Numbers”). The concept that adjacent place 
value columns are related by multiplication or division by ten may help students 
understand standard algorithms (e.g., regrouping during an operation) and 
evaluate the reasonableness of calculated results. 

I-3. Addition and Subtraction 

Number Sense (Grade One) 
2.1	 Know the addition facts (sums to 20) and the corresponding subtraction 

facts and commit them to memory. 
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2.6	 Solve addition and subtraction problems with one- and two-digit numbers 
(e.g., 5 + 58 = __). 

2.7	 Find the sum of three one-digit numbers. 

Number Sense (Grade Two) 
2.2	 Find the sum or difference of two whole numbers up to three digits long. 

2.3	 Use mental arithmetic to find the sum or difference of two two-digit 
numbers. 

Number Sense (Grade Three) 
2.1	 Find the sum or difference of two whole numbers between 0 and 10,000. 

Number Sense (Grade Four) 
3.1	 Demonstrate an understanding of, and the ability to use, standard 

algorithms for the addition and subtraction of multidigit numbers. 

Although this statement is a simplification, addition of whole numbers is 
“counting on” in the sense that 12 + 5 is the number a student arrives at by 
counting by ones 5 more times, starting after 12. From a practical perspective 
the algorithms for the addition and subtraction of whole numbers are important 
because they replace the need to count forward and backward by ones to deter­
mine sums and differences. The standard algorithms are applications of the 
definitions of mathematical operations to numbers in place value notation. 
The use of algorithms is not always the most efficient method of problem 
solving, but they are sufficiently robust that they can be applied in every case. 
The standard algorithms model the mathematical strategy of breaking compli­
cated problems into smaller solvable components and help to develop later 
algebraic concepts of working with polynomials. 

Understanding place value and such related processes as regrouping (or carry­
ing) of multidigit numbers is important, as are techniques of mental arithmetic. 
Students need to understand how familiar algorithms work, recognize the differ­
ent situations in which operations are called for strategically in problem solving, 
and have sufficient practice with different types of problems so that they can 
generalize and apply that knowledge to new and novel situations. 

At an early stage students may have difficulties if they do not possess the skills 
of counting and reading numerals or understand the concept of equality (e.g., in 
problems that have a missing addend, such as 5 + __ = 7). As a symbol, the 
meaning of the equals sign might be misinterpreted as “and the answer is” or 
“compute this,” which are the functions of the equal sign on a calculator, instead 
of as a mathematical symbol representing a statement about whole numbers that 
when numbers on both sides of the symbol are counted, they are the same. 
(Later, students will see equality between numbers as a symmetric and transitive 
relationship.) 
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I-4. Multiplication 

Number Sense (Grade Three) 
2.2	 Memorize to automaticity the multiplication table for numbers between 

1 and 10. 

2.4	 Solve simple problems involving multiplication of multidigit numbers 
by one-digit numbers (3,671 × 3 = __). 

2.6	 Understand the special properties of 0 and 1 in multiplication and division. 

Number Sense (Grade Four) 
4.1	 Understand that many whole numbers break down in different ways 

(e.g., 12 = 4 × 3 = 2 × 6 = 2 × 2 × 3). 

Multiplication is shorthand for repeated addition when we count groups of the 
same size. In the previous illustration of 1,000 being ten steps from zero when we 
count by 100s, this idea is expressed as 1,000 = 10 x 100. The language “three 
times four” means the number of objects in “three sets of four” objects, or “three 
fours.” 

At an early stage students can conceptualize multiplication by using concrete 
examples (e.g., counting sets of the same size and counting by 2s, 5s, 10s or the 
representation of equivalent sets of discrete objects). Such models may help 
students conceptualize multiplication by zero, using mathematical reasoning 
and the definition of multiplication (e.g., zero added to itself five times is still 
zero; therefore, 5 × 0 = 0). The special case of multiplication by 1 can also be 
similarly conceptualized. 

Students may have trouble if they do not see the logical patterns and order in 
the multiplication table or do not commit this table to memory. Practice with a 
wide variety of problems is important because if the students have solved only 
regular problems of the type 3 × 4 = __, then a problem that has a missing factor, 
such as 3 × __ = 12, might be confusing to them and elicit the incorrect answer 
3 × 36 = 12. 

The decomposition of numbers, for example, by factorization, and the recom­
bination of composite numbers are important for introducing students to the 
idea that the same number can have different representations. 

I-5. Division 

Number Sense (Grade Four) 
3.2	 Demonstrate an understanding of, and the ability to use, standard 

algorithms for multiplying a multidigit number by a two-digit number and 
for dividing a multidigit number by a one-digit number; use relationships 
between them to simplify computations and to check results. 

The connections between multiplication and division must be made evident to 
students early. A division statement such as 8 ÷ 4 = 2 is simply an alternative and 
equivalent way of saying 8 = 2 × 4, so a problem such as 8 ÷ 4 = __ is equivalent 
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to a problem that has a missing factor 8 = __ × 4. Such a clear-cut explanation 
of division would help students understand why division by 0 cannot be defined 
(e.g., 5 ÷ 0 does not make sense because there is no numerical answer to the 
problem that has a missing factor 5 = 0 × __), why division by 1 does not 
change a number, and why division of whole numbers does not always yield a 
whole number (e.g., 2 ÷ 7). It follows that 8 ÷ 4 = 2 has the intuitive meaning 
of partitioning 8 objects into equal groups of 4 objects and that there are 2 such 
groups, or 4 groups with 2 objects in each group. 

Students may have difficulty early if they have not seen a wide variety of 
demonstrations of division in which a group of concrete objects is divided into 
smaller groups of equal size (with no remainder). Lingering difficulties with 
multiplication facts or subtraction of multidigit numbers may impede students’ 
success with long division, so it is important that instruction be highly focused. 

Volume II Fractions and Decimals 

This volume is about fractions and decimals and covers the following topics: 
II-1. Parts of a Whole; II-2. Equivalence of Fractions; II-3. Operations on 
Fractions; II-4. Decimal Operations; and II-5. Positive and Negative Fractions 
and Decimals. 

II-1. Parts of a Whole 

Number Sense (Grade Two) 
4.0	 Students understand that fractions and decimals may refer to parts 

of a set and parts of a whole. 

4.1	 Recognize, name, and compare unit fractions from 1 to 1 .
12	 2 

4.3	 Know that when all fractional parts are included, such as four-fourths, 
the result is equal to the whole and to one. 

5.1	 Solve problems using combinations of coins and bills. 

5.2	 Know and use the decimal notation and the dollar and cent symbols 
for money. 

Common models for fractions are the partition or decomposition of a set 
(e.g., one dollar partitioned into four quarters) or of an area (e.g., a rectangle 
divided into four parts of equal area) and the points on a number line. However, 
for fractions the teacher needs to specify “the whole” explicitly before discussing 
“parts” of the whole. For example, if the teacher uses subsets of circles to illustrate 
fractions, then he or she should specify clearly that “the whole” is the AREA 
of a circle, so that “the parts” will be the areas of some of the circle’s subsets. 
Otherwise, students may divide a circle into three subsets of equal width and 
claim that each subset is 1 , drawing figure 1 instead of figure 2, as shown in 

3 
the illustrations that follow: 
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Figure 1 instead of Figure 2 

In the early grades representations of fractions as concrete objects are impor­
tant as a conceptual foundation so that students can make the transition later to a 
more precise and generalized definition of rational numbers and their operations. 
The ability to use different representations of fractions is important as a founda­
tion for later work in algebra. 

II-2. Equivalence of Fractions 

Number Sense (Grade Three) 
3.1	 Compare fractions represented by drawings or concrete materials to show 

equivalency and to add and subtract simple fractions in context (e.g., 1 of
2 

a pizza is the same amount as 2 of another pizza that is the same size; 
show that 3 is larger than 1 ). 

4 
8 4 

3.2	 Add and subtract simple fractions (e.g., determine that 1 + 3 is the same 
1 8 8
 

as ).

2 

Number Sense (Grade  Four) 
1.5	 Explain different interpretations of fractions, for example, parts of a whole, 

parts of a set, and division of whole numbers by whole numbers; explain 
equivalence of fractions (see Standard 4.0). 

Number Sense (Grade Five) 
1.5	 Identify and represent on a number line decimals, fractions, mixed 

numbers, and positive and negative integers. 

Number Sense (Grade Six) 
1.1	 Compare and order positive and negative fractions, decimals, and mixed 

numbers and place them on a number line. 

The equivalence of fractions and the addition of fractions are two substantive 
concepts that need to be developed carefully. Without a clear definition of what 
addition of fractions means, a beginning student might incorrectly think, on the 
basis of addition of “wholes” and “parts” of rectangular areas, that 

+2 2 (2 2) 4+ = = 
3 3 (3 3) 6 ,+ 

or the student might argue that 1 
> 

1  because 8 > 6. Without a precise meaning 
8 6 

for fractions (such as, for example, a point on the number line obtained in a 
prescribed way), students would have difficulty understanding equivalence of 
fractions and operations on fractions. 
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Familiarity with common benchmark fractions, such as 1 , 1 , 1 , and so forth, 
2 4	 8 

and the ability to estimate relative sizes of fractions (e.g., knowing that 7 is 
16 

almost 1 ) may help students work with number lines. 
2 

The student should understand that two fractions (or any numbers for that 
matter) are equal when they are located at the same point on a number line, and 
if they are not equal, are ordered by their relative positions on the line. It is 
important from the start to establish the unit underlying the fraction. Starting 
with a unit, the teacher divides the unit into b equal parts and takes one or more 
of them, calling that number of parts a. A fraction a can then be understood 

b 
visually as the area of a single part or segment when the whole area of the unit is 
partitioned into b parts of equal area, as shown in figure 3, the visual model of 
fraction a . 

b 

The “unit” divided into b equal parts 

Collection of
 
a such parts
 

Figure 3 

Addition of fractions with the same denominator can be readily seen as the 
addition of lengths on the number line. An understanding of equivalence is a 
prerequisite for the addition of fractions with unequal denominators because 
once students see that a and ad  are equivalent (because d = 1; a fraction is 1

b bd	 d 
when its numerator equals its denominator), and that c and cb  are equivalent, 

d	 bd 
then a + c is the same as ad + cb , which is a problem they already know how to 

b d bd bd 
model on the number line and calculate symbolically. 

A mixed number, such as 3 1 , must be carefully explained as 3 + 1 . From this 
2	 2 

understanding, students can reason that this number is 3 + 1 , which is 6 + 1 ,
1 2 2 2 

which by the meaning of addition of fractions with a common denominator is 
+(6 1) , or 7 . These logical underpinnings allow students to justify calculations 
2 2 

by using mathematical reasoning rather than unsubstantiated formulas. 

II-3. Operations on Fractions 

Number Sense (Grade Five) 
2.5	 Compute and perform simple multiplication and division of fractions and 

apply these procedures to solving problems. 

Number Sense (Grade Six) 
2.1	 Solve problems involving addition, subtraction, multiplication, and division 

of positive fractions and explain why a particular operation was used for a 
given situation. 
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Students need to develop facility with moving among different representations 
of rational numbers and to understand what the operations mean. Working with 
fractions in a structured environment, with both careful definitions and applica­
tion of the concepts to problem solving, serves as a foundation for future work 
with complex algebraic expressions. Liping Ma (1999, 55–83) has published 
examples of Chinese and U.S. teachers’ contextual models for the division 
problem 1 

3
4 

÷ 1
2 ; however, bringing real-world meaning to the division of frac­

tions is difficult because many such models cannot be generalized to explain the 
reciprocal division problem 1 ÷ 1 3 .

2 4 
For this reason, a precise definition of division is needed. Students first need 

to understand the precise meaning of multiplication of fractions that is consistent 
with multiplication of whole numbers (e.g., b

a × 
d
c = the area of a rectangle 

having sides of length b
a and d

c ). The meaning of the division of fractions is 
consistent with the meaning discussed earlier for whole numbers (see I-5. 
“Division”); namely, that b

a ÷ 
d
c has the same solution as a problem that has a 

missing factor b
a = __ × d

c . The student can see that the “invert and multiply” 
algorithm for division b

a ÷ 
d
c = 

b
a × d  is based on mathematical reasoning c 

because the product on the right, ad , is the answer to the problem that has a 
bc 

missing factor a = __ × c . (The following steps verify logically how the value ad 
b d bc 

satisfies the equation; that is, results in the value b
a for the right side of the 

equation: ad × c = adc = a × 1 = a .)
bc d bdc b b 

II-4. Decimal Operations 

Number Sense (Grade Four) 
2.0	 Students extend their use and understanding of whole numbers to the 

addition and subtraction of simple decimals. 

Number Sense (Grade Five) 
2.0	 Students perform calculations and solve problems involving addition, 

subtraction, and simple multiplication and division of fractions and 
decimals. 

Number Sense (Grade Six) 
1.1	 Compare and order positive and negative fractions, decimals, and mixed 

numbers and place them on the number line. 

Fractions with a power of 10 as the denominator are examples of finite or 
terminating decimals. Students should know that the place value notation for 
whole numbers can be extended to decimals. Fractions with denominators 
of 10 and 100 are especially important in logically explaining decimal representa­
tion of currency and in moving between different equivalent representations 
(e.g., 5 1 = 5 5 = 5.5 = 5 50 = 5.50).2	 10 100 

Students should understand why in an addition problem, columns are lined 
up by the decimal points of the numbers rather than by the right-most digits. 
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A knowledge of place value concepts is basic to a student’s ability to round 
off decimals (for example, knowing that 2

3  is 0.67 rounded to the nearest 
hundredths) and to multiply decimals, with a reasonable estimate of the result 
prior to calculation. 

II-5. Positive and Negative Fractions and Decimals 

Number Sense (Grade Two) 
5.2	 Know and use the decimal notation and the dollar and cent symbols 

for money. 

Number Sense (Grade Three) 
3.4	 Know and understand that fractions and decimals are two different 

representations of the same concept (e.g., 50 cents is 1  of a dollar, 
75 cents is 3 of a dollar).	 

2 

4 

Number Sense (Grade Four) 
1.6	 Write tenths and hundredths in decimal and fraction notations and know 

the fraction and decimal equivalents for halves and fourths (e.g., 1 = 0.5 
or 0.50; 7 = 1 3 = 1.75). 

2 

4 4 

1.7	 Write the fraction represented by a drawing of parts of a figure; represent 
a given fraction by using drawings; and relate a fraction to a simple decimal 
on a number line. 

1.8	 Use concepts of negative numbers (e.g., on a number line, in counting, 
in temperature, in “owing”). 

Number Sense (Grade Five) 
2.1	 Add, subtract, multiply, and divide with decimals; add with negative 

integers; subtract positive integers from negative integers; and verify 
the reasonableness of the results. 

Number Sense (Grade Six) 
2.3	 Solve addition, subtraction, multiplication, and division problems, including 

those arising in concrete situations, that use positive and negative integers 
and combinations of these operations. 

Number Sense (Grade Seven) 
1.2	 Add, subtract, multiply, and divide rational numbers (integers, fractions, 

and terminating decimals) and take positive rational numbers to whole-
number powers. 

Students may have seen the rational number 3.5 represented as a fraction ( 7 ), 
as an equivalent fraction ( 35 ), as an equivalent decimal (3.50), or visually as an

10 
area or a point on a number line. Students may need many opportunities to 
express a fraction as an equivalent decimal and as an equivalent fraction. 
Problems based on concrete situations and placed in context may be helpful. 

Negative fractions and decimals may be developed from the same conceptual 
idea as negative integers (e.g., a problem that has a missing addend, such as 

2 
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2 
5 + __ = 0, is analogous to 5 + __ = 0). They can also be developed by first 
placing them on the number line so that for any fraction b

a , (− b
a ) is the point 

symmetric to b
a  with respect to 0. Once students understand where negative 

fractions are located on the number line, they may more easily see that subtract­
ing 5  from 7 is the same as adding ( − 5 ) to 7 , or 7 − 5 = 7 + 

 
− 5

 . 
2 2 2 2 2 2 2  2 

Volume III Ratios, Rates, and Percents 

This volume is about place value and basic number skills and covers the 
following topics: III-1. Ratio and Unit Conversion; III-2. Proportion and 
Percent; and III-3. Rates. 

III-1. Ratio and Unit Conversion 

Number Sense (Grade Three) 
2.7	 Determine the unit cost when given the total cost and number of units. 

Algebra and Functions (Grade Three) 
1.4	 Express simple unit conversions in symbolic form 

(e.g., __ inches = __ feet × 12). 

Measurement and Geometry (Grade Three) 
1.4	 Carry out simple unit conversions within a system of measurement 

(e.g., centimeters and meters, hours and minutes). 

Topic III-1 introduces simple ideas of relationships between numbers, but 
that topic may be difficult for students if they lack grounding in and precise 
definitions of the operations of multiplication and division. Understanding 
proportional reasoning in concrete situations may be difficult if a student has not 
had sufficient practical experience with common measures; for example, knowing 
whether a kilogram or a gram is the greater mass. Unit conversions are useful for 
helping students understand proportional reasoning and linear relationships. 
Unit conversions are also useful for scaling problems. Students should under­
stand the equivalence of expressions in different units (e.g., 12 inches = 1 foot) 
and ultimately develop facility in moving between different representations of 
numbers (e.g., the “ratio of a to b” is the same as the quotient b

a ; a ratio of 
42 miles driven for every gallon of gas can be expressed as the quotient 42 miles ).

1 gallon 
Unit conversions are important because they help to facilitate mathematical 
understanding and because they frequently appear in practical applications. 

III-2. Proportion and Percent 

Algebra and Functions (Grade Three) 
2.1	 Solve simple problems involving a functional relationship between two 

quantities (e.g., find the total cost of multiple items given the cost per unit). 
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2.2	 Extend and recognize a linear pattern by its rules (e.g., the number of legs 
on a given number of horses may be calculated by counting by 4s or by 
multiplying the number of horses by 4). 

Number Sense (Grade Five) 
1.2	 Interpret percents as a part of a hundred; find decimal and percent 

equivalents for common fractions and explain why they represent the 
same value; compute a given percent of a whole number. 

Statistics, Data Analysis, and Probability (Grade Five) 
1.3	 Use fractions and percentages to compare data sets of different sizes. 

Number Sense (Grade Six) 
1.2	 Interpret and use ratios in different contexts (e.g., batting averages, miles 

per hour) to show the relative sizes of two quantities, using appropriate 
notations ( a

b 
, a to b, a:b). 

1.3	 Use proportions to solve problems (e.g., determine the value of N if 4 = N ,
7  21  

find the length of a side of a polygon similar to a known polygon). Use 
cross-multiplication as a method for solving such problems, understanding 
it as the multiplication of both sides of an equation by a multiplicative 
inverse. 

1.4	 Calculate given percentages of quantities and solve problems involving 
discounts at sales, interest earned, and tips. 

Students need exposure to many types of problems in proportion and percent. 
In this topic students add percent to their repertoire as a special type of ratio in 
which the denominator is normalized to 100. Here are some examples: A school 
with 100 students has 55 girls. What percentage of the students are girls? A school has 
55 girls and 45 boys. What percentage of the students are girls? A worker earning $10 
per hour was given a 10% increase in salary one year, then a 10% decrease in salary 
the next. What is the worker’s salary after these two changes? 

Extending linear patterns and making generalizations about “what always 
happens” in a proportional relationship are important as students develop a more 
algebraic view of arithmetic. 

III-3. Rates 

Algebra and Functions (Grade Six) 
2.1	 Convert one unit of measurement to another (e.g., from feet to miles, from 

centimeters to inches). 

2.2	 Demonstrate an understanding that rate is a measure of one quantity per 
unit value of another quantity. 

2.3	 Solve problems involving rates, average speed, distance, and time. 

Statistics, Data Analysis, and Probability (Grade Six) 
3.3	 Represent probabilities as ratios, proportions, decimals between 0 and 1, 

and percentages between 0 and 100 and verify that the probabilities 
computed are reasonable; know that if P is the probability of an event, 
1-P is the probability of an event not occurring. 
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Algebra and Functions (Grade Seven) 
4.2	 Solve multistep problems involving rate, average speed, distance, and time 

or a direct variation. 

Number Sense (Grade Seven) 
1.6	 Calculate the percentage of increases and decreases of a quantity. 

1.7	 Solve problems that involve discounts, markups, commissions, and profit 
and compute simple and compound interest. 

Students need to learn to operate with complex fractions. The concept of a 
fraction can be generalized so that both the numerator and denominator, instead 
of being restricted only to whole numbers, may themselves also be fractions 
(including decimals). The complex fraction ( a )/( c ), where a, b, c, and d are b d 
whole numbers (or integers) is defined as the fraction b

a divided by d
c . With 

this definition of a complex fraction, the usual formulas for adding, subtracting, 
multiplying, and dividing fractions generalize without change, and when the 
numerator and denominator of a complex fraction are each multiplied by 
the same rational number, the result is a fraction equal to the original. These 
important facts can be deduced directly from the previous definition of a 
complex fraction. 

An application of complex fractions involves units of measure. Complex 
fractions arise naturally as percentages and in practical problems involving 
different units of measure. Complex fractions also lay the groundwork for 
understanding ratios of real numbers, for defining slopes of straight lines in 
beginning algebra, and even for understanding the concept of derivative in 
calculus. 

Students may have been exposed to fractions as parts of a whole, but it is 
equally important that they are aware of the interpretation of a fraction as a 
ratio, in the sense that the fraction is used as a multiplicative comparison of the 
numerator with the denominator. Students should also understand that a fraction 
can be the ratio of one quantity to another, even if the quantities are not whole 
numbers. 

Volume IV The Core Processes of Mathematics 

This volume is about the core processes of mathematics and covers the 
following topics: IV-1. The Use of Symbols; IV-2. Mathematical Fundamentals; 
IV-3. Evaluating Expressions; IV-4. Equations and Inequalities; and IV-5. Sym­
bolic Computation. 

IV-1. The Use of Symbols 

Algebra and Functions (Grade Three) 
1.0	 Students select appropriate symbols, operations, and properties to 

represent, describe, simplify, and solve simple number relationships. 
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Algebra and Functions (Grade Four) 
1.1	 Use letters, boxes, or other symbols to stand for any number in simple 

expressions or equations (e.g., demonstrate an understanding and the 
use of the concept of a variable). 

Algebra and Functions (Grade Five) 
1.2	 Use a letter to represent an unknown number; write and evaluate simple 

algebraic expressions in one variable by substitution. 

Algebra and Functions (Grade Six) 
1.2	 Write and evaluate an algebraic expression for a given situation, using up 

to three variables. 

Algebra and Functions (Grade Seven) 
1.1	 Use variables and appropriate operations to write an expression, 

an equation, an inequality, or a system of equations or inequalities 
that represents a verbal description (e.g., three less than a number, 
half as large as area A). 

Topic IV-1 relates to the transition from a narrative description of a situation 
to a symbolic representation. To master the basics of algebra, students need to be 
fluent in processing the meaning of word problems and in translating that 
information into mathematical expressions and equations. Assigning a symbol, 
usually called a variable, to represent an unknown part of the expression is crucial 
to this process. For beginning students to comprehend the concept, the teacher 
must specify the symbols in a problem (e.g., Find the number x so that 27 − x = 
14). Symbolic manipulation should not be memorized by students as a series of 
tricks (e.g., FOIL for binomial multiplication) but should be understood through 
mathematical reasoning (e.g., application of the distributive property). This 
ability will allow students to have insight into the mathematics and be able to 
solve types of problems they might not have seen; for example, expansion of 
(a + b)(x + y + z). 

IV-2. Mathematical Fundamentals 

Algebra and Functions (Grade Two) 
1.1	 Use the commutative and associative rules to simplify mental calculations 

and to check results. 

Algebra and Functions (Grade Three) 
1.5	 Recognize and use the commutative and associative properties of multipli­

cation (e.g., if 5 × 7 = 35, then what is 7 × 5? and if 5 × 7 × 3 = 105, then 
what is 7 × 3 × 5?). 

Algebra and Functions (Grade Five) 
1.3	 Know and use the distributive property in equations and expressions with 

variables. 
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Students need to generalize these concepts through a wide range of examples 
showing the variation in the types of problems involving operations with whole 
numbers. For example, students should be exposed to decomposing numbers 
and simple “fact family” relationships in the inverse operations of addition and 
subtraction and of multiplication and division of whole numbers (e.g., 7 + 5 = 
12; 5 + 7 = 12; 12 − 5 = 7; 12 − 7 = 5). Students who limit their use of the 
commutative, associative, and distributive rules for only two or three factors 
need to extend the rules to more factors. 

These rules are the underpinnings of the algorithms used to perform arith­
metic operations and are the basis for many proofs and reasoned arguments in 
mathematics. When students understand these rules, they can also justify the 
simplification of algebraic expressions and sequential, logical arguments in 
mathematics. The names of these rules should become part of a student’s math­
ematics vocabulary, but more important, students should be able to use the rules 
appropriately. Students need to reach the point at which they can understand and 
express the rules, using symbolic notation; for example, for any numbers x, y, and 
z, it is always true by the associative rule that x + (y + z) = (x + y) + z. When a 
preamble such as “for any numbers x, y, and z” is expressed, students are intro­
duced to the heart of algebra and the core of mathematical reasoning. This may 
be one of the first times when students have been exposed to the concept of 
generality, that a mathematical statement could be true “for any numbers” and 
not just “for some numbers.” 

IV-3. Evaluating Expressions 

Algebra and Functions (Grade Seven) 
1.2	 Use the correct order of operations to evaluate algebraic expressions 

such as 3(2x + 5)2. 

1.3	 Simplify numerical expressions by applying properties of rational numbers 
(e.g., identity, inverse, distributive, associative, commutative) and justify 
the process used. 

Without some knowledge of the conventions of writing mathematics, and the 
precise underlying concepts, students might be tempted to take an expression 
such as 3(2x + 5)2 and misapply the distributive rule to produce (6x + 15)2. By 
knowing and using the order of operations, students will be less prone to make 
mistakes in solving and evaluating equations and inequalities. 

IV-4. Equations and Inequalities 

Algebra and Functions (Grade Four) 
2.1	 Know and understand that equals added to equals are equal. 

2.2 Know and understand that equals multiplied by equals are equal. 
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Algebra and Functions (Grade Seven) 
4.0	 Students solve simple linear equations and inequalities over the rational 

numbers. 

Students should come to a point where they can express an idea such as “equals 
added to equals are equal” symbolically (e.g., if a, b, x, and y are any four num­
bers, and a = b and x = y, then a + x = b + y). The idea of maintaining equivalent 
expressions on both sides of the equal sign is fundamental to manipulating and 
simplifying equations. Students need to develop ways of manipulating equations 
by mathematical reasoning, changing a mathematical expression into an equiva­
lent one, or correctly deriving a more useful expression from a given one. 

IV-5. Symbolic Computation 

Number Sense (Grade Seven) 
1.3	 Convert fractions to decimals and percents and use these representations 

in estimations, computations, and applications. 

Students will have difficulty in working with equations and situations that use 
rational numbers if they have not gained proficiency with fractions, decimals, and 
percents. The student needs to be comfortable with simple problems of the type 
A ? = , in which A and B are whole numbers. As far as the symbolic manipula-
B 100 

tion is concerned, it would not matter if A and B were any numbers (other than 
B = 0), but there is an added challenge if A and B are themselves fractions or 
decimals. The importance of complex fractions has already been discussed earlier 
(see III-3. “Rates”). 

Volume V Functions and Equations 

This volume is about functions and equations and covers the following topics: 
V-1. Functions; V-2. Graphing; V-3. Proportional Relationships; and V-4. The 
Relationship Between Graphs and Functions. 

V-1. Functions 

Algebra and Functions (Kindergarten) 
1.1	 Identify, sort, and classify objects by attribute and identify objects that 

do not belong to a particular group (e.g., all these balls are green, 
those are red). 

Statistics, Data Analysis, and Probability (Grade One) 
1.1	 Sort objects and data by common attributes and describe the categories. 

2.1	 Describe, extend, and explain ways to get to a next element in simple 
repeating patterns (e.g., rhythmic, numeric, color, and shape). 
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Statistics, Data Analysis, and Probability (Grade Two) 
2.1	 Recognize, describe, and extend patterns and determine a next term in 

linear patterns (e.g., 4, 8, 12 . . . ; the number of ears on one horse, two 
horses, three horses, four horses). 

Algebra and Functions (Grade Three) 
2.1	 Solve simple problems involving a functional relationship between two 

quantities (e.g., find the total cost of multiple items given the cost per unit). 

2.2	 Extend and recognize a linear pattern by its rules (e.g., the number of legs 
on a given number of horses may be calculated by counting by 4s or by 
multiplying the number of horses by 4). 

Algebra and Functions (Grade Four) 
1.5	 Understand that an equation such as y = 3x + 5 is a prescription for 

determining a second number when a first number is given. 

Algebra and Functions (Grade Six) 
2.1	 Convert one unit of measurement to another (e.g., from feet to miles, 

from centimeters to inches). 

Students are gradually exposed to this topic over many years, but they may 
have difficulty if they do not possess some of the core concepts and skills at the 
appropriate times (e.g., an ability to count by 4s is likely to be a prerequisite to 
recognizing a pattern in a sequence 4, 8, 12, 16, 20, . . .). 

At an introductory level, students need to understand what a function is, not 
in a formal sense, but in the sense that it is a rule that associates to each object of 
one kind an object of another kind. For example, the function y = x 2 yields the 
numbers 0, 1

4 , 1, 4, and 9 when x is 0, 1
2 , 1, 2, and −3, respectively. In the case 

of extending linear patterns, students need to develop and understand the explicit 
rule by which the pattern is extended. For example, given the sequence 2, 5, 8, 
11, 14 . . . , students should recognize how to extend it as a linear pattern (add 3) 
and also determine the rule for generalizing this pattern (the nth number will be 
3n − 1). That knowledge will help students understand more advanced algebraic 
relationships. 

V-2. Graphing 

Statistics, Data Analysis, and Probability (Grade One) 
1.2	 Represent and compare data (e.g., largest, smallest, most often, least 

often) by using pictures, bar graphs, tally charts, and picture graphs. 

Statistics, Data Analysis, and Probability (Grade Two) 
1.1	 Record numerical data in systematic ways, keeping track of what has 

been counted. 

1.2	 Represent the same data set in more than one way (e.g., bar graphs 
and charts with tallies). 
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Statistics, Data Analysis, and Probability (Grade Three) 
1.3	 Summarize and display the results of probability experiments in a clear 

and organized way (e.g., use a bar graph or a line plot). 

Measurement and Geometry (Grade Four) 
2.0	 Students use two-dimensional coordinate grids to represent points 

and graph lines and simple figures. 

2.1	 Draw the points corresponding to linear relationships on graph paper 
(e.g., draw 10 points on the graph of the equation y =3x and connect 
them by using a straight line). 

Statistics, Data Analysis, and Probability (Grade Five) 
1.4	 Identify ordered pairs of data from a graph and interpret the meaning 

of the data in terms of the situation depicted by the graph. 

1.5	 Know how to write ordered pairs correctly; for example, (x, y). 

A graph is the set of all the points that satisfy some condition. For example, 
if x and y are real numbers, the set of all the points (x, y) that satisfy the equation 
y 2 = 1− x 2 is a circle (albeit not representing a function of x), and the set of all 
the points (x, y) that satisfy y = 3x + 2 is a straight line (representing a function 
of x). Students may have trouble in the transition from discrete graphs of integral 
values (e.g., total number of legs as a function of total number of horses) to 
graphs of a continuous relationship. And if students have not had much opportu­
nity to engage in graphing practice, they may struggle to relate a point on the 
graph to the information it portrays, or they may make technical errors, such as 
reversing the x and y coordinates. 

V-3. Proportional Relationships 

Algebra and Functions (Grade Three) 
2.1	 Solve simple problems involving a functional relationship between two 

quantities (e.g., find the total cost of multiple items given the cost per unit). 

2.2	 Extend and recognize a linear pattern by its rules (e.g., the number of legs 
on a given number of horses may be calculated by counting by 4s or by 
multiplying the number of horses by 4). 

Number Sense (Grade Six) 
1.3	 Use proportions to solve problems (e.g., determine the value of N if 4 = N ,

7  21  
find the length of a side of a polygon similar to a known polygon). Use 
cross-multiplication as a method for solving such problems, understanding 
it as the multiplication of both sides of an equation by a multiplicative 
inverse. 

The types of difficulties students experience with ratios and rates may stem 
from the absence of a clear definition of what a ratio or a rate means and from 
any explanation of the concept of constant rate. For example, in the following 
problem: If six workers can paint a barn in 3 days (working at the same constant 



361 

rate), how many workers (working at the same constant rate) would be needed to 
paint the barn in 1 day? Students may have difficulty in setting up proportions 
for such problems if they are unsure of which quantities are being compared, 
and they may not apply algorithms correctly if they have not been exposed to 
structured instruction that develops the appropriate prerequisite skills and 
concepts. 

V-4. The Relationship Between Graphs and Functions 

Algebra and Functions (Grade Five) 
1.5	 Solve problems involving linear functions with integer values; write the 

equation; and graph the resulting ordered pairs of integers on a grid. 

Algebra and Functions (Grade Seven) 
3.0	 Students graph and interpret linear and some nonlinear functions. 

3.1	 Graph functions of the form y = nx 2 and y = nx 3 and use in solving 
problems. 

3.3	 Graph linear functions, noting that the vertical change (change in y-value) 
per unit of horizontal change (change in x-value) is always the same and 
know that the ratio (“rise over run”) is called the slope of the graph. 

3.4	 Plot the values of quantities whose ratios are always the same (e.g., cost 
to the number of an item, feet to inches, circumference to diameter of a 
circle). Fit a line to the plot and understand that the slope of the line equals 
the ratio of the quantities. 

Conceptual understanding of proportional relationships may be developed by 
using concrete examples and then moving toward a precise meaning for the ratio 
called “the slope.” Students need to be aware that the slope of a line represents a 
constant rate and therefore can be computed using any two points on the line. 
This awareness can be developed by direct experimentation at this stage but will 
be justified in a later course in geometry. If the student does not have this solid 
foundation, graphing and its associated computations may be mystifying. 
Apart from calculating the slope of a line, reading a graph requires that students 
interpret the scales and the axes. Students may be exposed exclusively to linear 
examples at an early age and be misled into thinking that all functions are linear 
so that all graphs of functions are straight lines. One way to correct this miscon­
ception is to expose them to many examples of functions whose graphs are not 
straight lines. 
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Volume VI Measurement 

This volume is about measurement and covers the following topics: VI-1. 
How Measurements Are Made; VI-2. Length and Area in the Real World; 
VI-3. Exact Measure in Geometry; and VI-4. Angles and Circles. 

VI-1. How Measurements Are Made 

Algebra and Functions (Grade Three) 
1.4	 Express simple unit conversions in symbolic form 

(e.g., __ inches = __ feet × 12). 

Measurement and Geometry (Grade Three) 
1.4	 Carry out simple unit conversions within a system of measurement 

(e.g., centimeters and meters, hours and minutes). 

Algebra and Functions (Grade Six) 
2.1	 Convert one unit of measurement to another (e.g., from feet to miles, 

from centimeters to inches). 

Measurement and Geometry (Grade Seven) 
1.1	 Compare weights, capacities, geometric measures, times, and tempera­

tures within and between measurement systems (e.g., miles per hour and 
feet per second, cubic inches to cubic centimeters). 

1.3	 Use measures expressed as rates (e.g., speed, density) and measures 
expressed as products (e.g., person-days) to solve problems; check the 
units of the solutions; and use dimensional analysis to check the 
reasonableness of the answer. 

Topic VI-1 is grounded in real-world applications of measurement. Students 
who do not have experience in making empirical measurements (e.g., knowing 
whether a gram or a kilogram is the greater mass) may have more difficulty in 
understanding conversions between systems of measurement. 

VI-2. Length and Area in the Real World 

Measurement and Geometry (Grade Two) 
1.3	 Measure the length of an object to the nearest inch and/or centimeter. 

Measurement and Geometry (Grade Three) 
1.2	 Estimate or determine the area and volume of solid figures by covering 

them with squares or by counting the number of cubes that would fill them. 

1.3	 Find the perimeter of a polygon with integer sides. 

Topic VI-2 introduces several new ideas that may need to be developed 
carefully through the use of concrete or semiconcrete examples. For example, 
measuring length to the nearest whole unit may be difficult if students start the 
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measurement from “one” (one inch, one centimeter, or other one-linear unit) 
rather than from zero. Developing a sense of metric and standard U.S. measures 
may be challenging for some students. 

VI-3. Exact Measure in Geometry 

Measurement and Geometry (Grade Four) 
1.1	 Measure the area of rectangular shapes by using appropriate units, such 

as square centimeter (cm2), square meter (m2), square kilometer (km2), 
square inch (in.2), square yard (yd.2), or square mile (mi.2). 

2.2	 Understand that the length of a horizontal line segment equals the 
difference of the x-coordinates. 

2.3	 Understand that the length of a vertical line segment equals the difference 
of the y-coordinates. 

Measurement and Geometry (Grade Five) 
1.1	 Derive and use the formula for the area of a triangle and of a parallelogram 

by comparing each with the formula for the area of a rectangle (i.e., two of 
the same triangles make a parallelogram with twice the area; a parallelo­
gram is compared with a rectangle of the same area by pasting and cutting 
a right triangle on the parallelogram). 

1.2	 Construct a cube and rectangular box from two-dimensional patterns and 
use these patterns to compute the surface area for these objects. 

1.3	 Understand the concept of volume and use the appropriate units in 
common measuring systems (i.e., cubic centimeter [cm3], cubic meter [m3], 
cubic inch [in.3], cubic yard [yd.3]) to compute the volume of rectangular 
solids. 

Topic VI-3 is more formal than the previous one as students move from con­
crete examples of measurements to understanding the formulas for computing 
area and volume. Students may have difficulty in shifting from linear measure­
ments to square units and from additive operations to multiplicative operations. 
As such, the approximations and imperfections of concrete objects and computer 
models may not adequately represent the mathematical idea (e.g., a line drawn on 
paper has width, and a calculator provides “rounded” answers). The formulas for 
the area of a rectangle or triangle can readily be applied to the areas of faces of 
cubes and prisms, but students first need to understand that congruent figures 
have equal areas. Students may need practice in working with two-dimensional 
representations before they can generalize a formula for the total surface area of a 
three-dimensional figure. This topic of geometric measurement is critical because 
it sets the stage for geometry in later grades and the mathematical reasoning that 
underlies the subject. Students better understand linear, squared, and cubic units 
if they carry all units along in their calculations and use exponential notation for 
the units interchangeably with other abbreviations, as in 5 m × 2 m = 10 m2. 
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VI-4. Angles and Circles 

Measurement and Geometry (Grade Five) 
2.1	 Measure, identify, and draw angles, perpendicular and parallel lines, 

rectangles, and triangles by using appropriate tools (e.g., straightedge, 
ruler, compass, protractor, drawing software). 

2.2	 Know that the sum of the angles of any triangle is 180° and the sum 
of the angles of any quadrilateral is 360° and use this information to 
solve problems. 

Measurement and Geometry (Grade Six) 
1.2	 Know common estimates of π (3.14, 22 ) and use these values to esti­

7 
mate and calculate the circumference and the area of circles; compare 
with actual measurements. 

1.3	 Know and use the formulas for the volume of triangular prisms and cylin­
ders (area of base × height); compare these formulas and explain the 
similarity between them and the formula for the volume of a rectangular 
solid. 

2.2	 Use the properties of complementary and supplementary angles and the 
sum of the angles of a triangle to solve problems involving an unknown 
angle. 

Measurement and Geometry (Grade Seven) 
3.3	 Know and understand the Pythagorean theorem and its converse and use 

it to find the length of the missing side of a right triangle and the lengths 
of other line segments and, in some situations, empirically verify the 
Pythagorean theorem by direct measurement. 

3.4	 Demonstrate an understanding of conditions that indicate two geometrical 
figures are congruent and what congruence means about the relationships 
between the sides and angles of the two figures. 

Topic VI-4 develops many of the underlying ideas of geometry. Geometrical 
congruence, for example, is a concept that depends on reasoning. Students may 
have difficulty with these standards if their only experience has been memorizing 
formulas for the areas of triangles and parallelograms rather than developing and 
understanding the formulas through the use of mathematical reasoning. The 
formulas for areas and volumes of geometric figures and the Pythagorean theorem 
are sophisticated mathematical ideas that require a good grounding in prerequi­
site skills and concepts. Students need to understand that pi is the ratio between 
the circumference and diameter of all circles, the area of a unit circle, and an 
irrational number and that 3.14, or 22 , is only an approximation of pi. This 

7 
topic develops some of the interesting and practical concepts of geometry and 
will be extended to a higher level in later grades. 
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Algebra Readiness Program 
(Grade Eight or Above) 

It is imperative for students, whether in grade eight, grade nine, or even a 
later grade, to master prealgebraic skills and concepts before they enroll in a 
course that meets or exceeds the rigor of the content standards for Algebra I 
adopted by the State Board of Education. 

The 16 standards that are the target of the algebra readiness program 
specified in this section are organized into a set of nine topics (this 
organization is not required for the materials but is included for illustra­
tive purposes). These 16 standards (13 from grade seven and three from 
Algebra I) are purposefully limited in number to provide publishers and 
teachers the flexibility and time to rebuild foundational skills and concepts 
that may be missing from earlier grades. 

Nine Topics for the Algebra Readiness Program 
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Foundational Skills and Concepts 

Grade 7 

Topic 4	 Operations on Rational 
Numbers 

NS: 1.2, 1.3, 1.5, 2.1 
AF: 2.1 

Topic 6	 Equations and 
Functions 

AF: 1.1, 1.3, 4.1, 4.2 

Topic 7	 The Coordinate Plane 

MG: 3.3 

Topic 8	 Graphing Proportional 
Relationships 

AF: 3.3, 3.4 
MG: 1.3 

Algebra I 

Topic 9 Algebra (Introductory 
Examples) 

Algebra I: 2.0, 4.0, 5.0 

Topic 1	 Whole Numbers 
Grade 3—NS: 1.3, 1.5 

Topic 2	 Operations on Whole 
Numbers 
Grade 2—AF: 1.1 
Grade 3—AF: 1.5 
Grade 4—NS: 3.1, 3.2 
Grade 5—AF: 1.3 

Topic 3	 Rational Numbers 
Grade 5—NS: 1.4 
Grade 6—NS: 1.1 

Topic 4	 Operations on Rational 
Numbers 
Grade 6—NS: 1.4, 2.0, 2.1, 2.2 

Topic 5	 Symbolic Notation 
Grade 4—AF: 1.2, 1.3 
Grade 5—AF: 1.0 
Grade 6—AF: 1.0, 1.1 

Topic 6	 Equations and Functions 
Grade 4—AF: 1.5, 2.0, 2.1, 2.2 

Topic 7	 The Coordinate Plane 
Grade 4—MG: 2.0, 2.1, 2.2, 2.3 
Grade 5—AF: 1.4 

Abbreviations for the strands of the mathematics content standards are NS, Number Sense; AF, 
Algebra and Functions; MG, Measurement and Geometry; SDAP, Statistics, Data Analysis, and 
Probability; and MR, Mathematical Reasoning. The standards from the Mathematical Reasoning 
strand are not displayed in this chart (see pp. 340–41 for the MR standards). 
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These 16 standards define the subset of California mathematics standards that 
are the target of the algebra readiness program (see Chapter 10, criterion 13 in 
Category 1: “Mathematics Content/Alignment with the Standards”). The algebra 
readiness materials must also break these 16 standards into their component 
concepts and skills, with a primary focus on developing students’ mastery of 
arithmetic. The checklists heading each section in the pages that follow provide 
guidance on the concepts and skills taught earlier that support instruction on the 
16 standards. The instructional materials must provide diagnostic assessments 
on foundational concepts and skills and lessons that can be implemented in the 
classroom, as needed, to rebuild the missing foundational content. Additional 
guidance on assessment is provided in Chapter 5. It is crucial that materials for 
an algebra readiness program include large numbers of exercises and problems 
with a wide range of difficulty, starting with simple one-step problems and 
progressing to multistep problems for which students have become prepared. 
The program should be based on a set of highly focused instructional materials 
that break each standard into a series of small conceptual steps and embedded 
skills and should be designed to prepare students to complete a course in algebra 
successfully in the following year. Programs should provide support for a variety 
of instructional strategies, including various ways to explain and develop a 
concept. 

Topic 1 Whole Numbers 

FOUNDATIONAL SKILLS AND CONCEPTS 

• Concept of place value in whole numbers 
(reference Grade 3 Number Sense 1.3) 

• Expanded form of whole numbers 
(reference Grade 3 Number Sense 1.5) 

Knowledge of the concepts and basic properties of numbers, and the ability 
to operate fluently with numbers, is an essential prerequisite for algebra. The 
discussion of whole numbers in “A Mathematics Intervention Program” 
(see I-2. “Place Value”) is applicable here. For the purposes of algebra readiness, 
the students should work toward identification of digits in arbitrarily large 
numbers; however, as mentioned earlier, this concept may be difficult if students 
do not understand that adjacent columns (e.g., the thousands and hundreds 
places) are related by multiplication of ten. Students need to develop the ability 
to represent numbers by using exponents, such as 3,206 = 3 × 103 + 2 × 102 + 
0 × 101 + 6 × 100, once exponential notation has been introduced. 
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Topic 2 Operations on Whole Numbers 

FOUNDATIONAL SKILLS AND CONCEPTS 

• Standard algorithms for addition and subtraction 
(reference Grade 4 Number Sense 3.1) 

• Standard algorithms for multiplication and division 
(reference Grade 4 Number Sense 3.2) 

• Associative and commutative rules 
(reference Grade 2 Algebra and Functions 1.1 
and Grade 3 Algebra and Functions 1.5) 

• Distributive rule 
(reference Grade 5 Algebra and Functions 1.3) 

• Complete fluency with operations on whole numbers 

Issues of place value were discussed previously in “A Mathematics Intervention 
Program” (see I-3. “Addition and Subtraction”). Place value plays a critical role in 
all the arithmetic algorithms of whole numbers, as do the associative, commuta­
tive, and distributive rules, and students need to understand these connections. 

For example, students using the standard long division algorithm to divide 
345 by 7 would address the number 345 in place value columns, starting from 
the left. 

4 
“Seven goes into 34 four times,” they might say, 

3 4 5 
but they must understand that 34 represents 

2 8 34 tens, in the context of place value, and the 
6 5 4 × 7 is correspondingly 40 × 7. 

That is, 345 = (40 × 7) + 65, where 65 is the remainder from the first step. 
Long division is a series of successively closer approximations, and the informa­
tion obtained thus far is that 345 lies between 40 × 7 and 50 × 7. Stated another 
way, 345 ÷ 7 lies between 40 and 50.  In the second step of a long division 
problem, students would refine their approximation and show that 345 lies 
between 49 × 7 and 50 × 7, meaning that 345 ÷ 7 lies between 49 and 50. The 
exact solution is 345 = (49 × 7) + 2. This example is a standard form of writing a 
quotient and remainder. When students have the necessary foundation, they can 
use mathematical reasoning to show this process step by step: 

345 = 340 + 5 (note place value) 

= (40 × 7) + 60 + 5 (arithmetic step) 

= (40 × 7) + 65 (associative property) 

= (40 × 7) + (9 × 7) + 2 (arithmetic step) 

= (40 + 9) × 7 + 2 (distributive property) 

= (49 × 7) + 2 (arithmetic step) 
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When students justify and understand each step in the long division 
algorithm, they gain crucial experience with the core types of mathematical 
reasoning essential for success in algebra. 

The importance of the commutative, associative, and distributive rules, and 
consideration of their difficulty, has been discussed previously in “A Mathematics 
Intervention Program” (see IV-2. “Mathematical Fundamentals”). 

Topic 3 Rational Numbers 

FOUNDATIONAL SKILLS AND CONCEPTS 

• Definition of positive and negative fractions; 
number line representation 

• Concept of a whole and its parts 

• Concept of prime factorization and 
common denominators 
(reference Grade 5 Number Sense 1.4) 

• Equivalence and ordering of positive and 
negative fractions 
(reference Grade 6 Number Sense 1.1) 

• Expanded form of decimals using powers of ten 

• Complete fluency with representing fractions, 
mixed numbers, decimals, and percentage 

Many of the difficulties students may have with rational numbers have been 
described previously in “A Mathematics Intervention Program” (see II-1. “Parts 
of a Whole”; II-2. “Equivalence of Fractions”; II-3. “Operations on Fractions”). 

Topic 4 Operations on Rational Numbers 

FOUNDATIONAL SKILLS AND CONCEPTS 

• Definition of operations on fractions 

• Mathematical reasoning with fractions in a structured, 
defined environment 

• Understanding of why the standard algorithms work 

• Complete fluency with operations on positive fractions 
(reference Grade 6 Number Sense 1.4, 2.0, 2.1, and 2.2) 
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The following five standards are to be included in the instructional materials: 

Number Sense (Grade Seven) 
1.2	 Add, subtract, multiply, and divide rational numbers (integers, fractions, 

and terminating decimals) and take positive rational numbers to whole-
number powers. 

1.3	 Convert fractions to decimals and percents and use these representations 
in estimations, computations, and applications. 

1.5	 Know that every rational number is either a terminating or repeating 
decimal and be able to convert terminating decimals into reduced fractions. 

2.1	 Understand negative whole-number exponents. Multiply and divide 
expressions involving exponents with a common base. 

Algebra and Functions (Grade Seven) 
2.1	 Interpret positive whole-number powers as repeated multiplication and 

negative whole-number powers as repeated division or multiplication by 
the multiplicative inverse. Simplify and evaluate expressions that include 
exponents. 

Although simplifying fractions to their least common denominators is a use­
ful skill, it is not as important at this stage as is understanding the equivalence 
of fractions. One important use of exponential notation is in the complete 
expanded form of a decimal (e.g., 32.61 = 3 × 101 + 2 × 100 + 6 × 10−1 + 1 × 
10−2), which is important in building an understanding of place value and orders 
of magnitude and which mirrors what happens with polynomials (e.g., 3,216 is 
a special case of 3x 3 + 2x 2 + x + 6, where x is replaced by 10). 

Topic 5 Symbolic Notation 

FOUNDATIONAL SKILLS AND CONCEPTS 

• Evaluating expressions with parentheses 
(reference Grade 4 Algebra and Functions 1.2) 

• Writing equations using parentheses 
(reference Grade 4 Algebra and Functions 1.3) 

• Using a “variable” to represent a number 
(reference Grade 5 Algebra and Functions 1.0 
and Grade 6 Algebra and Functions 1.1) 

• Complete fluency with the use of symbols to 
express verbal information 
(reference Grade 6 Algebra and Functions 1.0) 

This topic has been discussed in “A Mathematics Intervention Program” 
(see IV-3. “Evaluating Expressions”). 
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Identifying the context of a word problem, picking a strategy for finding a 
solution, and expressing the solution in symbolic notation are all important 
components of algebraic problem solving. Students must be fluent in using 
symbols to express verbal information as a developmental step toward this goal. 
The topic of symbolic manipulation is developed here with the use of parenthe­
ses. Although the convention of order of operations becomes important in the 
writing of polynomials in symbolic notation, it is not critical mathematically at 
this point. 

Topic 6 Equations and Functions 

FOUNDATIONAL SKILLS AND CONCEPTS 

• The concept of an equation as a “prescription” 
(reference Grade 4 Algebra and Functions 1.5) 

• The concept that equals added to equals are equal 
(reference Grade 4 Algebra and Functions 2.1) 

• The concept that equals multiplied by equals are equal 
(reference Grade 4 Algebra and Functions 2.2) 

• Basic techniques for manipulating symbols in an 
equation (reference Grade 4 Algebra and Functions 2.0) 

• Complete fluency in writing and solving simple 
linear equations 

The following four standards are to be included in the instructional materials: 

Algebra and Functions (Grade Seven) 
1.1	 Use variables and appropriate operations to write an expression, an 

equation, an inequality, or a system of equations or inequalities that 
represents a verbal description (e.g., three less than a number, half 
as large as area A). 

1.3	 Simplify numerical expressions by applying properties of rational numbers 
(e.g., identity, inverse, distributive, associative, commutative) and justify 
the process used. 

4.1	 Solve two-step linear equations and inequalities in one variable over the 
rational numbers, interpret the solution or solutions in the context from 
which they arose, and verify the reasonableness of the results. 

4.2	 Solve multistep problems involving rate, average speed, distance, and time 
or direct variation. 

Understanding a functional relationship such as y = 3x + 5 may be signifi­
cantly more difficult than understanding an equation such as 14 = 3x + 5 because 
the nature of the information is different. In the first case the solution is an 
infinite set of ordered pairs, and in the second case, there is a unique solution. 
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Students may also have difficulty if they lack experience with concrete examples 
of functional relationships, such as rates, and with the various representations 
of these relationships (e.g., equation, table, graph, narrative).

 Beginning algebra should be understood as generalized arithmetic. A letter 
such as x is used to represent only a number and nothing more. Computation 
with an expression in x is the same as ordinary calculations with specific, 
familiar numbers. In this way, beginning algebra becomes a natural extension 
of arithmetic. Symbols are also important for describing functions, but letters 
stand for numbers in this context as well. For example, in an expression such as 
f (x) = 3x + 5, the letter x represents a number, and f (x) stands for the numerical 
value of the function when it is evaluated at the number x. Students will also 
need to recognize the expression y = 3x + 5 as another way to write f (x) = 3x + 5. 
Here the letter y stands for the number f (x). 

Topic 7 The Coordinate Plane 

FOUNDATIONAL SKILLS AND CONCEPTS 

• Plotting and interpreting points (ordered pairs) 
on the coordinate plane 
(reference Grade 4 Measurement and Geometry 2.0 
and Grade 5 Algebra and Functions 1.4) 

• Plotting lines and simple polygons based on 
a “recipe” or set of instructions 

• Graphing lines corresponding to simple linear 
equations, as a “prescription” 
(reference Grade 4 Measurement and Geometry 2.1) 

• The concept that a graph is a collection of all the 
ordered pairs satisfying a defined condition 

• Complete fluency in plotting points, interpreting 
ordered pairs from a graph, and interpreting lengths 
of horizontal and vertical line segments on a 
coordinate plane 
(reference Grade 4 Measurement and Geometry 2.2 
and 2.3) 

The following standard is to be included in the instructional materials: 

Measurement and Geometry (Grade Seven) 
3.3	 Know and understand the Pythagorean theorem and its converse and 

use it to find the length of the missing side of a right triangle and the 
lengths of other line segments and, in some situations, empirically verify 
the Pythagorean theorem by direct measurement. 
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Many of the difficulties students may have with graphing have been described 
previously in “A Mathematics Intervention Program” (see V-2. “Graphing” and 
V-4. “The Relationship Between Graphs and Functions”). The skills of graphing, 
and the related use of the Pythagorean theorem in a geometric distance formula, 
are key elements in the later study of algebra. 

Topic 8 Graphing Proportional Relationships 

FOUNDATIONAL SKILLS AND CONCEPTS 

• Ratio and proportion; drawing and reading graphs 
of lines passing through the origin 

• The geometric context for ratio and proportion; 
similar right triangles on a graph 

• The concept of the slope of a line 

• Complete fluency in graphing and interpreting 
relationships of the form y = mx 

The following three standards are to be included in the instructional materials: 

Algebra and Functions (Grade Seven) 
3.3	 Graph linear functions, noting that the vertical change (change in y-value) 

per unit of horizontal change (change in x-value) is always the same and 
know that the ratio (“rise over run”) is called the slope of a graph. 

3.4	 Plot the values of quantities whose ratios are always the same (e.g., cost 
to the number of an item, feet to inches, circumference to diameter of a 
circle). Fit a line to the plot and understand that the slope of the line equals 
the ratio of the quantities. 

Measurement and Geometry (Grade Seven) 
1.3	 Use measures expressed as rates (e.g., speed, density) and measures 

expressed as products (e.g., person-days) to solve problems; check 
the units of the solutions; and use dimensional analysis to check the 
reasonableness of the answer. 

Graphs are important tools for representing functional relationships in algebra, 
and they visually reinforce difficult concepts, such as ratio and proportionality. 
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Topic 9 Algebra (Introductory Examples) 

The following three standards are to be included in the instructional materials: 

Algebra I (Grades Eight Through Twelve) 
2.0	 Students understand and use such operations as taking the opposite, 

finding the reciprocal, taking a root, and raising to a fractional power. They 
understand and use the rules of exponents [excluding fractional powers]. 

4.0	 Students simplify expressions before solving linear equations and 
inequalities in one variable, such as 3(2x − 5) + 4(x − 20) = 12 [excluding 
inequalities]. 

5.0	 Students solve multistep problems, including word problems, involving 
linear equations and linear inequalities in one variable and provide 
justification for each step [excluding inequalities]. 

These algebra standards are to be covered at the end of an algebra readiness 
course. Teachers may use this information, as appropriate, to introduce Algebra I 
concepts to students at the end of the school year (approximately two to four 
weeks of instructional time is suggested). Students may have difficulty with these 
introductory examples if their grasp of the algebra readiness content has not been 
thorough or if the examples are presented at too challenging a level. If students 
do not understand the relationship between a stated problem, a related symbolic 
equation, and a graphical representation (the set of points satisfying the equa­
tion), they may find algebraic discussions difficult. Simplifying an expression 
such as 

22 (x − 1) 
(x + 1) 

may be challenging if students do not have enough experience in strategic use 
of the distributive rule or with multistep problems. Understanding symbolic 
equations and inverse operations is key to algebraic problem solving. Through 
the study of algebra, students will see the usefulness of equations and learn the 
appropriate mechanics for manipulating them. 
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Appendix F 
Design Principles 

The following design principles are guidelines for publishers to use in creating 
materials that will allow access for all students. 

Design Principles for Perceptual Alternatives 

•	 Consistent with federal copyright law, provide all student text in digital format 
so that it can easily be transcribed, reproduced, modified, and distributed in 
Braille, large print (only if the publisher does not offer such an edition), 
recordings, American Sign Language videos for the deaf, or other specialized 
accessible media exclusively for use by pupils with visual disabilities or other 
disabilities that prevent the use of standard materials.

 •	 Provide written captions or written descriptions or both in digital format for 
audio portions of visual instructional materials, such as videotapes (for those 
students who are deaf or hearing impaired).

 •	 Provide educationally relevant descriptions for those images, graphic devices, 
or pictorial information essential to the teaching of key concepts. (When key 
information is presented solely in graphic or pictorial form, it limits access for 
students who are blind or who have low vision. Digital images with verbal 
descriptions provide access for those students and also provide flexibility for 
instructional emphasis, clarity, and direction.) 

Design Principles for Cognitive Alternatives 

• 	Use “considerate text” design principles, which consist of: 

– Adequate titles for each selection 
– Introductory subheadings for chapter sections
 
– Introductory paragraphs
 
–	 Concluding or summary paragraphs 
–	 Complete paragraphs, including a clear topic sentence, relevant support, 

and transitional words and expressions (e.g., furthermore, similarly) 
– Effective use of typographical aids (e.g., boldface print, italics) 
– Adequate, relevant visual aids connected to the print (e.g., illustrations, 

photos, graphs, charts, maps)
 
– Manageable versus overwhelming visual and print stimuli
 
– Identification and highlighting of important terms
 
–	 List of reading objectives or focus questions at the beginning of each
 

selection
 
–	 List of follow-up comprehension and application questions 


• 	Provide optional information or activities to enhance students’ background 
knowledge. (Some students may face barriers because they lack the necessary 
background knowledge. Pretesting before beginning an activity will alert 
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teachers to the need for additional preparation. Instructional materials may 
include optional supports for background knowledge, to be used by students 
when needed.) 

• 	Provide cognitive supports for content and activities: (1) provide assessment to 
determine background knowledge; (2) summarize those key concepts from the 
standards that the content addresses; (3) provide scaffolding for learning and 
generalization; and (4) build fluency through practice. 

Design Principles for Means of Expression 

• 	Explain in the teacher’s edition that a variety of ways exist for students with 
special needs to use the materials and demonstrate their competence; for 
example, for students who have dyslexia or who have difficulties with 
physically forming letters, writing legibly, or spelling words. Suggest in the 
teacher’s edition modifications that teachers can use to allow students to access 
the materials and demonstrate their competence. Examples of modifications 
of means of expression might include (but are not limited to) students’ use of 
computers to complete pencil and paper tasks and use of on-screen scanning 
keyboards, enlarged keyboards, word prediction, and spellcheckers. 

• 	Publishers should provide support materials that will give students opportuni­
ties to develop oral and written expression. 
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Glossary 

absolute value. A number’s distance from zero on the number line. The absolute 
value of −4 is 4; the absolute value of 4 is 4. 

algorithm. An organized procedure for performing a given type of calculation or 
solving a given type of problem. An example is long division. 

arithmetic sequence. A sequence of elements, a1 , a2 , a3, . . . , such that the 
difference of successive terms is a constant, i.e., for every i, ai − ai-1 = k; for 
example, the sequence {2, 5, 8, 11, 14, . . .} where the common difference is 3. 

asymptote. An asymptote of a plane curve is a straight line such that the distance 
between a point on the curve and the line approaches zero as the distance 
between the point and the origin increases to infinity. For example, the x-axis 
is the only asymptote of the curve sin(x)/x. 

axiom. A statement about a mathematical system that is accepted without proof 
and from which theorems can be deduced. In a mathematical system that 
describes the points and lines in the plane, one example of an axiom would be 
the statement that there is a unique line through any two distinct points in the 
plane. 

binomial. In algebra, an expression consisting of the sum or difference of two 
monomials (see the definition of monomial), such as 4a − 8b. 

binomial coefficient. For n equal to any positive integer and for k equal to any 
integer between 0 and n (or 0 or n itself ), the binomial coefficient B (n, k) is 

n ! 

(n − k ! !) k 

 n 


The most customary notations for B (n, k) are n Ck or 
 k 

The symbol n! (n factorial) represents the product of all integers between 
1 and n inclusive (e.g., 5! =  5 × 4 × 3 × 2 × 1 = 120), except for 0! which 
is a special case and stands for 1 (i.e., 0! = 1). 

binomial distribution. In probability, a binomial distribution gives the 
probabilities of k outcomes A (or n − k outcomes B) in n independent trials 
for a two-outcome experiment in which the possible outcomes are denoted 
A and B. 

binomial theorem. The statement that, for positive integer n, (a + b)n is a 
polynomial having the binomial coefficient n Ck as the coefficient of the 
monomial term akbn − k . 

box-and-whisker plot. A graphical method for showing the median, quartiles, 
and extremes of data. A box plot shows where the data are spread out and 
where they are concentrated. 
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Glossarycomplex numbers. Numbers that have the form a + bi where a and b are real 
numbers and i satisfies the equation i 2 =−1. Multiplication is defined by 
(a + bi)(c + di) = (ac − bd) + (ad + bc)i, and addition is defined by 
(a + bi) + (c + di) = (a + c) + (b + d)i. 

congruent. Two shapes in the plane or in space are congruent if there is a rigid 
motion that identifies one with the other (see the definition of rigid motion). 

conjecture. An educated guess. 

coordinate system. A rule of correspondence by which two or more quantities 
locate points unambiguously and which satisfies the further property that 
points unambiguously determine the quantities; for example, the usual 
Cartesian coordinates x, y in the plane. 

corollary. A direct consequence of a theorem. 

cosine. Cos(θ) is the x-coordinate of the point on the unit circle so that the ray 
connecting the point with the origin makes an angle of θ with the positive 
x-axis. When θ is an angle of a right triangle, then cos(θ) is the ratio of the 
adjacent side with the hypotenuse. 

dilation. In geometry, a transformation D of the plane or space is a dilation at a 
point P if it takes P to itself, preserves angles, multiplies distances from P by a 
positive real number r, and takes every ray through P onto itself. In case P is 
the origin for a Cartesian coordinate system in the plane, then the dilation D 
maps the point (x, y) to the point (rx, ry). 

dimensional analysis. A method of manipulating unit measures algebraically to 
determine the proper units for a quantity computed algebraically. For example, 
velocity has units of the form length over time (e.g., meters per second 
[m/sec]), and acceleration has units of velocity over time; so it follows that 
acceleration has units (m/sec)/sec = m/(sec2). 

expanded form. The expanded form of an algebraic expression is the equivalent 
expression without parentheses. For example, the expanded form of (a + b)2 

is a2 + 2ab + b 2 . 

exponent. The power to which a number or variable is raised. 

exponential function. A function commonly used to study growth and decay. 
It has the form y = ax with a positive. 

factors. Any of two or more quantities that are multiplied together. In the 
expression 3.712 × 11.315, the factors are 3.712 and 11.315. 

field. A “number system” which resembles the system of rational numbers in that 
members can be multiplied and added, and there is a zero and a unit (named 
one), and the rules governing the arithmetic combinations are familiar ones. 
For example, for any a, b, c: ab = ba; 1 ⋅ a = a; 0 + a = a; a + b = b + a; 
a(b + c) = a ⋅ b + a ⋅ c; and the equations a ⋅ x = b (unless a = 0) and a + x = b 
always have unique solutions. The complex numbers, the real numbers, and 
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Glossary the rational numbers all form fields. There are other fields (e.g., all real
 
numbers of the form a + b 3 ).
 

function. A correspondence in which to each value of one variable there 
corresponds only one value of another. 

geometric sequence. A sequence in which there is a common ratio between 
successive terms. Each successive term of a geometric sequence is found by 
multiplying the preceding term by the common ratio. For example, in the 
sequence {1, 3, 9, 27, 81, . . .} the common ratio is 3. 

heuristic argument. The term universally used in mathematics for an argument 
that is suggestive of the truth of a mathematical statement but which is not 
entirely logically correct or complete. 

histogram. A vertical block graph with no spaces between the blocks. It is used to 
represent frequency data in statistics. 

hypothesis. Synonymous with assumption. 

inequality. A relationship between two quantities indicating that one is strictly 
less than or less than or equal to the other. 

integers. The set consisting of the positive and negative whole numbers and zero; 
for example, {. . . −2, −1, 0, 1, 2 . . .}. 

irrational number. A real number that cannot be represented as an exact ratio of 
two integers, such as π or the square root of 2. 

lemma. A true statement of lesser significance than a theorem, usually isolated as 
an interim statement in the course of a longer chain of reasoning. 

linear equation. An equation stating that a linear expression equals zero. 

linear expression. An expression of the form ax + b in which x is variable and a 
and b are constants; or in more variables, an expression of the form ax + by + c, 
ax + by + cz + d, etc. 

logarithm. A logarithm is an inverse of an exponential. The equation y = ax can 
be written as x = log y, meaning x is the logarithm of y to the base a. Any

a 
positive number except 1 can be used as the base for a logarithmic function 
(logarithms to base 10 are called common logarithms, and logarithms to base 
e are called natural logarithms). 

mean. In statistics, the average obtained by dividing the sum of two or more 
quantities by the number of these quantities. 

median. The middle point in an ordered set of data. If N (the number of 
points in the set) is odd, the median is the single value in the middle, 
namely, the value with rank (N + 1) . If N is even, there is not a single value 

2 
in the middle, so the median is defined to be the mean of the two middle
 
values, namely, the values with ranks N and N + 1.
 

2 2 
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Glossarymode. In statistics, the value that occurs most frequently in a given series of 
numbers. 

monomial. In the variables x, y, and z, a monomial is an expression of the form 
ax my nz k, in which m, n, and k are nonnegative integers and a is a constant 
(e.g., 5x 2, 3x 2y, or 7x 3yz 2). 

nonstandard unit. Unit of measurement expressed in terms of objects (such as 
paper clips, sticks of gum, shoes, etc.). 

parallel. In Euclidean geometry, two distinct lines are said to be parallel if they 
have no points of intersection. Two distinct lines in the coordinate plane are 
parallel if and only if they have the same slope. 

permutation. A permutation of the set of numbers {1, 2, . . . , n} is a reordering 
of these numbers. 

polar coordinates. The coordinate system for the plane is based on r (the distance 
from the origin) and θ (the angle between the positive x-axis and the ray from 
the origin to the point). 

polar equation. Any relation between the polar coordinates (r, θ) of a set of 
points (e.g., r = 2cosθ is the polar equation of a circle). 

polynomial. In algebra, a sum of one or more monomials; for example, −3.5x or 
x 2 + 2xy + y 2. 

postulate. Synonymous with axiom. 

prime. A natural number p greater than 1 is prime if and only if the only positive 
integer factors of p are 1 and p. The first seven primes are 2, 3, 5, 7, 11, 13, 17. 

probability space. A set of entities called events, to each of which is assigned a 
number called its probability. For example, when one throws a pair of dice five 
times, then an event might be obtaining the result 12 every time. The associated 

5probability for this example event is 


1 
 

. 
 36 

quadratic function. A function f is called a quadratic function if it can be written 
in the form f(x) = ax2 + bx + c, where a, b, and c are real numbers and a ≠ 0. 
Note that a quadratic function is a polynomial of degree 2.

 quartiles. The term quartiles sometimes refers to quarters of a rank-ordered set 
of data, but it more commonly refers to the three cut points, or boundaries, 
that divide an ordered data set into four groups with an equal number of 
elements in each group. The second quartile cut point is defined as the median. 
There are minor variations in the formal definitions for the lower, or first, and 
upper, or third, quartile cut points that can yield different answers depending 
on the number of elements in the set. One defines the other quartiles as the 
medians of the data points below and above the median. 
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Glossary This framework adopts a definition of the quartile cut points that can be
 
expressed rather formally as:
 

The inverse of the empirical cumulative distribution function with means 
taken at the points of discontinuity, evaluated at 0.25, 0.50, and 0.75 for 
the lower, or first quartile; median, or second quartile; and upper, or third 
quartile, respectively. 

One way to represent this concept is with a line segment from 0 to 1, 
divided into N equal parts (N is the number of elements in the set) for the 
elements in rank order. The length of each small segment is 1 . The lower 

N 
quartile is the element whose small segment includes the point 0.25, and 
the upper quartile is the element whose small segment includes the point 
0.75. When the data set consists of an integral multiple of 4 points, the 
mean of the two points adjacent to the cut point is taken as the quartile cut 
point. This definition is consistent with the method used to find the median 
for sets with an even number of elements. 

Let N be the number of points in the set and let Int( ) mean convert to an 
integer by truncation. 

When the number of elements is not divisible by four, the lower and upper 
quartile cut points are the values of the elements with rank 

 N  3N
Int 

 4  + 1 and Int 
 4  + 1 . 

When the number of elements is divisible by four, the lower quartile cut 
point is the mean of the values of the elements whose ranks are 

 N  N 
 4 

 and 
 4  + 1 , 

and the upper quartile cut point is the mean of the values of the elements 
whose ranks are 

 3N  3N 
 

 and 
 

+ 1. 
4 4 

random variable. A function assigning a number to each event in a probability 
space. 

range. In statistics, the difference between the greatest and smallest values in a 
data set. In mathematics, the image of a function. 

ratio. A comparison of two numbers, often expressed by a fraction. For example, 
if there are three boys in class for every two girls, the ratio of boys to girls 
is 3:2 or 3  (read as 3 to 2). 

2 

rational numbers. Numbers that can be expressed as the quotient of two integers; 
5 5 7for example, 7

3 
, 

11 
, − 

13 
, 7 = 

1
. 
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Glossaryreal numbers. The set of all decimal expressions, finite or infinite in length. 

reflection. The reflection through a line in the plane or a plane in space is the 
transformation that takes each point in the plane to its mirror image with 
respect to the line or its mirror image with respect to the plane in space. 
It produces a mirror image of a geometric figure. 

rigid motion. A transformation of the plane or space, which preserves distance 
and angles. 

root extraction. Finding a number that can be used as a factor a given number 
of times to produce the original number; for example, the fifth root of 32 = 2 
because 2 × 2 × 2 × 2 × 2 = 32. 

rotation. A rotation in the plane through an angle θ and about a point P is a rigid 
motion T fixing P so that if Q is distinct from P, then the angle between the 
lines PQ and PT(Q) is always θ. A rotation through an angle θ in space is a 
rigid motion T fixing the points of a line l so that it is a rotation through θ in 
the plane perpendicular to l through some point on l. 

scalar matrix. A matrix whose diagonal elements are all equal while the 
nondiagonal elements are all 0. The identity matrix is an example. 

scatterplot. A graph of the points representing a collection of data. 

scientific notation. A shorthand way of writing very large or very small numbers. 
A number expressed in scientific notation is expressed as a decimal number 
between 1 and 10 multiplied by a power of 10 (e.g., 7,000 = 7 × 103 or 
0.0000019 = 1.9 × 10−6). 

sieve of Eratosthenes. A method of getting all the primes in a certain range, say 
from 2 to 300. Start with 2, cross out all numbers from 2 to 300 which are 
multiples of 2 but not equal to 2. Go to the next remaining number, which is 
3. Now cross out all numbers up to 300 which are multiples of 3 but not equal 
to 3. Go to the next remaining number, which is 5. Cross out all remaining 
numbers which are multiples of 5 but not equal to 5. And so on. At each stage, 
the next number is always a prime. At the end of this process, when there are 
no more numbers below 300 to be crossed out, every remaining number is a 
prime. (For the case at hand, once multiples of 17 other than 17 itself have 
been crossed out, the process comes to an end since the product of any two 
primes greater than 17 must be greater than 300.) 

similarity. In geometry, two shapes R and S are similar if there is a dilation D 
(see the definition of dilation) that takes S to a shape congruent to R. It follows 
that R and S are similar if they are congruent after one of them is expanded or 
shrunk. 

sine. Sin (θ) is the y-coordinate of the point on the unit circle so that the ray 
connecting the point with the origin makes an angle of θ with the positive 
x-axis. When θ is an angle of a right triangle, then sin(θ) is the ratio of the 
opposite side with the hypotenuse. 
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Glossary square root. The square roots of n are all the numbers m so that m2 = n. The 
square roots of 16 are 4 and −4. The square roots of −16 are 4i and −4i. 

standard deviation: The standard deviation is a measure of dispersion or 
variability among the points in a set of data. It can be interpreted as the 
average (i.e., typical, not literally the mean) deviation (distance) of a point 
from the mean of the distribution. More precisely, it is the square root of 
the average of the squared deviations of the points from the mean of the 
distribution (the phrase root of the mean square is encountered in some 
disciplines). 

The standard deviation is also the square root of the variance. Just as there 
are two formulations for variance (the population variance and the sample 
variance), there are two formulations for the standard deviation. The 
population standard deviation is the square root of the population variance. 
The sample standard deviation is the square root of the sample variance. 

symmetry. A symmetry of a shape S in the plane or space is a rigid motion T that 
takes S onto itself (T(S) = S). For example, reflection through a diagonal and a 
rotation through a right angle about the center are both symmetries of the 
square. 

system of linear equations. Set of equations of the first degree (e.g., x + y = 7 
and x − y = 1). A solution is a set of numbers that, when it replaces variables, 
renders the equations true. For the present example, “x = 4 and y = 3” is a 
solution. 

theorem. A significant true statement in mathematics, which is ultimately of the 
form “p implies q,” where p represents a set of hypotheses and q, a conclusion. 

translation. A rigid motion of the special form x → x + v for all x in the plane or 
in space, where v is a fixed vector defining the motion. 

transversal. In geometry, given two or more lines in the plane, a transversal is a 
line distinct from the original lines and intersecting each of the given lines at a 
single point. 

unit fraction. A fraction of the form n 
1 , where n is a positive integer. 

variable. A placeholder in algebraic expressions; for example, in 3x + y = 23, 
x and y are variables. 

variance: Variance is a measure of dispersion or variability among the points in a 
set of data. It can be interpreted as the average squared deviation (distance) of 
the points from the mean of the distribution. For a population (that is, when 
we have all the data points for whatever group is being evaluated), this is 

N
commonly written as ∑(X − X )2 

i 
i=1 . 

N 
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Where:
 

X is the set of elements;
 

Xi is the ith element in the set of elements;
 

X is the mean of the entire set;
 

N is the number of elements in the set; and
 
N 

∑ indicates summation for elements 1 to N.
 
i=1 

This formulation is often called the population variance and is often repre­
sented as σ 2. When we are dealing with a sample (that is, a subset of the 
complete population), we cannot of course compute the mean and variance 
of the population exactly, so we estimate them. When applied to a sample, 
the preceding formula tends to underestimate the true variance. An unbiased 

N 
estimate is computed as
 ∑(X
i −
X
)2


i=1 .

(N
−
1) 

This formulation is typically called the sample variance and is often 
represented as s 2 . 

vector. In physics a measurable quantity such as force, which has both a 
magnitude and a direction, and sometimes also a point of application. In 
mathematics, a vector is a member of an algebraic system that has addition 
among its members and multiplication by real numbers (called scalars), with 
the entire system obeying certain algebraic rules resembling the manner in 
which the vectors of physics may be combined. 

zeros of a function. The points at which the value of a function is zero. 

Glossary 
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Resources for Advanced Learners 

The Association for Supervision and Curriculum Development 
1703 N. Beauregard Street 
Alexandria, VA 22311-1714 
Telephone: 1-800-933-ASCD (2723) 
Fax: 703-575-5400 
E-mail: member@ascd.org 
Internet: http://www.ascd.org 

The Association for Supervision and Curriculum Development has produced 
a series of professional development videotapes and training guides showing 
how teachers can organize instruction for advanced students. 

The California Association for the Gifted 
15141 E. Whittier Blvd., Suite 150 
Whittier, CA 90603 
Telephone: 562-789-9933 
Fax: 562-789-9833 
E-mail: cagoffice@aol.com 
Internet: http://www.cagifted.org 

The California Association for the Gifted offers statewide advocacy 
and assistance. 

The National Research Center on the Gifted and Talented 
2131 Hillside Road, Unit 3007 
Storrs, CT 06269-3007 
Telephone: 1-860-486-4676 
Fax: 1-860-486-2900 
Internet: http://www.gifted.uconn.edu/nrcgt.html 

The National Research Center on the Gifted and Talented offers parents and 
educators access to research and resources to support advanced learning in all 
subject areas, including mathematics. 

mailto:member@ascd.org
http://www.ascd.org
mailto:cagoffice@aol.com
http://www.cagifted.org
http://www.gifted.uconn.edu/nrcgt.html
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